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FO REWARD 

The development of methods f o r  e f fec t ive ly  computing the  t r a j e c t o r i e s  
of a r t i f i c i a l  satell i tes i n  the  actual f i e l d  of t h e  Earth is  one of today's 
chief technical  problems. 
voted t o  t h i s  subject.  
described and compared. 
l i nes  by the  workers a t  the  Computing Center of t he  Academy of Sciences 
of t h e  USSR. This monograph i s  the  co l lec t ive  work of Yu. G. Yevtushenko 
(812 and Appendices V l l l  and X ) ,  I. A. Krylov (815), R. F. Merzhanova 
(813, 814) and G.  V. Samoylovich, who wrote the  remaining sect ions of the  
book. 

There have probably been dozens of s tudies  de- 
In t h i s  book, some of these methods are analyzed, 
We have a l so  included research done along these 

Appendix V11 was wri t ten by G .  V. Samoylovich and Yu. G.  Yevtushenko, 
and a l l  of t h e  authors of the  book contributed t o  compilation of 816 
(comparative analysis) .  
Merhanova. Yu. G .  Yevtushenko and I. A. Krylov a l so  took pa r t  i n  pro- 
gramming and carrying out computations. 
of auxi l ia ry  problems r e l a t ing  t o  the  nature of the  Earth 's  po ten t ia l  
with a systematic exposition of t h e  given sub.ject. 

Most of t he  calculat ions were handled by R. F. 

'Jhe book a l so  takes up a number 

The work may be used as a reference and a textbook. 

N. N.  Moiseyev 
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FROM THE AUTHORS 
- /5* 

The a c t u a l  motion of a r t i f i c i a l  celestial bodies  d i f f e r s  from t h a t  
given by Kepler ' s  laws due t o  t h e  e f f e c t  of v a r i o u s  d i s t u r b i n g  f a c t o r s .  
This  book i s  devoted t o  q u a n t i t a t i v e  and q u a l i t a t i v e  ana lys i s  of motion 
which i s  a f f e c t e d  by t h e  most apprec iab le  ( a t  moderate d i s t ances  from t h e  
Earth)  of t h e s e  f a c t o r s - - t h e  e c c e n t r i c i t y  of  t h e  E a r t h ' s  g r a v i t a t i o n a l  
f i e l d .  These problems are taken up p r i m a r i l y  i n  t h e  f i rs t  two chapters .  
The t h i r d  chapter  conta ins  an o u t l i n e  of s eve ra l  a lgori thms which employ 
a n a l y t i c a l  r e l a t i o n s  t o  descr ibe  t h e  motion of a r t i f i c i a l  s a t e l l i t e s  i n  
t h e  g r a v i t a t i o n a l  f i e l d  of t h e  a sphe r i ca l  Earth.  
methods at t h e  r e a d e r ' s  d i sposa l ,  from which he may s e l e c t  t h e  one which 
b e s t  s u i t s  t h e  p r a c t i c a l  problem t o  be solved. 
t e r  conta ins  seve ra l  examples i l l u s t r a t i n g  a p p l i c a t i o n  of  t h e  ma te r i a l  
given i n  preceding s e c t i o n s .  

This  chapter  pu t s  s eve ra l  

The f o u r t h  and . f inal  chap- 

The au thors  s t a r t e d  out  with t h e  goal  of w r i t i n g  a book which would 
be of  use  t o  p rac t ione r s :  engineers  and s c i e n t i f i c  co l l abora to r s  involved 
t o  some exten t  i n  s tudying and computing t h e  motion of a r t i f i c i a l  Earth 
s a t e l l i t e s .  
expos i t ion  and s t r u c t u r e  of t h e  book. 
made t o  present  t h e  b a s i c  m a t e r i a l ,  comprising n ine teen  chap te r s ,  a s  
simply a s  p o s s i b l e  (but with s u f f i c i e n t  r i g o r )  without l o s ing  s i g h t  of t h e  
ch ief  purpose- -prac t ica l  app l i ca t ion .  

This  goa l  inf luenced t h e  s e l e c t i o n  of m a t e r i a l ,  manner of 
More s p e c i f i c a l l y ,  an attempt was 

The appendices t o  t h e  chapters  conta in  de r iva t ions  o f  t h e  r e l a t i o n -  
sh ips  and .proofs  o f  some o f  t h e  f a c t s  c i t e d  i n  t h e  main t e x t ,  some aux- 
i l i a r y  t h e o r e t i c a l  d a t a ,  and a l s o  t h e  va lues  of  a number of cons tan ts  
needed i n  . p r a c t i c a l  ca l cu la t ions .  

Thus, t h e  b a s i c  m a t e r i a l  i s  s u f f i c i e n t  f o r  a f i rs t  acquaintance 
with t h e  problems t r e a t e d  i n  t h i s  book. 
f o r  a deeper s tudy of t h e  p e r t i n e n t  s ec t ions .  

The appendices should be used 

In  completing t h i s  work, t h e  au thors  r ece ived  a s s i s t a n c e  and advice 
from Professor  N. N .  Moiseyev, who i n s t i g a t e d  both t h e  w r i t i n g  of t h i s  
book as wel l  a s  t h e  e n t i r e  s e r i e s  "Mathematical Methods i n  t h e  Dynamics 
of  Space Vehicles". We were a s s i s t e d  by Ye. P. Aksenov and A. A. Orlov 
i n  s t a r t i n g  and programming t h e  algori thms given i n  §15 and 14  on a 
d i g i t a l  computer. A g r e a t  dea l  of c o n s t r u c t i v e  c r i t i c i s m  during reading 
of t h e  manuscript was rendered by 0. A. Chembrovskiy and L. P .  Pe l l i nen ,  
r e s u l t i n g  s p e c i f i c a l l y  i n  improvement of t h e  first chapter .  
handled t h e  s e t  of computations given i n  t h e  second chapter  a s  well  a s  
programming of t h e  corresponding problems on a d i g i t a l  computer. 

V. N .  Lavrik 

A. F.  

*Numbers i n  t h e  margin i n d i c a t e p a g i n a t i o n  i n  t h e  f o r e i g n  text. 
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Shutkina meticulously handled a g r e a t  q u a n t i t y  of graphic  material. 
au thors  g ive  t h e i r  s i n c e r e  thanks t o  a l l  t h e s e  comrades. 

The 

"Having experienced the  torment of 
t h i r s t ,  I endeavoured t o  dig a we22 
that  others might draw from." 

- /7 

E. Seton-Thompson 
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Introduction 

The equat ion f o r  an a r t i f i c i a l  Ear th  s a t e l l i t e  i n  a c e n t r a l  g r a v i t a -  
t i o n a l  f i e l d  ( t h e  f i e l d  of a material p o i n t  o r  a uniform sphere)  takes  the  
form 

-f 
where r i s  the  r ad ius  v e c t o r  f o r  t h e  

i s  t h e  time; k 
M i s  t h e  mass of  t h e  a t t r a c t i n g  body o r  t h e  c e n t r a l  mass. 

center of  g r a v i t y  of t h e  sa te l l i t e ;  t 
2 i s  t h e  cons tan t  o f  a t t r a c t i o n  o r  the g r a v i t a t i o n a l  cons tan t ;  

The q u a n t i t y  k 2  i s  equal  t o  t h e  p r o p o r t i o n a l i t y  f a c t o r  f i n  expression 
3 -2 (2.1) given below. In t h e  CGS system, f = 6.67-10-8 cm -a1 -sec . 

The phys ica l  meaning of  t he  cons tan t  k 2  = f i s  evident  from formula 
(2 .1 ) .  I t  i s  t h e  a c c e l e r a t i o n  toward the  c e n t r a l  mass which i s  acquired by 
a body of  u n i t  mass separa ted  by a u n i t  o f  d i s tance ' .  

The motion o f  a r t i f i c i a l  Ear th  s a t e l l i t e s  ca l cu la t ed  by l a w  (0 .1)  i s  
considered by S.S. Tokmalayeva2. 

motion is  descr ibed  by an equat ion which may be w r i t t e n  i n  t h e  form 

The a c t u a l  motion o f  s a t e l l i t e s  and space 
veh ic l e s  never  t a k e s  p l a c e  under t h e  effect  of  a c e n t r a l  fo rce .  This /10 

and is  c a l l e d  the  equat ion of  d i s tu rbed  motion. 

The name is  pure ly  a r b i t r a r y  and assumes t h a t  t he  b a s i c  fo rce  which 
determines the  motion is  c e n t r a l ,  t h a t  a l l  remaining fo rces  a r e  small i n  
comparison with t h e  b a s i c  f o r c e ,  and t h a t  t he  motions descr ibed  by equat ions 
(0.1) and (0.2) a r e  c lose  t o  one another .  

This l a s t  condi t ion  i s  use fu l  no t  only f o r  w r i t i n g  equat ions o f  motion 
.. 

If  we t ake  a s  u n i t s  of mass, time, and d i s t ance  r e s p e c t i v e l y  t h e  mass of  
the  sun,  t h e  mean s o l a r  day,and the  semi-major ax i s  o f  t he  E a r t h ' s  o r b i t  ( t h e  
so -ca l l ed  astronomical  u n i t  of d i s t ance )  , then, k 2  i s  c a l l e d  t h e  Gauss c o n s t a n t .  
According t o  .Gauss ' s  computations,  k = 0.01720209895. 
k = 0.01720209842. 
g r e a t e r  convenience, b u t  a co r rec t ion  i s  in t roduced  i n  t h e  va lue  of t h e  semi- 
major a x i s  of  t he  E a r t h ' s  o r b i t ,  cons ider ing  i t  equal  t o  a = 1.00000003, o r  
log a = 0.0000000013. The q u a n t i t y  k 2  may be  equal  t o  u n i t y  i f  t h e  u n i t  o f  
time i s  taken as equal  t o  k -1  = 58.132441 mean s o l a r  days.  
2 S .  S.  Tokmalayeva's paper  w i l l  b e  publ i shed  i n  t h i s  same series.  

Modern d a t a  g ive  
The va lue  computed by Gauss i s  taken as t h e  cons tan t  f o r  

1 
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i n  a form which i s  convenient f o r  s tudy  (equat ions  i n  o s c i l l a t i n g  elements,  
see [ l -31,  b u t  a l s o  f o r  f i n d i n g  a n a l y t i c a l  (see f o r  i n s t ance  5 1 1  o f  t h i s  
book) o r  numerical  s o l u t i o n s  ( f o r  i n s t ance  i n  t h e  Encke method [l]).. 

The func t ion  R is  a p e r t u r b a t i o n  o r  d i s t u r b i n g  f o r c e  ( o r  func t ion)  
[l ,' 21.  
"natural"  o r i g i n  o r  a s soc ia t ed  wi th  i n t e n t i o n a l  human a c t i o n s  (a f o r c e  which 
con t ro l s  motion),  depends on t h e  phys ica l  scheme o f  t h e  problem. 

The form o f  t h e  p e r t u r b a t i o n  func t ions  , which may b e  e i t h e r  of  

In  t h i s  book, which i s  t h e  second i n  t h e  series "Mathematical Methods 
i n  t h e  Dynamics o f  Space Vehicles," w e  s h a l l  t ake  up uncont ro l led  ( b a l l i s t i c )  
motion o f  a space v e h i c l e  o r  a r t i f i c i a l  s a t e l l i t e  i n  t h e  c e n t r a l  g r a v i t a t i o n -  
a l  f i e l d  o f  t h e  Ear th .  The i n v e s t i g a t i o n  o f  t h i s  motion t akes  on added 
s i g n i f i c a n c e  i n  connection with planning and determining t h e  o r b i t s  o f  space 
c r a f t  (4). The p e r t i n e n t  equat ions  (of  form ( 0 . 2 ) )  may be  solved (without 
us ing  'numerical i n t e g r a t i o n ) o n l y  f o r  s p e c i a l  forms o f  t h e  d i s t u r b i n g  func t ion  
and i n  a s p e c i a l l y  s e l e c t e d  coord ina te  system1. 
t h e  motion o f  a r t i f i c i a l  s a t e l l i t e s  i n  an e c c e n t r i c  f i e l d  o f  t e r r e s t r i a l  
a t t r a c t i o n  are considered i n  t h e  t h i r d  chap te r .  However, as a pre l iminary  
s t e p ,  t he  na tu re  o f  such t r a j e c t o r i e s  i s  analyzed and b r i e f  cons idera t ion  i s  
given t o  the  var ious  f o r c e s  which d i s t u r b  t h e  Kepler ian o r b i t s  of  a r t i f i c i a l  
Earth s a t e l l i t e s .  

Some methods f o r  desc r ib ing  

Equations (0.1) may b e  i n t e g r a t e d  i n  c losed  form with t h e  use  of  t he  
f irst  i n t e g r a l s  (See El-31). 
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"The Earth is not a t  a22 an eZ- / 1 1  - 
Zipsoid of revozution, but rather 
shows a waveZike deviation from the 
eZZipsoidwhich describes it as a 
who Ze. " 

K. F. Gauss 

Chapter One 

THE F O R C E  F I E L D  AND SHAPE OF THE EARTH 

5 1 .  T h e  Forces Which Act o n  an A r t i f i c i a l  Earth S a t e l l i t e  

The motion of  an uncont ro l led  space vehic le  under the  e f f e c t  of a 
c e n t r a i  a t t r a c t i v e  f o r c e  alone takes  p l ace  i n  a bounded region and conforms 
t o  Kepler ' s  laws, assuming t h a t  t h e  i n e q u a l i t y  

is  s a t i s f i e d  a t  each p o i n t  o f  t he  t r a j e c t o r y ,  where V i s  t h e  absolu te  velo- 
c i t y  o f  t h e  veh ic l e ,  r is the  d i s t ance  from t h e  veh ic l e  t o  t h e  c e n t e r  o f  t he  
a t t r a c t i n g  mass, and p i s  t h e  product  of t h e  g r a v i t a t i o n a l  constant  and t h e  
mass of  t he  a t t r a c t i n g  body (see  52).  

I n  r e a l i t y ,  t h e  t r a j e c t o r y  o f  such a v e h i c l e  i s  a f f e c t e d ,  n o t  only by 

The d i s t u r b i n g  fo rces  d i f f e r  
t h e  c e n t r a l  g r a v i t a t i o n a l  fo rce ,  but  a l s o  by d i s t u r b i n g  e f f e c t s  which cause 
t h e  motion t o  d e v i a t e  from Keplerian motion. 
i n  va lue ,  and t h e  p r i n c i p a l  f o r c e s  may be i s o l a t e d  f o r  f u r t h e r  a n a l y s i s .  
These d i s t u r b i n g  f a c t o r s  a r e  t h e  e c c e n t r i c i t y  o f  t h e  g r a v i t a t i o n a l  f i e l d ,  
t h e  e f f e c t  of t h e  ambient medium, t h e  effect of p re s su re  from s o l a r  r a d i a -  
t i o n ,  t h e  e f f e c t  of magnetic f i e l d s ,  and t h e  re la t iv i s t ic  e f f e c t .  

Let us examine the  na tu re  and magnitude o f  t hese  e f f e c t s  i nd iv idua l ly .  

E f fec t  of t h e  Eccen t r i c i ty  of t h e  Gravi ta t iona l  F i e l d  I_ /12 

The e c c e n t r i c i t y  o f  t h e  g r a v i t a t i o n a l  f i e l d  i n  which an a r t i f i c i a l  
Earth s a t e l l i t e  o r  any o t h e r  space veh ic l e  moves i s  due t o  the  e f f e c t  o f  t he  
g r a v i t a t i o n a l  f i e l d s  of o t h e r  heavenlv bodies  and t h e  e c c e n t r i c i t y  of t h e  I 
Ea r th ' s  f i e l d  i t s e l f .  The e f f e c t  o f  e c c e n t r i c i t y  i n  t h e  Ea r th ' s  g r a v i t a t i m a l  
f i e l d  w i l l  be  analyzed i n  more d e t a i l  l a t e r  on. For now w e  s h a l l  examine 
d is turbances  due t o  the  e f f e c t  o f  t h e  moon and sun, s i n c e  t h e i r s  are the  
only  e f f e c t s  ou t  of t he  e n t i r e  set o f  heavenly bodies which can be s a t i s -  
f a c t o r i l y  examined. 
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The a c c e l e r a t i o n s  which correspond t o  t h e  e f f e c t  o f  t h e s e  fo rces  ( i n  
an i n e r t i a l  geocen t r i c  coord ina te  system) are def ined  by t h e  fo l lowing  
equat ions :  

where m i s  t h e  r e l a t i v e  mass o f  t h e  sun with r e spec t  t o  t h e  Earth (m 

= o-0332448010 f ;  mL is  t h e  re la t ive  mass of t h e  moon (mL = 0.0122888). The 
s u b s c r i p t s  are: K = a r t i f i c i a l  Earth s a t e l l i t e ,  S = sun ,  L = moon. T = 
Ear th .  

= 
S S 

6 

These d is turbances  r e s u l t  i n  r o t a t i o n  ( so -ca l l ed  precess ion)  o f  t h e  
p l ane  of  motion o f  t h e  s ? t e l l i t $  with r e spec t  t o  t h e  po le  of  t h e  e c l i p t i c  
wi th  angular  v e l o c i t i e s  R and R and a l s o  change t h e  modulus of  t h e  f o c a l  

r ad ius  f o r  t h e  o r b i t  of t h e  a r t i f i c i a l  s a t e l l i t e  (6rs  and 6 rL) .  
S L '  

The fol lowing e s t ima tes  may be  given f o r  t h e  func t ions  6 r  and R .  For 
a c i r c u l a r  o r b i t  800 km from the  Earth ( f o r  a s i n g l e  r evo lu t ion ) :  

8rs  max = 25,6  cm 
brL ma* = 57.5 cm.  

The t o t a l  d e f l e c t i o n  due t o  the  e f f e c t s  o f  sun and moon on a s i n g l e  
revolu t ion  

srL,s  < 83 cm. 

Under t h e  same condi t ions ,  an a r t i f i c i a l  Ear th  s a t e l l i t e  i n  a "24-hourtf 
o r b i t  (6.61 Ear th  r a d i i )  is  subs ec ted  t o  t h e  distiirhamces : 
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The ra te  of motion o f  t he  ascending node with r e spec t  t o  the  p o l e  o f  
t h e  e c l i p t i c  i s  equal  t o  

and with r e spec t  t o  the  p o l e  of t h e  E a r t h  

For a r t i f i c i a l  s a t e l l i t e s  l oca t ed  i n  a "24-hour" o r b i t ,  t h e  precess ion  
o f  the  p lane  with r e spec t  t o  t h e  p l a n e t ' s  po le  i s  equal  t o  

I t  may be poin ted  ou t  f o r  comparison t h a t  precess ion  o f  t h e  p lane  o f  
t h e  o r b i t  due t o  the  f i r s t  degree o f  p o l a r  f l a t t e n i n g  o f  t he  Earth (See § 5) 
is  twice  as g r e a t  i n  t h i s  case  

si < 30 - IO-'' sec-l. 

According t o  d a t a  [ S I ,  t h e  precess ion  o f  t h e  o r b i t a l  p lane  wi th  r e s p e c t  
t o  the  po le  o f  t h e  e c l i p t i c  depends on t h e  length  of  t h e  semi-major a x i s  o f  
t h e  o r b i t  as fo l lows:  
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Thus, hT = h a t  a d i s t a n c e  equal t o  somewhat more than seven Earth L 
r a d i i .  

The d i s t u r b i n g  e f f e c t  o f  t h e  moon (and i n  t h e  genera l  case, of  any 
celestial  body) i n  c e r t a i n  cases may cons iderably  a l t e r  t h e  p a t t e r n  of 
motion of t he  a r t i f ic ia l  Earth sa te l l i te .  I n t e r e s t i n g  r e s u l t s  along t h e s e  
l i n e s  were obtained by M. L .  Lidov [6], t h e  most important  of which r e -  
l a t e s  t o  t h e  fact t h a t  t h e  l i f e t i m e  of t he  s a t e l l i t e  and t h a t  of t he  
d i s t u r b i n g  body. 

according t o  J .  Kozai 's  computations [71, t h e  d i s t u r b i n g  e f f e c t  of t h e  moon 
shortened the  l i f e t i m e  of  satellite 1959 62 "Explorer V1", by a f a c t o r  of  

more than 10 ( o r b i t a l  parameters :  a = 43,,446 km, eo = 0.7604, io = 47O:lO). 

Actual determinat ion of  t he  o r b i t a l  evolu t ion  of  s a t e l l i t e  1958 B 2  (para- 

meters:  a l t i t u d e  above the  E a r t h ' s  su r f ace  a t  apogee h = 3,948 km, a l t i t u d e  

a t  pe r igee  hn = 658 km, i 
TK = 134m.18, weight G - 2 kg) , "Vanguard l", due t o  the  d i s t u r b i n g  e f f e c t  

of t h e  sun,showed the  fol lowing values:  is = 0.18"/yr7 6 r S  = 56.6 cm. The 

e f f e c t  of  t h e  moon on t h e  o r b i t a l  evolu t ion  was 2 . 2  t imes as g r e a t .  

A t  t h e  d i s t a n c e  mentioned above (about 7 Earth r a d i i ) ,  
t h i s  e f f e c t  can no longer  be d is regarded  i n  computations. For in s t ance ,  - /14 

0 

A 
= 34O.3, eo = 0.19, Keplerikn per iod  of  r o t a t i o n  

0 

Thus, i f  we d i s r ega rd  the  d i s t u r b i n g  e f f e c t  o f  t he  moon and the  sun 
when consider ing a r t i f i c i a l  s ' a t e l l i t e s  moving over  a per iod  of s eve ra l  days 
a t  a moderate d i s t a n c e  from the  Earth (3-4 thousand km above t h e  s u r f a c e ) ,  
w e  in t roduce  an e r r o r  of  s e v e r a l  hundred meters i n  t h e  p o s i t i o n  of these  
s a t e l l i t e s ,  

For s a t e l l i t e s  with an apogee a t  about 40,000 km over  t h i s  same time 
per iod ,  t he  e r r o r  reaches s e v e r a l  dozen k i lometers  ( t h i s  e r r o r  i s  due 
c h i e f l y  t o  inaccuracy i n  loca t ing  t h e  p lane  of  t he  o r b i t ;  t h e  e r r o r  due t o  
inaccuracy i n  determining the  f o c a l  rad ius  is only about one k i lometer ) .  

E f fec t  of t h e  A m b i e n t  Medium 

A s  d i s t i n c t  from t h e  conservat ive1 e f f e c t  o f  t he  masses of  t he  moon 

A mechanical system i n  which the  t o t a l  encrgy remains cons tan t  is c a l l e d  
conservat ive.  If t h e  p o t e n t i a l  energy of  t h e  system u depends only on t h e  
coordinates  ( e . g . ,  x, y ,  z ) ,  then the  fo rces  i n  t h e  conservat ive system a r e  
def ined i n  the  form Fx = -au/ax, F = -au/ay, FZ = -au/az ( t h i s  condi t ion is 

necessary and s u f f i c i e n t ) .  
mechanical energy decreases  continuously i n  t h e  d i s s i p a t i v e  system with con- 
vers ion  t o  oth'er forms of energy ( ch ie f ly  thermal) .  

Y 
In  c o n t r a s t  t o  t he  conserva t ive  system, the  t o t a l  
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and sun ,  t h e  ambient medium has a d i s s i p a t i v e  effect  on s a t e l l i t e  motion. 
The energy o f  t h e  moving body and i t s  a l t i t u d e  above t h e  Ear th  decrease con- 
t i n u a l l y  and t h e  s a t e l l i t e ,  as i t  enter ;  t h e  dense.1ayer.s of  t h e  atmosphere, 
goes i n t o  a s t e e p  descent  t r a j e c t o r y .  
i s  cha rac t e r i zed  by t h e  dece le ra t ion  of t he  body, which may be  computed from 
t h e  well-known formula 

The braking  effect  o f  t he  atmosphere 

Here, t h e  n o t a t i o n  VREL = t h e  v e l o c i t y  of t h e  s a t e l l i t e  with r e spec t  t o  t h e  

atmosphere; VREL i s  t h e  u n i t  vec to r  o f  r e l a t i v e  v e l o c i t y ;  p i s  t h e  mass den- 

l i t e ;  C 

t h e  body and t h e  flow condi t ions ;  S i s  a c h a r a c t e r i s t i c  area (e.g. t h e  middle 
c ros s - sec t iona l  a rea)  t o  which t h e  c o e f f i c i e n t  C 
o f  t h e  body. 

- to  

s i t y  o f  t h e  atmosphere; B = CxS/2m i s  the  b a l l i s t i c  c o e f f i c i e n t  o f  t h e  satel- / 
i s  t h e  aerodynamic drag  coe f f i c i en t  which depends on t h e  shape of 

X 

i s  reduced; m i s  t h e  mass 
X 

The c o e f f i c i e n t  of  aerodynamic drag of  a s a t e l l i t e  depends on a number 
o f  f a c t o r s  ( the  geometric shape of t he  o b j e c t ,  i t s  o r i e n t a t i o n  with r e spec t  
t o  the  vec to r  of  r e l a t i v e  v e l o c i t y ,  atmospheric temperature ,  condi t ions  of  
i n t e r a c t i o n  between t h e  molecules and atoms of t he  upper atmosphere and the  
su r face  of t h e  o b j e c t ,  e t c . ) .  A t  p r e s e n t ,  t he  value o f  Cx may be r e l i a b l y  

determined only f o r  bodies  o f  t he  s imples t  geometric shape.  More spec i f i -  
c a l l y ,  conica l  and convex bodies  have a drag c o e f f i c i e n t  equal  t o  Cx? 
=. 1 . 7  - 2 . 1  [ S I 1  

The b a l l i s t i c  c o e f f i c i e n t  i s  a comprehensive aerodynamic charac te r -  
i s t i c  f o r  space veh ic l e s  moving i n  the  upper l aye r s  o f  t h e  atmosphere. 

Unfortunately,  n o t  only i s  t h e  va lue  o f  B unce r t a in ,  b u t  so  i s  t h e  

Since flow around bodies  a t  a l t i t u d e s  of  more than 150 - 200 km takes 
p l a c e  i n  t h e  free-molecular  s t a t e ,  d i f f u s e  r e f l e c t i o n  is  the  most probable  
mechanism o f  i n t e r a c t i o n  between t h e  atmosphere and t h e  body. The Newtonian 
theory based on t h i s  premise may be  used f o r  computing the va lue  o f  C 

X '  

i s  equal  t o  two and i s  independent o f  t he  shape of  the  body. 
methods o f  determining c o e f f i c i e n t s  o f  aerodynamic drag (e .g .  [ 8 ] )  show 
some dev ia t ion  from t h i s  va lue .  

which 

More accura te  
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dens i ty  p of the  upper atmosphere’. 

f i c i e n t  t o  s t a t e  t h a t  t h e  v a r i a t i o n s  i n  d e n s i t y  which depend on t h e  d i u r n a l  
r o t a t i o n  o f  t h e  Ear th  reach 100% € 1 2 1 ;  t h e  same magnitude of f l u c t u a t i o n  i n  
dens i ty  (with a pe r iod  of f l u c t u a t i o n  o f  less than  h a l f  a day) may r e s u l t  
from a change i n  s o l a r  a c t i v i t y .  Besides,  t h e  change i n  d e n s i t y  depends on 
t h e  annual r o t a t i o n  o f  t h e  Earth and t h e  geographic l a t i t u d e  of t h e  l o c a l i t y .  

We s h a l l  no t  t ake  up t h i s  problem i n  
d e t a i l  (of t h e  new works i n  t h i s  area see f o r  i n s t ance  [ l l ] ) ;  it i s  suf -  - /16 

Since t h e  r e l a t i o n s h i p  between t h e  parameters o f  t h e  upper atmosphere 
and s o l a r  a c t i v i t y  i s  no t  p r e s e n t l y  known wi th  s u f f i c i e n t  accuracy, and w e  
cannot r e l i a b l y  p r e d i c t  t he  change i n  p as a func t ion  o f  o t h e r  parameters ,  
t he  d e n s i t y  o f  t h e  upper atmosphere i s  a c t u a l l y  a random funct ion  of  many 
v a r i a b l e s .  The e f f e c t  o f  random changes i n  p ,  on t h e  accuracy o f  determin- 
i n g  s a t e l l i t e  motion may be es t imated ,  i f  only  by comparing the  r e s u l t s  o f  
computations f o r  var ious  models o f  t he  atmosphere. 

Let us c i t e  some computational r e s u l t s  i n  o r d e r  t o  g ive  an i d e a  o f  t he  
magnitude of  d i s turbances  due t o  the  atmosphere2. 

For a c i r c u l a r  s a t e l l i t e  ( a t  a d i s t ance  of  225 km), t he  change i n  
longi tude  o f  t h e  ascending node and the  i n c l i n a t i o n  of  the  o r b i t  reach t h e  
fol lowing values  i n  a 24-hour per iod:  

In  t h i s  and subsequent examples, we have used S. K .  Mitra’s model o f  
t he  atmosphere [ lS]  cor rec ted  somewhat t o  b r i n g  i t  i n t o  conformity wi th  the  
l a t e s t  d a t a .  

For a s a t e l l i t e  with i n i t i a l  e c c e n t r i c i t y  e = 0.0499 (hA = 1 ,000  km, 0 
h = 300 km), t hese  q u a n t i t i e s  remain p r a c t i c a l l y  cons tan t  over a pe r iod  of 

a f f e c t e d  n o t  only by t h e  d i s s i p a t i v e  fo rce  i n  t h e  p lane  of  t h e  o r b i t ,  b u t  by 
a d i s t u r b i n g  f o r c e  normal t o  the  p lane  which causes a change i n  t h e  longi-  
tude of  t he  descending node and t h e  i n c l i n a t i o n .  
i n  [9] and [ l o ] ,  t h e  r o t a t i o n  of  the  atmosphere caused a s e c u l a r  v a r i a t i o n  i n  
the  o r b i t a l  i n c l i n a t i o n  of  s a t e l l i t e  1957 B “Sputnik 2”  by 4-10-4 deg/day (by 
ca l cu la t ions )  o r  l ~ l O - ~  deg/day ( a c t u a l ) .  
r o t a t i n g  atmosphere i n  t h i s  s e c t i o n .  

Of t he  works on determining the  e f f e c t  o f  atmospheric drag on s a t e l l i t e  
motion, we should mention t h e  a r t i c l e s  by D .  Y e .  Okhotsimskiy, T .  M .  Eneyev 
and G .  P .  Taratynova [13], G .  P .  Taratynova [14, 151 and P .  Ye. El ’yasberg  
[16, 171. 

__ . ~- _ ~ _  - .._ . . . .  TI 
Since t h e  atmosphere r o t a t e s  with the  e a r t h ,  t h e  a r t i f i c i a l  s a e e l l i t e  i s  

F o r  i n s t ance ,  as i s  shown 

We s h a l l  cons ider  on ly  a non- 
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seve ra l  days.  Changes i n  t h e  geometric dimensions o f  a c i r c u l a r  o r b i t  (h=250 
km) due t o  the  e f f e c t  o f  t h e  atmosphere become comparable a f t e r  only t e n  
revolu t ions  with d is turbance  due t o  f i r s t - o r d e r  p o l a r  f l a t t e n i n g  o f  t h e  
Earth ( i . e .  they are  equal  t o  approximately 20 km). For an e l l i p t i c a l  o r b i t  
(hA = 1,000 km, hn = 300 km), t he  change over  t h i s  same i n t e r v a l  i s  no g rea t -  

e r  than 0 .5  km. 

There is  a more apprec i ab le  reduct ion  i n  t h e  draconic  pe r iod  o f  revo- 
l u t i o n  of t h e  s a t e l l i t e  TQ1. For the  given c i r c u l a r  and e l l i p t i c a l  s a t e l -  /17 
l i t e s ,  t hese  changes are equal  t o  110 and 3 s e c  r e s p e c t i v e l y  by t h e  end o f  
t he  t e n t h  rev0 l u t i o n  . 

Thus, t he  ambient medium i s  an apprec iab le  f a c t o r  which affects the  
motion of  a r t i f i c i a l  Ear th  s a t e l l i t e s  i n  t h e  range of  a l t i t u d e s  below 300 km 
from the  su r face  of  t h e  Ea r th .  
motion over  a comparatively long t i m e  inter.va1) t h i s  e f f e c t  must be taken 
i n t o  account.  Na tu ra l ly ,  a l l  problems a s soc ia t ed  with s a t e l l i t e  l i f e t i m e  
a r e  due i n  the  f i n a l  ana lys i s  t o  the  e f f e c t  o f  t h e  atmosphere. However, i n  
the  general  case ,  t h e  n e c e s s i t y  f o r  accounting ' f o r  t h e  e f f e c t  o f  t h e  atmosph- 
e r e  depends on the  s p e c i f i c  formulat ion and i n i t i a l  condi t ions  of  each given 
problem. 

In  many ins t ances  ( e s p e c i a l l y  when s tudying  

Effec t  of Magnetic F i e l d s .  T h e  R e l a t i v i s t i c  E f fec t  

The e l e c t r i c a l  systems i n s t a l l e d  i n  s a t e l l i t e s '  and t h e  magnetic f i e l d  
induced by these  systems make the  motion o f  t he  s a t e l l i t e  s e n s i t i v e  t o  the  
E a r t h ' s  magnetic f i e l d  and t o  the  l o c a l  random v a r i a t i o n s  i n  t h i s  f i e l d .  
There has no t  been s u f f i c i e n t  research  on t h e  problem of  i n t e r a c t i o n  between 
the  E a r t h ' s  magnetic f i e l d  and those of t h e  s a t e l l i t e s  (V.  V .  B e l e t s k i y ' s  
paper [ 2 0 ]  t akes  up t h e  e f f e c t  which t h i s  f a c t o r  has  on s a t e l l i t e  motion 
with r e spec t  t o  the  c e n t e r  of  g r a v i t y ) ;  however, i t  may be  assumed t h a t  t h e  
e f f e c t  o f  t h i s  i n t e r a c t i o n  w i l l  be  seve ra l  times l e s s  than t h a t  of  t h e  upper 
atmosphere a t  moderate d i s t ances  from the  Earth (700 - 3,000 km). 

Since t h e  e f f e c t s  a s soc ia t ed  wi th  the  theory o f  r e l a t i v i t y  become 
apprec iab le  when an o b j e c t  i s  moving c lose  t o  the  speed of  l i g h t ,  it may be 
assumed ahead of  time t h a t  t h e  r e l a t i v i s t i c  e f f e c t  has  only a s l i g h t  i n f l u -  
ence on the  motion o f  an a r t i f i c i a l  Earth s a t e l l i t e  over  a comparatively 
s h o r t  time i n t e r v a l .  However, l e t  us examine t h i s  e f f e c t  i n  more d e t a i l  f o r  
t he  sake of g e n e r a l i t y  i n  our  a n a l y s i s .  

The r e l a t i v i s t i c  effect  i n  determinat ion of  a r t i f i c i a l  s a t e l l i t e  
motion i s  a s soc ia t ed  wi th  t h e  fac t  t h a t  t h e  t r a j e c t o r y  o f  a s a t e l l i t e  (wr i t -  
i n g  out  t he  equat ions o f  motion, g iv ing  the  i n i t i a l  condi t ions)  i s  determined 
by methods which are now well-known i n  i n e r t i a l  Gal i lean  space.  
according t o  the  genera l  theory of r e l a t i v i t y ,  any coord ina te  system which i s  

cess ive  t r a n s i t s  o f  t h e  s a t e l l i t e  through an ascending node [19]. 

Actua l ly ,  

The draconic  pe r iod  is def ined  as t h e  i n t e r v a l  of  t i m e  between two suc- 
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i n e r t i a l  from the s t andpo in t  o f  Newtonian mechanics, w i l l  b e  d i s tu rbed  i n  
t h e  presence of g r a v i t a t i o n a l  f i e l d s ,  i . e .  i t  w i l l  no longer  b e  Gal i lean .  
In  o t h e r  words, geometric space  i s  curved by  the presence o f  g r a v i t a t i n g  
bodies .  

Average Distance t o  
Center o f  t h e  Ear th ,  cm 

* Earth k 8,367. lo8 

r = r  Earth +$*1O7=8,77-1O8 
r = 10.108 

The g r a v i t a t i o n a l  f i e l d s  of t h e  h a r t h  and sun cause cont inua l  r o t a t i o n  - /18 
o f  t h e  l i n e  of  aps ides  o f  t h e  s a t e l l i t e  o r b i t  i n  the d i r e c t i o n  o f  i t s  motion. 

This effect  i s  p ropor t iona l  t o  t h e  r a t i o  V /C (V i s  the v e l o c i t y  o f  t h e  
s a t e l l i t e  i n  t h e  g r a v i t a t i o n a l  f i e l d ,  C i s  the speed o f  l i g h t  i n  vacuum). 
In  add i t ion  t o  motion of  t h e  l i n e  of  aps ides ,  t h e  g r a v i t a t i o n a l  effect  of  
t he  sun a l s o  causes a s h i f t  i n  t he  l i n e  o f  nodes 121,  221. 

2 2  

0 rb  i t a  1 Eccen- S h i f t  i n  t h e  L i n e  of 
t r i c i  t y ,  A p s i d e s ,  Awl 

- 

0 17.- 

0'01 14" ,6 

025 6 ",886 

According t o  [21] ,  t he  sh i f t  i n  t h e  pe r igee  of  t h e  o r b i t  of a heavenly 
body ( i n  seconds o f  a r c  p e r  century) due t o  t h e  g r a v i t a t i o n a l  e f f e c t  o f  t h e  
Ear th  may be  determined from t h e  formula 

A w l  = 1 , 1 4 0 1 0  25 /a '4 ( 1 - e 2 )  

( a  i s  measured i n  cen t ime te r s ) .  The s h i f t  i n  t h e  pe r igee  due t o  the  grav i -  
t a t i o n a l  e f f e c t  o f  t h e  sun (Aw,)  f o r  nearby o b j e c t s  i n  space i s  equal  on t h e  

average t o  1".9 p e r  century .  

The s h i f t  i n  t h e  l i n e  of  nodes ( i n  seconds o f  arc p e r  century) due t o  
t h e  g r a v i t a t i o n a l  e f f e c t  o f  t he  sun may be determined from t h e  formula 

Shown i n  Table 1 below [21]  i s  the  s h i f t  i n  t he  l i n e  of  apsides  of 
a r t i f i c i a l  s a t e l l i t e  o r b i t s  ( i n  seconds o f  arc p e r  year )  as a func t ion  of  
t h e i r  d i s t a n c e  from t h e  c e n t e r  of t h e  Ear th  ( e f f e c t  o f  t h e  g r a v i t a t i o n a l  
f i e l d  o f  t h e  Ear th  a lone ) .  
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A second r e l a t i v i s t i c  effect  i n  t h e  motion o f  s a t e l l i t e s  i s  d isp lace-  
ment o f  t h e  l i n e  o f  aps ides  caused by the  r o t a t i o n  o f  g r a v i t a t i n g  bodies  ( the  
Earth and s u n ) l .  The effect  o f  r o t a t i o n  o f  t he  Ear th  and sun may be  one o r  
two o rde r s  o f  magnitude less than  t h e  r e l a t i v i s t i c  effect which t akes  p l a c e  
i n  t h e  absence o f  r o t a t i o n .  Both these  e f f e c t s  add up a l g e b r a i c a l l y ,  and 
accounting for t h e  r o t a t i o n  o f  Ear th  and sun reduces t h e  o v e r a l l  r e l a t i -  
v i s t i c  effect .  

The equat ions o f  motion f o r  a r t i f i c i a l  Earth s a t e l l i t e s  may be der ived  
wi th in  t h e  framework o f  r e l a t i v i s t i c  mechanics. However, t h e s e  equat ions 
cannot be  j u s t i f i a b l y  used a t  p re sen t  i n  view o f  t h e i r  complexity and t h e  
comparatively s l i g h t  dev ia t ion  i n  t h e  motion which they desc r ibe  as compared 
wi th  motion i n  Gal i lean  space.  A .  F.  Bogorodskiy i n  p a r t i c u l a r  [23] has 
der ived  equat ions o f  motion f o r  a r t i f i c i a l  s a t e l l i t e s  with regard  t o  t h e  
r e l a t i v i s t i c  e f f e c t s  due t o  t h e  ruliformly r o t a t i n g ,  homogeneous, sphe re i ca l  
Ear th .  In  t h i s  same paper  he determined the  r e l a t i v i s t i c  s e c u l a r  v a r i a t i o n s  
i n  t h e  o r b i t a l  elements o f  e q u a t o r i a l  and p o l a r  c i r c u l a r  s a t e l l i t e s .  
According t o  h i s  r e s u l t s ,  t h e  d r i f t  i n  the l i n e  of aps ides  f o r  an e q u a t o r i a l  
s a t e l l i t e  i s  independent o f  t h e  E a r t h ' s  r o t a t i o n ,  while  t h e  d r i f t  i n  t h e  
l i n e  o f  nodes f o r  a p o l a r  s a t e l l i t e  (extremely low i n  va lue ,  equal  t o  only 
a few t e n t h s  o f  a second o f  arc  p e r  year )  depends onZy on t h e  E a r t h ' s  
r o t  a t  ion .  

- /19 

The f i g u r e s  given above show t h a t  t he  e f f e c t  o f  t h e  magnetic f i e l d  and 
t h e  r e l a t i v i s t i c  e f f e c t  are extremely small and may be  d is regarded  i n  most 
problems on t h e  motion o f  a r t i f i c i a l  Earth s a t e l l i t e s .  

E f fec t  o f  Solar R a d i a t i o n  

The s o l a r  r a d i a t i o n  f a c t o r ,  i . e .  t h e  p re s su re  from s o l a r  rays ,  has  an 
apprec iab le  d i s t u r b i n g  e f f e c t  on t h e  motion of space veh ic l e s  i n  which t h e  
r a t i o  o f  c ros s - sec t iona l  area S t o  weight G i s  s u f f i c i e n t l y  l a r g e ,  v i z :  

2 S/G > 25 cm / gram. 

A s u f f i c i e n t l y  s t r i c t  computation o f  t h i s  e f f e c t  is  complicated by t h e  f a c t  
t h a t  the  veh ic l e  spends p a r t  o f  t h e  time i n  t h e  E a r t h ' s  shadow. Calcula-  
t i o n s  are s t i l l  more complicated f o r  s a t e l l i t e s  which move i n  e l l i p t i c a l  
o r b i t s  [24, 25, 261 .  

Disturbances due t o  s o l a r  r a d i a t i o n  i n  the  case where t h e  s a t e l l i t e  i s  
i l l umina ted  by t h e  sun o r  completely ec l ip sed  by t h e  Ear th  have been s t u d i e d  
s p e c i f i c a l l y  i n  [27]. The d i s t u r b i n g  fo rce  i n  t h i s  i n s t ance  ( i f  w e  d i s r e -  
gard p a r a l l a x ,  which i s  equal  t o  11' a t  a d i s t ance  o f  1,600 km from t h e  
Earth)  i s  equal t o  

-____ 
According t o  t h e  genera l  theory o f r e l a t i v i t y ,  t h e  r o t a t i o n  o f  a gravi -  - / I 8  i 

t a t i n g  body affects i t s  g r a v i t a t i o n a l  f i e l d .  



I I  I l l 1  I I I I I I I  I 1  I I I l l  

-f 

where ro is  t h e  b a s i s  vec to r  f o r  d i r e c t i o n  toward t h e  sun;  F = yvpS; S i s  

t h e  e f f e c t i v e  c ros s - sec t ion  of  t h e  s a t e l l i t e  wi th  r e s p e c t  t o  t h e  d i r e c t i o n  

o f  rg; 
i s  equal  t o  approximately (4.5-10). 10 dyne/cm ) ;  y i s  a c o e f f i c i e n t  which 

depends on t h e  r e f l e c t i n g  p r o p e r t i e s  of  t h e  s a t e l l i t e  s u r f a c e ;  v i s  a coef- 
f i c i e n t  which i s  equal  t o  u n i t y  i f  t h e  s a t e l l i t e  i s  i l l umina ted  by t h e  sun ,  
and equal  t o  zero i f  i t  i s  i n  t h e  E a r t h ' s  shadow. 

S 

-+ 
i s  t h e  p r e s s u r e  of  s o l a r  r a d i a t i o n  c lose  t o  t h e  Earth ( t h i s  q u a n t i t y  

-5 2 - /20 

Disturbances i n  the  s a t e l l i t e  t r a j e c t o r y  due t o  s o l a r  r a d i a t i o n  are 
given q u i t e  d e t a i l e d  cons idera t ion  [ 2 8 ] ,  where t h e  e f f e c t  o f  e c l i p s i n g  o f  
t he  s a t e l l i t e  i s  a l s o  discussed as well as resonance problems (see  below). 

The p r e s s u r e  o f  s o l a r  rays  on an a r t i f i c i a l  s a t e l l i t e  moving i n  a 
c i r c u l a r  o r b i t  l eads  t o  a displacement o f  t h e  c e n t e r  of  t h e  o r b i t  (see f o r  
i n s t ance  [ 2 9 ] . ) .  A s  a r e s u l t ,  t he  d i s t ance  between s a t e l l i t e  and Earth i s  
reduced i n  t h a t  p a r t  o f  i t s  t r a j e c t o r y  where i t  i s  moving away from the  sun.  

By way o f  example, w e  could p o i n t  ou t  t h a t  i f  t h e  sun had been i n  t h e  
o r b i t a l  p l ane  o f  s a t e l l i t e  1960 1 1  "Echo-1" ( o r b i t a l  parameters :  h = 1,750 

m km, h, = 1,633 km, t h e  pe r iod  o f  t he  r evo lu t ion  T = 121 .6 ,  S/G = 125 c m  /g 

immediately a f t e r  placement i n  o r b i t ) ,  t hen  t h e  geometric c e n t e r  of  t h e  
o r b i t  would have been s h i f t e d  by approximately 7 km p e r  day. 
(io = 47O) ,  t he  r a t e  o f  t he  s h i f t  was 2-3 km/day according t o  d a t a  [30]. 

By comparing t h e  d is turbances  due t o  the  e f f e c t  o f  s o l a r  r a d i a t i o n  
and the  E a r t h ' s  atmosphere, i t  was f o m d  [27] t h a t  t h e  f irst  e f f e c t  p re -  
dominates a t  a l t i t u d e s  of  more than 900 km, whi le  the  second i s  predominant 
a t  lower a l t i t u d e s .  

2 A 

Actua l ly  

A t  c e r t a i n  i n c l i n a t i o n s  (depending on t h e  r ad ius  of t h e  o r b i t ) ,  t he  
p re s su re  o f  s o l a r  rays  may induce resonance phenomena (see  f o r  i n s t ance  
[24] ,  [28,  291). In  t h i s  case ,  t h e  o r b i t a l  elements vary i n  such a way t h a t  
t h e  pe r igee  i s  always turned toward the  sun.  The a l t i t u d e  o f  t h e  o r b i t ' s  
pe r igee  i s  reduced by resonance e f f e c t s ,  and t h e  l i f e t i m e  o f  an a r t i f i c i a l  
s a t e l l i t e  (before  e n t e r i n g  the  denser  l a y e r s  of  t h e  atmosphere) may be 
reduced by a f a c t o r  measured i n  the  dozens. For t h e  "Echo 1" s a t e l l i t e  i n  
p a r t i c u l a r ,  t h i s  "resonance" i n c l i n a t i o n  i s  equal  t o  30". 

Thus, t h e  phenomenon of s o l a r  r a d i a t i o n  should be taken i n t o  consider-  
a t i o n  i n  s tudying  t h e  motion o f  s a t e l l i t e s  with a r a t i o  S/G > 25 cm2/gram 
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over  a long time i n t e r v a l 1 .  

The e c c e n t r i c i t y  o f  t h e  E a r t h ' s  g r a v i t a t i o n a l  f i e l d  has a cons iderably  
The fol lowing 

~ / 21  
s t r o n g e r  d i s t u r b i n g  effect  than  t h e  f a c t o r s  considered above. 
s e c t i o n s  are devoted t o  an i n v e s t i g a t i o n  of t h i s  e f f e c t  on the  motion o f  
a r t i f i c i a l  Earth sa te l l i t es .  

52. T h e  Earth's Gravitational F i e l d  

Let us assume that a p o i n t  mass m is loca ted  a t  tke p o i n t  Cx 0'  YO' zo) 
o f  an i n e r t i a l  rec tangu1ar .coord ina te  system cx, y ,  z) vdth Basis vec to r s  

(T, T, <). According t o  the  l a w  o f  un ive r sa l  g r a v i t a t i o n ,  the f o r c e  with 
which t h i s  mass acts on a u n i t  mass a t  a d i s t a n c e  

..____i 

( y  -yo) i ,  ( z  - b o  12, i s  equal  t o  

where f is the  g r a v i t a t i o n a l  cons tan t  ( the  cons tan t  of  g r a v i t y  o r  a t t r a c t i o n )  
whose value depends on t h e  chosen system of u n i t s  (see In t roduc t ion ) .  

In  add i t ion  t o  [2 .1) ,  l e t  us  cons ider  the func t ion  

V = f m / r .  

Ta.kir,g t h e  g rad ien t  o f  t h i s  func t ion ,  w e  ge t  

i . e .  

+ 
gmdY = F, ( 2 . 3 )  

___-_ ___ -_ . - _ _ -  - 
Apparently t h e  dev ia t ion  i n  t h e  a c t u a l  p o s i t i o n  o f  t h e  pe r igee  f o r t h e  

- /20 "Vanguard 1" from th2  t h e o r e t i c a l  da fa  
above, S/G = 0.14 c m  /gram) is exp lame6  by $he fac t  t h a t  t h e  p re s su re  o P v e n  
s o l a r  rays  was no t  taken  i n t o  cons idera t ion  i n  t h e  computations. 

t h e  arameters o f  i t s  o r b i t  are 
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where $ i s  a f o r c e  which i s  def ined  i n  t h e  given case by equat ion (2.1) .  

The func t ion  V which satisfies equat ion (2.3) is  c_a+lled a fo rce  
func t ion .  
o f  f o r c e  f i e l d  F ,  wi thout  making any d i s t i n c t i o n  between t h e s e  terms. 
a t t rac t ive  p o t e n t i a l ,  which i s  i n v e r s e l y  p ropor t iona l  t o  t h e  d i s t ance  be- 
tween t h e  i n t e r a c t i n g  bodies ,  i s  c a l l e d  t h e  Newtonian p o t e n t i a l .  I t  f o l -  
lows from t h e  very d e f i n i t i o n  of  p o t e n t i a l  (2 .3)  t h a t  i t  has  t h e  dimension 
o f  energy (work). 

* 

We sqall a l s o  ca l l  i t  t h e  p o t e n t i a l  o f  f o r c e  F o r  t h e  p o t e n t i a l  
The 

/ 2 2  
t +  I f  t h e  p o i n t  mass i n  coordinate  system ( z ,  J ,  k) i s  replaced by a - 

mate r i a l  body o f  mass M and volume T,  then ,  i f  w e  r ep resen t  i t  as cons i s t ing  
o f  n p o i n t  masses and t ake  t h e  l i m i t  as n + m y  w e  ge t  

where I = d(%l2+ (y-yn ) 2 + ( z - z , ) 2 ,  and d.r: = dx,dy,dz,. 

Expression (2.4) i s  t h e  g r a v i t a t i o n a l  p o t e n t i a l  o f  mass M on the  
e x t e r n a l  p o i n t  (x ,  y , z )  o f  u n i t  mass. The q u a n t i t y  p i s  t h e  p r o b a b i l i t y  
dens i ty  func t ion  o f  t h e  mass, and i n t e g r a t i o n  i s  extended t o  the  e n t i r e  
volume o f  t he  a t t r a c t i n g  body. 

The components o f  the f o r c e  of  a t t r a c t i o n  a c t i n g  on t h e  ex te rna l  p o i n t  
may be  found by d i r e c t  d i f f e r e n t i a t i o n  o f  i n t e g r a l  (2.4) wi th  r e spec t  t o  
coord ina tes  x ,  y ,  z :  

I zm Y m  ' m  

m Y m  'm 
X J 

I n t e g r a l s  (2.4) and (2.5)  a r e  taken i n  elementary func t ions  only i n  
some o f  t h e  simplest cases .  
switching t o  s p h e r i c a l  coordinates  i n  (2.4) , w e  may immediately ( i n  view of  
s p h e r i c a l  symmetry) d e r i v e  equat ion (2.2) f o r  t h e  p o t e n t i a l  o f  a uniform 
sphere .  

For in s t ance ,  assuming t h a t  p = cons t  and 

' Thus, t h e  a t t r a c t i v e  p o t e n t i a l  f o r  a uniform sphere  i s  equal  t o  t h e  
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p o t e n t i a l  o f  a p o i n t  w i t h  a m a s s  equal  t o  t h a t  o f  the body and loca ted  a t  
the  c e n t e r  o f  t h e  sphere.  When t h e  sphere i s  separa ted  from t h e  g r a v i t a t i n g  
body by an i n f i n i t e  d i s t a n c e ,  i t s  p o t e n t i a l  ( r ega rd le s s  o f  t h e  shape o f  t h e  
body o r  the p r o b a b i l i t y  d e n s i t y  law) approaches p o t e n t i a l  (2 .2)  as nea r ly  as 
des i r ed  ( t h e  proof  may be  found [31]).  

This  fac t  f ac i l i t a t e s  t h e  s o l u t i o n  o f  many problems i n  c e l e s t i a l  
However, i n  s tudying  the motion o f  a r j i f i c i a l  Ea r th  sa te l l i t es ,  mechanics. 

as 
it i s  necessary  t o  cons ider  t h e  shape and dimensions of  t h e  a t t r a c t i n g  body. 

var ious p o i n t s  i n  t h e  body, i . e .  p # cons t ,  i n t e g r a l  (2 .4)  may be  only 
approximately computed, e .g .  by r ep resen ta t ion  in '  t h e  form o f  an i n f i n i t e  
series.  

w e l l  as t h e  motion o f  space veh ic l e s  c l o s e  t o  the  Earth and o t h e r  planets,  

Since p l a n e t s  a r e  n o t  s p h e r i c a l  i n  shape, and t h e  d e n s i t y  d i f f e r s  from - /23 

An expansion o f  t h i s  type wi th  r e s p e c t  t o  s p h e r i c a l  func t ions  i s  w r i t -  
t e n  i n  t h e  form 

Expression (2 .6 )  may be  der ived  by var ious  methods. One of t hese  de r iva t ions  
i s  given i n  Appendix I .  

The q u a n t i t i e s  r, 8 and A i n  t h i s  expression a r e  t h e  geocen t r i c  sphe r i -  
c a l  coord ina tes  of  t h e  e x t e r n a l  p o i n t  ac t ed  up02 by p o t e n t i a l  ( 2 . 6 ) .  The 
s p h e r i c a l  l a t i t u d e  8 i s  reckoned from t h e  a x i s  k (which co inc ides  wi th  t h e  
ax i s  o f  r o t a t i o n  o f  t h e  Ea r th ) ,  and v a r i e s  over  t he  range 0 '8 5 ~ 1 ;  t h e  

longi tude  A is  reckoned from the  Greenwich meridian eastward i n  t h e  reg ion  
0 < A < 2 ~ .  The cons tan t  1-1 = fM, where M i s  the  mass o f  t h e  Ear th .  The 

quan t i ty  r i s  taken as equal  t o  the  g r e a t e s t  e q u a t o r i a l  r ad ius  of t he  Ea r th .  

The cons tan ts  c 

func t ions  P (cos 8 ) a r e  Legendre's  polynomials,  

cases  the  second s u b s c r i p t  may be omit ted f o r  s i m p l i c i t y )  be ing  c a l l e d  t h e  
p r i n c i p a l  Legendre's polynomial, P (cos 8 )  (when m # 0)  i s  an a d j o i n t  nm 
Legendre func t ion2;  P (cos 8) s i n  mX and P (cos 8) cos mX a r e  t h e  element- 

a ry  harmonics. The s o l u t i o n  Y ( 8  , A )  = @ ( 6 ) h ( A )  o f  equat ion  (1.7) (see 
Appendix I )  i s  c a l l e d  a s p h e r i c a l  polynomial o r  a s p h e r i c a l  func t ion  (some- 
times a l s o  a space func t ion)  

This  system should be- d i s t ingu i shed  from the  s p h e r i c a l  as t ronomical  co- 
o rd ina te s  t o  be  d iscussed  la te r  i n  which t h e  l a t i t u d e  8 i s  reckoned from t h e  
t e r r e s t r i a l  equa tor .  

Also c a l l e d  a s soc ia t ed  Legendre func t ions  of o rde r  n and index m. Ex- 
p re s s ion  ( I .  17 ' )  (Appendix I )  shows t h e  p a r t  played by the  p r i n c i p a l  Legendre's 
polynomials : they  determine a l l  a s soc ia t ed  func t ions  of a given degree.  

- -  

0 
and dnm are t h e  c o e f f i c i e n t s  of  t h i s  expansion. The nm 

(cos 6 ) ( i n  some 'no nm 

nm nm 
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Y,, = (enm cosmx+d,, sinmx)P,, (cos  61, 

whi le  t h e  func t ion  

( see  1.5) , which i s  a s o l u t i o n  f o r  equat ion ( 1 . 2 )  , i s  c a l l e d  a g lobu la r  o r  
s o l i d  func t ion .  Globular func t ions  may b e  def ined  i n  t h e  same way as r a t -  
i o n a l  i n t e g r a l  func t ions  (with r e s p e c t  t o  r ec t angu la r  coord ina tes )  o f  t he  - / 2 4  
n- th  degree which s a t i s f y  Laplace’s  equat ion .  

In  o r d e r  t o  understand t h e  phys ica l  meaning o f  t h e  ind iv idua l  terms i n  
expression (2.6) , l e t  us examine the  zeros  of s p h e r i c a l  func t ions .  

When m = 0 ,  w e  g e t  t h e  func t ion  Y = Pno ( c o s g )  nO 
depends only on t h e  s p h e r i c a l  l a t i t u d e  9 and ( a s  a polynomial of  degree n) 
has  n zeros  i n  t h e  i n t e r v a l  [0,7r] , (and as many zeros i n  t h e  i n t e r v a l  
[-7r/2, 7r /2]) .  Thus , t h e  func t ion  Y - (cos 8) , which i s  c a l l e d  a zonal 

func t ion  o r  zonal harmonic, vanishes  a t  c e r t a i n  l a t i t u d e s ,  forming n + 1 
zones on the  sphere wi th in  which i t  maintains  i t s  s i g n .  
func t ions  can desc r ibe  only the  l a t i t u d i n a l  e f f e c t s  o f  t he  g r a v i t a t i o n a l  
f i e l d  and shape o f  t h e  Ear th .  

This func t ion  

no - ’no 

Na tu ra l ly ,  zonal 

The s p h e r i c a l  func t ions  Y when m # 0 conta in  bo th  l a t i t u d i n a l  and nm 
longi  t udina 1 terms 

If m = n ,  then according t o  (1.17‘) and (1.17) a f te r  a t r a n s i t i o n  
from x t o  cos 6 ,  w e  ge t  
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Then 
C o s H X ;  

2% 1 s i n n X .  

These func t ions  may vanish (with the  except ion o f  t he  p o l e s ,  o f  course) only 
a t  t h e  meridians def ined  by t h e  equat ions 

cos nX = 0 and s i n  nX = 0 .  

They a r e  c a l l e d  s e c t o r a l  s p h e r i c a l  func t ions ,  and they desc r ibe  t h e  pure ly  
long i tud ina l  c f f e c t s  o f  the  g r a v i t a t i o n a l  p o t e n t i a l .  

In  t h e  case where m # n ,  t h e  func t ions  must t a k e  on zero values  a long 
n p a r a l l e l s  and m meridians.  Therefore ,  on t h e  s u r f a c e  of t h e  sphere ,  they 
maintain t h e i r  s i g n  wi th in  c u r v i l i n e a r  quadr i l a t e r ' a l s  and t r i a n g l e s  formed 
by t h e  i n t e r s e c t i o n  o f  two p a r a l l e l s  and two meridians,  o r  two meridians 
and a p a r a l l e l ,  and are c a l l e d  t e s s e r a l  harmonics (Lat in  tessera,  a p l a t e ) .  
Tessera l  harmonics r e f l e c t  t h e  mixed e f f e c t s  of  t he  g r a v i t a t i o n a l  f i e l d  
( e f f e c t s  which depend on both l a t i t u d e  and long i tude ) .  The number of  zeros 
f o r  a l l  harmonics inc reases  wi th  an inc rease  i n  n o r  m .  Consequently, t h e  
general  governing p r i n c i p a l s  with r e spec t  t o  t h e  shape and p o t e n t i a l  o f  t he  
Earth a r e  descr ibed  by func t ions  o f  a lower degree.  Local changes, on t h e  
o t h e r  hand, are a s soc ia t ed  wi th  func t ions  of  a h ighe r  degree.  In  t h i s  regard ,  
t h e  amplituaes of harmonics tend t o  decrease wi th  an inc rease  i n  t h e  degree 
of  t he  func t ion .  

The c o e f f i c i e n t s  o f  expansion (2 .6 )  may be  given a phys ica l  i n t e r -  
p r e t a t i o n :  they a r e  expressed i n  terms o f  i n t e g r a l s  of t h e  form 

and l i n e a r  combinations of  t hese  i n t e g r a l s  [ 3 2 ] ,  and t h e  q u a n t i t i e s  I 

when n < 2 are p ropor t iona l  t o  the  coord ina tes  of  t h e  c e n t e r  o f  i n e r t i a  
( c e n t e r o f  mass 1 and t h e  moments o f  i n e r t i a .  When n > 2 ,  t h e  phys ica l  
meaning of i n t e g r a l s  (2 .7)  becomes l e s s  clear.  In  Appendix 111, where t h i s  
problem i s  considered i n  more d e t a i l  , t h e  d iscuss ion  i s  l i m i t e d  t o  values  
of  n l e s s  than o r  equal  t o  2 ,  al though t h e o r e t i c a l l v .  s imilar  r e l a t i o n s h i p s  
may a l s o  he found f o r  n >  2. For insxance, i n  131 and 321 t h e  c o e f f i c i e n t s  
i n  expansion (2.6) a r e  expressed i n  terms of r e l a t i o n s h i p s  (2 .7)  up t o  a 
value of n = 4 .  

UBY 

According t o  t h e  r e s u l t s  of Appendix 111, w e  may w r i t e  
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(2 .7 ' )  
E .  D .  

c 2 0  = 

C22=4hb102n B - A .  d 2 2 = z M r , 2 *  F 

Here M i s  mass; r i s  t h e  mean rad ius  o f  t h e  Ear th  (he re to fo re  t h e  g r e a t e s t  0 
e q u a t o r i a l  rad ius  was taken as r - t h e r e  i s  no con t r ad ic t ion  he re  s i n c e  any 0' 

Z a r e  t h e  q u a n t i t y  c lose  t o  t h e  r ad ius  of  t h e  Earth may be  taken) ;  X 

coord ina tes  o f  t h e  center o f  g r a v i t y  o r  i n e r t i a  ( s ee  (111.9)) ;  A ,  B ,  C a r e  
t h e  moments o f  i n e r t i a  of the  Ear th  with r e spec t  t o  the  p r i n c i p a l  axes ( see  
(111.12)) ;  and D ,  E ,  F are t h e  c e n t r i f u g a l  moments o f  i n e r t i a  ( s e e [ I I I , l 2 ' ) ) .  

c, yc' c 

Let us no te  t h a t  i f  t h e  body i s  dynamically symmetric wi th  r e spec t  t o  
a x i s  Z ( s ee  Appendix 111) ,  then B = A. 1 22 
= d22 = 0 ,  and c = (r: - A)/Mrt. i s  o f  t h e  same o r d e r  20 20 
as t h e  q u a n t i t y  (C - A)/C, which i s  c a l l e d  t h e  dynamic f l a t t e n i n g  o f  t h e  
Ear th .  

In  t h i s  case, c21 = d21 = c = 

The c o e f f i c i e n t  c 

Since t h e  moments o f  i n e r t i a  are p ropor t iona l  t o  t h e  product  o f  t h e  - /26 
mass by t h e  square  of  a l i n e a r  dimension of  t h e  body, q u a n t i t i e s  (2 .7 ' )  are 
dimensionless .  
expansion (2 .6 ) ,  s i n c e  they are a l l  expressed only i n  terms o f  dimensionless 
i n t e g r a l s  o f  t h e  form I 

The same may be  s a i d  o f  t h e  remaining c o e f f i c i e n t s  of  

? B Y  * 

If t h e  o r i g i n  o f  t h e  coordinate  system coinc ides  with t h e  c e n t e r  o f  
= 0 .  I f  i n  add i t ion ,  t h e  co- 11 = dll g r a v i t y  o f  t he  Ea r th ,  then  cl0 = c 

o r d i n a t e  axes co inc ide  wi th  t h e  axes of  i n e r t i a ,  then a l l  c e n t r i f u g a l  moments 
of i n e r t i a  w i l l  b e  equal  t o  zero,  and consequently,  c = d21 = 01. 2 1  

T h e o r e t i c a l l y ,  p rope r  s e l e c t i o n  of  t h e  i n i t i a l  meridian would a l s o  
make c o e f f i c i e n t  d22 equal  t o  zero.  

o r i g i n  f o r  readings ,  and d22 has  a non-zero va lue .  

However, Greenwich i s  taken as the  

- _. - .  I . .  

angle  between t h e  a x i s  o f  r o t a t i o n  o f  t h e  Ear th  (axis g) and t h e  c l o s e s t  
p r i n c i p a l  a x i s  o f  i n e r t i a .  
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Since a geocen t r i c  coord ina te  system ( r ec t angu la r  o r  s p h e r i c a l )  with 
j u s t  such an arrangement o f  axes i s  s e l e c t e d  as a r u l e  i n  s tudying  t h e  
motion of  a r t i f i c i a l  Ear th  sa te l l i t es ,  t h e r e  are no harmonics o f  t h e  f irst  
degree o r  t e s s e r a l  harmonics o f  t h e  second degree i n  expansion (2 .6) .  

Taking cons idera t ion  o f  every th ing  s a i d  up t o  t h i s  p o i n t ,  w e  g e t  
i n s t e a d  of  expansion (2.6) 

( 2 . 6 ' )  

n - 3  m=O 

However, i n  t h e  fol lowing d i scuss ion ,  f o r  t h e  sake o f  b r e v i t y  w e  s h a l l  wri te  
ou t  t h e  p o t e n t i a l  o f  a t t r a c t i o n  i n  form (2.6) without  l o s i n g  s i g h t  of  t h e  
f a c t  t h a t  i t  has  form ( 2 . 6 ' ) .  

In so lv ing  problems r e l a t i n g  t o  the  motion of  a r t i f i c i a l  Earth s a t e l -  
l i t e s ,  i t  i s  convenient t o  use t h e  complement o f 9  r a t h e r  than 9 i t s e l f .  

d i s  reckoned from t h e  e q u a t o r i a l  p lane  of  the  Earth This  angle P = 7 - 
Ghich coincides  with p l ane  1 x T) northward ( 0 < V - < 7~/2@) and southward 

T r  

( - i ~ / 2  < v < 0 ) .  I t  i s  equal  t o  geographic l a t i t u d e  on the  E a r t h ' s  su r f ace ,  

o r  t o  d e c l i n a t i o n  i n  the  e q u a t o r i a l  system o f  astronomic coord ina tes .  
- 

In  t h i s  case,  (2 .6)  w i l l  t ake  t h e  form 

Sometimes equat ion (2.6) i s  completely w r i t t e n  out  i n  astronomical 
e q u a t o r i a l  coord ina tes  r ,  V ,  tGr ( s e e  f o r  i n s t ance  [ 3 2 ] )  where t 

Greenwich angle  reckoned westward, tGr = 360" - A .  

w e  g e t  t h e  express ion  

i s  t h e  

Then f o r  V ( r ,  V ,  tGr) 
G r  

+ dn,sinmtrp)Pnm(sin a ) .  (2 .9)  
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By us ing  t h e  formulas 

(2.10) 

J 
we may convert  equat ion  (2.6) t o  r ec t angu la r  coord ina tes .  

Expressions (2 .6 ) ,  (2 .8)  and ( 2 . 9 )  correspond t o  t h e  n o t a t i o n  der ived  
by I .  D .  Zhongolovich f o r  t he  a t t r a c t i v e  p o t e n t i a l  o f  t h e  Ear th  [32],  which 
i s  ex tens ive ly  used both  i n  t h e  Sovie t  Union and abroad. I n  t h i s  regard ,  
t h e  i n t e r n a t i o n a l  n o t a t i o n  used f o r  the c o e f f i c i e n t s  ( f o r  t h e  expression 

d = S  ‘nm’ nm nm ’ w r i t t e n  i n  form (2 .8) )  i s  c = nm 

In  t h e  B r i t i s h  and American l i t e r a t u r e ,  t h e  g r a v i t a t i o n a l  p o t e n t i a l  
is f r equen t ly  w r i t t e n  as* t h e  p o t e n t i a l  o f  an e l l i p s o i d  of  r evo lu t ion ,  rep- 
resented  by t h e  formula 

o r  J e f f r e y s  [33] 

(2.11) 

(2.12) 

The q u a n t i t i e s  I and D ,  which a r e  c a l l e d  the  J e f f r e y s  cons t an t s ,  are 
r e l a t e d  t o  c20 and c by t h e  expressions 

40 

The c o e f f i c i e n t s  o f  t h e  expansion f o r  t he  g r a v i t a t i o n a l  p o t e n t i a l  a r e  
determined from measurements of t h e  Earth s g r a v i t a t i o n a l  fo rce  f i e l d .  
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53, Gravitational Force Field 

In  cases where t h e  motion o f  a body is  be ing  considered i n  a coord ina te  
system t i e d  t o  t h e  r o t a t i n g  Earth,  t h e  body i s  sub jec t ed  t o  a t r a n s l a t i o n a l  
c e n t r i f u g a l  fo rce .  The r e s u l t a n t  o f  t h i s  f o r c e  and t h e  Ea r th ' s  a t t r a c t i o n  
is  c a l l e d  t h e  f o r c e  of  g r a v i t y .  

The c e n t r i f u g a l  f o r c e  i s  perpendicular  t o  t h e  ax i s  o f  r o t a t i o n  and has  
t h e  components ( i n  t h e  abso lu te  coordinate  system) (-w2x, -w2y,0). 

Thus, t h e  modulus of  t h i s  f o r c e  i s  

2 P = w  r c o s c p ,  

where w i s  t h e  angular  v e l o c i t y  of t he  E a r t h ' s  r o t a t i o n ;  r i s  t h e  d i s t ance  
from the  c e n t e r  of  g r a v i t y  of  the  Earth t o  the  moving p o i n t  which has geo- 
graphic  l a t i t u d e  cp (reckoned from the  e q u a t o r i a l  p l ane ) .  

I t  i s  assumed i n  t h i s  case  t h a t  t he  Earth r o t a t e s  as an abso lu te ly  
r i g i d  body with a cons tan t  vec to r  o f  angular  v e l o c i t y .  The r a t e  of r o t a t i o n  
o f  t h e  Earth i s  q u i t e  accu ra t e ly  known a t  p r e s e n t ,  and i s  equal t o  

w = 7.29211-10-5 sec . 1 

The f o r c e  P has  t h e  p o t e n t i a l  func t ion  

The expression f o r  t h e  p o t e n t i a l  o f  t he  fo rce  o f  g r a v i t y  W may be 
w r i t t e n  i n  t h e  form 

W = V + U ;  
(3.3) 

U i s  given by r e l a t i o n s h i p  (3 .2 ) ,  and V i s  t h e  p o t e n t i a l  of  a t t r a c t i o n  
determined according t o  52. 

_ _  - 

Actua l ly ,  func t ion  (3.2) sat: s f i e s  t h e  condi t ion  

However, U i s  n o t  a harmonic func t ion  s i n c e  AU = 2w2. 
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Surfaces  where the p o t e n t i a l  maintains  a cons tan t  va lue  are c a l l e d  
e q u i p o t e n t i a l  s u r f a c e s  o r  l e v e l  surfaces. For t h e  p o t e n t i a l  W ,  such 
s u r f  aces  

w = v + u = const 
( 3 . 4 )  

have r e c e n t l y  become known as geops. 

The d i r e c t i o n  of  t h e  f o r c e  of  g r a v i t y  i s  everywhere normal t o  equi-  
p o t e n t i a l  su r f aces  as otherwise t h e  t a n g e n t i a l  component of  t h e  fo rce  of 
g r a v i t y  would cause t h e  body t o  move along t h e  s u r f a c e  ( 3 . 4 ) .  

I n  p o i n t  o f  f a c t ,  i f  t h e  e f f e c t  o f  o t h e r  heavenly bodies  i s  disregarded 
as w e l l  as some o t h e r  i n s i g n i f i c a n t  e f f e c t s ,  t h e  p a r t i c l e s  o f  a f l u i d  s u r -  
face would be sub jec t ed  t o  t h e  f o r c e  o f  g r a v i t y  a lone ,  which i n  t h i s  case 
would determine t h e  shape of  t h e  a t t r a c t i n g  body. However, t h e  su r face  of  
t h e  Earth i s  only p a r t i a l l y  covered by ocean, and the t e r r a i n  o f  t h e  dry 
land i s  complex. Therefore ,  t h e  shape o f  t he  Ear th  i s  descr ibed  by i n t r o -  
ducing some a r b i t r a r y  s u r f a c e  which d i f f e r s  from t h e  t r u e  phys ica l  su r f ace  
and i s  c a l l e d  t h e  geoid ( t h i s  term was in t roduced  by L i s t i n g  i n  1873). 

The geoid i s  def ined  as the  mean free s u r f a c e  which would be  shown by 
a worldwide ocean extending beneath i s l a n d s  and con t inen t s .  I t  i s  assumed 
t h a t  t h e  mass of  t h e  con t inen t s  and i s l a n d s  i n  t h i s  case i s  condensed d i r e c t -  
l y  beneath t h e  s u r f a c e  of  t h i s  a r b i t r a r y  ocean. 
sur face" ,  w e  assume that t h e r e  a r e  no t i d a l  effects ( i . e .  we d i s r ega rd  no t  
only t h e  e f f e c t  o f  t h e  moon, b u t  a l s o  t h a t  o f  o t h e r  heavenly bodies)  and 
t h a t  t h e r e  a r e  no d is turbances  due t o  winds. I t  fol lows from what w e  have 
s a i d  t h a t  t h e  s u r f a c e  o f  t h e  geoid i s  t h e  e q u i p o t e n t i a l  s u r f a c e  of  t h e  E a r t h ' s  
g rav i ry  f i e l d .  

When w e  say  "mean f r e e  

The concept o f  t h e  geoid i s  not  s u f f i c i e n t l y  s t r i c t .  The geoid may be  
thought of  as t h e  s u r f a c e  of  t h e  ocean f i l l i n g  channels c u t  beneath t h e  
cont inents  and cont inuing  t h e  f r e e  s u r f a c e  of t he  water. The geoid may a l s o  
be  represented  i n  another  way as t h e  a n a l y t i c a l  cont inua t ion  of  t h e  ocean 's  
s u r f a c e  beneath t h e  con t inen t s .  H .  Poincar6 [34] showed t h a t  t hese  su r faces  
do no t  coincide1.  
o f  t h e  a l t i t u d e  o f  t h e  E a r t h ' s  su r f ace  above t h e  geoid.  

The d i s t a n c e  bktween them i s  p ropor t iona l  t o  the  square - /30 

I t  follows from express ion  ( 3 . 4 )  t h a t  t h e  shape of  t h e  geoid (as  wel l  
as t h e  g r a v i t a t i o n a l  p o t e n t i a l )  may be  descr ibed  by an i n f i n i t e  s e r i e s  of 

A s  a r u l e ,  t he  first o f  t h e  two d e f i n i t i o n s  given above i s  adhered t o  i n  
t h e  l i t e r a t u r e .  The use  of  t h e  geoid concept f o r  desc r ib ing  t h e  shape and 
p o t e n t i a l  f i e l d  of  t h e  Ear th  i s  t r a d i t i o n a l ,  b u t  n o t  n a t u r a l ,  and perhaps 
no t  t h e  most convenient .  M .  S. Molodenskiy's theory ,  which i s  based on 
o t h e r  p r i n c i p l e s ,  i s  b r i e f l y  ou t l ined  below. 

- /29 
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s p h e r i c a l  func t ions .  
more p r e c i s e l y  t h e  a c c e l e r a t i o n  due t o  g r a v i t y ,  i s  expressed i n  t h e  same way: 

The f o r c e  o f  g r a v i t y  g ( ac t ing  on a u n i t  mass) o r  

For g w e  may write t h e  s e r i e s  

m n  

n=O m=O 
0- z (ty (Anmcosmh+Bn,,,sin mh) Pnm(sin 'p) . 

10' B1l' A21 and B21 J u s t  as i n  expression (2 .6 ) ,  t h e  c o e f f i c i e n t s  A 

should be  s e t  equal  t o  zero.  

In  many cases  i t  i s  necessary t o  go from expansion (3.5) t o  an expan- 
s i o n  o f  t h e  g r a v i t a t i o n a l  p o t e n t i a l  o f  form ( 2 . 6 ) .  I .  D .  Zhongolovich 
cons iders  a t r a n s i t i o n  o f  t h i s  type [ 3 5 ]  r e s u l t i n g  from a comparison o f  
expressions ( 2 . 6 ' ) ,  ( 3 . 3 ) ,  (3 .5)  and (3 .6) .  

In  t h e  case where t h e  values  of  c and dnm a r e  known, t h e  c o e f f i c i e n t s  nm 
and B when r, 5 4 a r e  found from t h e  equat ions *nm nm 

2 3  



I t  should b e  poin ted  out  that  the  q u a n t i t i e s  m c  2 2 j  md 2 2 ”  c20c22 and - /31 
a r e  o f  t h e  t h i r d  nega t ive  o rde r  o f  magnitude and are comparable with 

%Od22 
such products  (not  included i n  formulas (3 .7 ) )  as c20c30 and c20c40, while  

terms conta in ing  c 

magnitude. 
equat ions (3.7) w i l l  b e  apparent  l a t e r  (§5) when we cons ider  a model f o r  
t h e  g r a v i t a t i o n a l  f i e l d  of  t h e  t r i a x i a l  Earth where t h e  harmonics correspond- 
ing  t o  c o e f f i c i e n t s  cZ2 and d22 a r e  t h e  most s i g n i f i c a n t  terms desc r ib ing  

t h i s  effect  which appear i n  t h e  expansion f o r  t h e  p o t e n t i a l .  

2 2 
2 2  

and d22 a r e  gene ra l ly  o f  t he  f o u r t h  nega t ive  o rde r  of  

The reason t h a t  t hese  q u a n t i t i e s  should be  taken i n t o  account i n  

When going the  o t h e r  way (expressing c o e f f i c i e n t s  c and d i n  terms nm nm 
o f  Anm and B ) ,  t h e  q u a n t i t i e s  T and IT should f i r s t  be  ca l cu la t ed  ( f o r  

a l l  values  of  n and m) by t h e  formulas 
nm nm nm 
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II Ill 

The c o e f f i c i e n t s  o f  t h e  expansion f o r  t h e  a t t r a c t i v e  p o t e n t i a l  are 
then determined ( f o r  n - < 4) from t h e  equat ions:  
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me d i scuss ion  above concerning i n c l u s i o n  o f  q u a n t i t i e s  o f  t h e  t h i r d  
and fou r th  nega t ive  o rde r s  o f  magnitude i n  formulas (3.7) app l i e s  t o  
formulas (3.8) as well .  

- /33 

The q u a n t i t y  r 

g r e a t e s t  e q u a t o r i a l  r ad ius .  

i s  def ined  as t h e  mean r ad ius  of  t h e  Earth o r  as t h e  0 

In  equat ions (3.8), I = -- w 2  b ( I - T ~ ~ ) ,  , where b is t h e  semiminor a x i s  
A00 

o f  t h e  t e r r e s t r i a l  e l l i p s o i d .  

The a c c e l e r a t i o n  due t o  g r a v i t y  g i s  f r equen t ly  given i n  t h e  form of  
determined an expansion with r e spec t  t o  normalized s p h e r i c a l  func t ions  

from t h e  equat ion 
nm 

The normalized s p h e r i c a l  func t ion  i s  d i s t ingu i shed  by the  f a c t  t h a t  
i t s  mean-square va lue  on t h e  sphere i s  equal  t o  u n i t y .  In  expanding the  - 
fo rce  of  g rav i ty  wi th  r e spec t  t o  func t ions  

t h e  r e l a t i o n s h i p  between them and t h e  q u a n t i t i e s  A,,, Bnm (see ( 3 . 6 ) )  i s  

given by t h e  equat ions 

9 
with c o e f f i c i e n t s  Anm, nm ' 

I (3 .9 ' )  

Expressions l i k e  t hese  a l s o  g ive  t h e  r e l a t i o n s h i p  between normalized 
and non-normalized c o e f f i c i e n t s  c 

t a t i o n a l  p o t e n t i a l .  

and dnm i n  t h e  expansion f o r  t he  grav i -  nm 

Equations (3.9) and (3 .9 ' )  may always be  used f o r  f ind ing  t h e  coef- 
f i c i e n t s  A and B i n  t h e  expansion f o r  t h e  g r a v i t a t i o n a l  p o t e n t i a l  from nm nm 
t h e  known values  o f  t h e  c o e f f i c i e n t s  i n  t h e  expansion f o r  t h e  p o t e n t i a l  of 
t h e  force  o f  g r a v i t y .  
type (on t h e  b a s i s  of  var ious  i n i t i a l  m a t e r i a l ) .  
Sovie t  Union by I .  D .  Zhongolovich [32] i n  1957 f o r  t he  first e i g h t  s p h e r i c a l  
func t ions  of  t h e  p o t e n t i a l  expansion. I .  D .  Zhongolovich's c o e f f i c i e n t s  
are given i n  Appendix I V .  

Severa l  au thors  have c a r r i e d  out  computations of  t h i s  
This  was done i n  t h e  
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In  t h e  case  where t h e  formula f o r  g r a v i t a t i o n a l  p o t e n t i a l  i n  form 
(2.12) i s  used, t h e  c o e f f i c i e n t s  I and D are determined from (2.14). 
J e f f r e y s  [33] g ives  t h e  fol lowing va lues :  

I = 0.0016370 +_ O.C)000041; D = 0.0000107 

(when d a t a  from observa t ions  o f  a r t i f i c i a l  Ear th  s a t e l l i t e s  are taken i n t o  /34 
cons idera t ion ,  I = 0.001630 t 0.000001). 

The numerical  values  o f  t h e  c o e f f i c i e n t s  I i n  formula (2.12) are equal  i 
t o  t h e  l e f t  o f  t h e  decimal p o i n t  t o  c o e f f i c i e n t s  c and may be  taken from 

Appendix I V .  The values  of  I found by American au thors  are given i n  t h i s  

same s e c t i o n .  

nO ' 
i 

During g r a v i t a t i o n a l  measurements, l o c a l  i r r e g u l a r i t i e s  i n  t h e  mass 
d i s t r i b u t i o n  o f  t h e  Ear th  may cause l o c a l  v a r i a t i o n s  i n  t h e  f o r c e  of  g r a v i t y .  
Therefore , g r a v i t a t i o n a l  measurements must be d i s t r i b u t e d  as uniformly as 
poss ib l e  over  t h e  E a r t h ' s  s u r f a c e ,  and the  number of  measurements should be 
considerably g r e a t e r  than t h e  number of  c o e f f i c i e n t s  t o  be determined. 

The n e c e s s i t y  f o r  an excess number o f  known values  of  t h e  f o r c e  of  
g r a v i t y  i s  a l s o  t h e  r e s u l t  o f  r e p r e s e n t a t i o n a l  e r r o r s  ( i . e .  , e r r o r s  due t o  
the  d i s c r e t e  na tu re  of  grav imet r ic  measurements), as we l l  as p a r t i a l l y  un- 
avoidable  e r r o r s  i n  measurement. The smoothed s t a t i s t i c a l  va lues  of t he  
c o e f f i c i e n t s  i n  t h e  expansion a r e  always determined i n  p r a c t i c e .  This 
expla ins  the  f a c t  t h a t  an inc rease  i n  the  number of  c o e f f i c i e n t s  t o  be d e t e r -  
mined ( f o r  a f ixed  number of  measurements) leads t o  a reduct ion  i n  t h e i r  
accuracy. 

Since g rav ime t r i c  measurements a r e  made a t  d i f f e r e n t  geographic p o i n t s  
and a t  d i f f e r e n t  a l t i t u d e s  wi th  r e spec t  t o  s e a  l e v e l  ( i . e .  on t h e  so -ca l l ed  
phys ica l  su r f ace  o f  t h e  Ear th ,  which i s  no t  an e q u i p o t e n t i a l  s u r f a c e ) ,  t h e  
use of  t hese  measurements f o r  determining t h e  parameters of  t h e  g r a v i t a t i o n a l  
f i e l d  i s  a f a i r l y  complex problem. 

One of  t he  methods f o r  s o l v i n g  t h i s  problem, t h e  t r a d i t i o n a l  method, 
b o i l s  down t o  reducing measurements of  t h e  fo rce  o f  g r a v i t y  t o  t h e  su r face  
of  t h e  geoid.  However, i n  t h i s  case ,  w e  a r e  faced wi th  the  d i f f i c u l t y  o f  
p l o t t i n g  the  geoid i n  regions where e x t e r n a l  masses a r e  p r e s e n t ,  and o f  
a n a l y t i c a l  cont inua t ion  of t h e  f o r c e  of  g rav i ty  through t h e s e  masses. 

Various methods may be used f o r  t ranspos ing  p r o j e c t i n g  masses t o  t h e  
i n t e r i o r  o f  t h e  geoid o r  onto i t s  s u r f a c e .  This process  i s  c a l l e d  r e g u l a r i -  
za t ion  o f  t h e  Ea r th ,  and t h e  r e s u l t a n t  f i g u r e  i s  c a l l e d  t h e  r egu la r i zed  
geoid.  However, t he  use o f  a r egu la r i zed  geoid does not  e l imina te  t h e  
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unce r t a in ty  due t o  ignorance of  t h e  a c t u a l  d i s t r i b u t i o n  o f  masses between 
sea l e v e l  and t h e  phys ica l  su r f ace .  

The complex geometric shape of  t he  geoid r e s u l t s  i n  inconvenient  mathe- 
matical r e l a t i o n s h i p s  which make it d i f f i c u l t  t o  analyze measurements of t h e  
values  o f  g.  Therefore ,  i n s t e a d  o f  the geoid,  an e l l i p s o i d  c a l l e d  t h e  ref- 
erence e l l i p s o i d  o r  t h e  geodet ic  e l l i p s o i d  i s  taken as the  re ference  su r face .  
The choice o f  an e l l i p s o i d  as a r e fe rence  s u r f a c e  i s  a l s o  explained by t h e  
p o s s i b i l i t y  i n  t h i s  case f o r  us ing  t h e  r e s u l t s  o f  t h e  Stokes theory (as  w e l l  
as Molodenskiy's theory ,  as w e  s h a l l  s e e  l a t e r )  which s t a t e s  t h a t  t h e  po- 
t e n t i a l  o f  t h e  f o r c e  o f  g r a v i t y  o f  a r o t a t i n g  mass i s  uniquely determined by 
g iv ing  t h e  mass o f  t h e  body, t h e  e x t e r n a l  e q u i p o t e n t i a l  s u r f a c e  and the  r a t e  
of  r o t a t i o n .  I f  we use t h i s  procedure f o r  determining t h e  p o t e n t i a l  o f  a 
body ( e l l i p s o i d )  s u f f i c i e n t l y  c lose  t o  the  shape of t he  Ear th ,  then f ind ing  
the  e x t e r n a l  p o t e n t i a l  reduces t o  t h e  de te rmina t ion  of  small d i f f e rences  
whose squares  may be  d is regarded .  
i s  an e l l i p s o i d  of  revolu t ion1  with a shape cha rac t e r i zed  by t h e  amount o f  
f l a t t e n i n g  ct 

- 735 

In  most ca ses ,  t he  re ference  e l l i p s o i d  

ct = (a  - b) /a  

where a and b a r e  t h e  axes o f  t h e  e l l i p s o i d .  

The shape o f  t h e  Ear th ,  j u s t  as t h e  p o t e n t i a l ,  is  found i n  t h e  form of  
dev ia t ions  o f  t h e  geoid from t h e  r e fe rence  e l l i p s o i d .  

In  connection wi th  t h e  use o f  t h e  r e fe rence  e l l i p s o i d  as the  s imples t  
su r f ace ,  only s l i g h t l y  d i f f e r i n g  from t h e  geoid,  w e  in t roduce  the  concept o f  
t he  normal f o r c e  o f  g r a v i t y  as t h e  fo rce  o f  g r a v i t y  on t h e  chosen re ference  
s u r f a c e .  

The normal f o r c e  of g rav i ty  (designated i n  gravimetry by t h e  l e t t e r  y) 

Because of  t h i s ,  t h e  prob- 
i s  expressed by a simple r e l a t i o n s h i p  which may be  e a s i l y  used f o r  f ind ing  
i t s  value a t  any p o i n t  on t h e  e l l i p s o i d  s u r f a c e .  
l e m  o f  s tudying  the  fo rce  o f  g rav i ty  i t s e l f  i s  rep laced  by an i n v e s t i g a t i o n  
of  comparatively small  devia t ions  i n  t h e  fo rce  of  g r a v i t y  from t h e  normal 
values  ( so -ca l l ed  anomalies).  Reductions of t h e  fo rce  of  g rav i ty  a r e  l i k e -  
wise replaged by t h e  reduct ions  of  anomalies.  

The d i f f e r e n c e  between t h e  complete and normal values  of  t h e  p o t e n t i a l  
i s  c a l l e d  t h e  d i s t u r b i n g  p o t e n t i a l .  
makes i t  p o s s i b l e  t o  l i m i t  computations t o  t h e  l i n e a r  theory i n  determining 
t h e  c o e f f i c i e n t s  o f  t h e  expansion. 

The use o f  t h e  d i s t u r b i n g  p o t e n t i a l  

- - . .  _________-. - . . - - - . . -- - 

A t r i a x i a l  e l l i p s o i d  may a l s o  be  taken (see f o r  i n s t ance  [ 3 6 ,  37 ,  381). 
In  t h i s  case i t s  shape i s  determined by t h e  amount of  p o l a r  f l a t t e n i n g  ct 
and e q u a t o r i a l  f l a t t e n i n g  y = (b - c) /b .  
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Severa l  formulas are known f o r  t h e  normal f o r c e  o f  g rav i ty  [36, 371. 
L e t  us c i t e  a few o f  them. 

T h e  Helmert Formula (1901 - 1909) 

0 = 97S,O3G(J+ 0,005302 sin2cp- 0,000007 s ~ I I ~ ~ Y , )  

derived f o r  an e l l i p s o i d  wi th  f l a t t e n i n g  c1 = 1:298.2. 

C a s s i n i ' s  Formula (1930) 

der ived  f o r  a Hayford sphero id  with parameters c1 = 1:297.0, a = 6,378,388 m .  

Zhongolovich's Formula (1952) f o r  an e l l i p s o i d  o f  revolu t ion  

corresponds t o  an e l l i p s o i d  with parameters c1 = 1:296.6,  a = 6,378,070 m .  

Expressions f o r  t he  normal fo rce  of  g r a v i t y  may a l s o  be w r i t t e n  i n  
sphe r i ca l  func t ions .  In  t h i s  case ,  t he  Helmert formula takes  t h e  form 

yo = 970754.354-  3453,40P,, (sincp) +6,2GP4, ( s i n  

o r  i n  normalized func t ions  

The Hayford sphero id  with t h e  parameters c i t e d  above has  been recom- 
mended as an i n t e r n a t i o n a l  r e f e r e n c e ' f o r  geode t i c  p r o j e c t s .  Geodetic measure- 
ments i n  the  Sovie t  Union are based on the  Krasovskiy e l l i p s o i d  ( a  = 
= 6,378,245 m, a = 1:298.3).  I t  has  r e c e n t l y  come t o  l i g h t  t h a t  t h i s  f i g u r e  
r ep resen t s  t h e  e n t i r e  Ear th  as a whole b e t t e r  than  the  Hayford sphero id .  
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The t h e o r e t i c a l  i m p o s s i b i l i t y  o f  determining t h e  shape of t h e  geoid 

A new approach has been proposed by M. S .  Molodenskiy, 
has  made i t  necessary t o  look f o r  o t h e r  methods of  s tudying  t h e  g r a v i t a t i o n a l  
f i e l d  o f  t h e  Ear th .  
who has  formulated and so lved  t h e  problem o f  determining t h e  e x t e r n a l  grav i -  
t a t i o n a l  f i e l d  f o r  t h e  genera l  case where measurements are given on t h e  
phys ica l  (nonequipotent ia l )  su r f ace  which enc loses  a l l  masses o f  t h e  Ear th .  

The d i s t u r b i n g  p o t e n t i a l  T may b e  found from a s o l u t i o n  o f  t h e  t h i r d  
The d i s t i n g u i s h i n g  charac te r -  boundary value problem o f  p o t e n t i a l  theory.  

i s t i c  o f  t he  Molodenskiy problem l ies  i n  t h e  fac t  t h a t  t h e  su r face  on which 
t h e  . l imi t ing  boundary condi t ion  i s  def ined  i n  t h e  given case i s  only approxi- 
mately known. This  boundary s u r f a c e ,  i . e .  t h e  s u r f a c e  o f  t h e  Ear th ,  i s  t h e  
one t o  be determined. 

Molodenskiy reduced t h e  s o l u t i o n  of  t h e  given problem t o  s o l u t i o n  of  
an i n t e g r a l  equat ion wi th  r e spec t  t o  the  d i s t u r b i n g  p o t e n t i a l  T o r  t h e  
a l t i t u d e  anomaly 5 .  
ex te rna l  g r a v i t a t i o n a l  f i e l d  are not  r egu la r i zed ,  and determinat ion of  t h e  
shape of  t he  Earth reduces t o  f ind ing  geodet ic  a l t i t u d e s  ( a l t i t u d e s  of  t h e  
phys ica l  su r f ace  o f  the Ear th  above t h e  r e fe rence  e l l i p s o i d )  which may be 
s t r i c t l y  determined from measurements. 

I n  t h i s  case, the  phys ica l  s u r f a c e  of  t he  Earth and t h e  - / 3 7  

To so lve  t h e  i n t e g r a l  equat ion which he had der ived ,  M .  S .  Molodenskiy 
expressed t h e  d i s t u r b i n g  p o t e n t i a l  i n  t he  form o f . t h e  p o t e n t i a l  of  a simple 
l a y e r  of  dens i ty  cp d i s t r i b u t e d  over  t h e  su r face  S [39] :  

In  t h i s  case, t h e  f o r c e  of  g rav i ty  i n  o u t e r  space i s  represented  as t h e  
sum of  t h e  p r i n c i p a l  p a r t  ( i . e .  t h e  normal fo rce  of  g rav i ty )  and the  a t t r a c -  
t i o n  of  l a y e r  cp l oca t ed  on t h e  phys ica l  su r f ace  o f  t he  Ear th .  
dens i ty  cp i s  found by s o l v i n g  Molodenskiy's i n t e g r a l  equat ion which conta ins  
t h e  values  f o r  t h e  anomalies i n  t h e  fo rce  of g r a v i t y  found by measurements 
on t h e  phys ica l  s u r f a c e .  
used f o r  d i r e c t  de te rmina t ion  of  the  parameters of  t he  e x t e r n a l  g r a v i t a t i o n a l  
f i e l d .  

The value of  

Thus, measurements of  t he  f o r c e  o f  g r a v i t y  may be 

The g r e a t e s t  d i f f i c u l t i e s  which a r i s e  dur ing  p r a c t i c a l  implementation 
o f  t h i s  procedure f o r  s o l u t i o n  o f  a problem are a s soc ia t ed  wi th  the  fact  
t h a t  t he  measurements of  t h e  fo rce  o f  g rav i ty  a r e  not  densely d i s t r i b u t e d  
over  t h e  e n t i r e  phys i ca l  su r f ace ,  b u t  r a t h e r  are made a t  d i s c r e t e  p o i n t s .  
The n e c e s s i t y , t h e r e f o r e  arises f o r  r ep resen t ing  t h i s  q u a n t i t y  i n  regions 
where no measurements have been made. 
c u l a t i n g  t h e  most h igh ly  anomalous p a r t  o f  t h e  v a r i a t i o n  i n  t h e  fo rce  o f  
g rav i ty  ( t h a t  p a r t  which i s  due t o  t h e  a t t r a c t i o n  of  topographic  masses) 

Topographic maps may b e  used f o r  cal- 
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accura t e  t o  10-15%. 
topographic masses ( those  p r o j e c t i n g  above t h e  e q u i p o t e n t i a l  su r f ace )  from 
t h e  anomalies i n  t h e  f o r c e  o f  g r a v i t y ,  b u t  t o  t ake  t h i s  f a c t o r  i n t o  account 
l a t e r  i n  de r iva t ion  o f  t he  d i s t u r b i n g  p o t e n t i a l  T ( see  L .  P .  P e l l i n e n  [40] ) .  
Mathematically,  t h i s  i s  a l s o  achieved by i s o l a t i n g  the  effect  o f  a s p h e r i c a l  
l a y e r  o f  th ickness  Ho i n  t h e  e f f e c t  o f  t he  topographic masses g . 
met r i c  i n t e r p r e t a t i o n  [40] reduces t o  cons t ruc t ion  o f  a smoothed phys ica l  
su r f ace  which passes  through gravimet r ic  and astronomogeodetic p o i n t s .  
t h i s  process ,  t h e  p r o j e c t i n g  topographic masses are removed and depressions 
i n  t h e  a c t u a l  phys i ca l  s u r f a c e  are f i l l e d  i n .  This  t r a n s p o s i t i o n  of  masses 
r e s u l t s  i n  smoothing o f  t h e  phys ica l  su r f ace .  Hence, Molodenskiy's theory  
w i l l  b e  appl ied  t o  t h e  remaining anomalies,  and t h e  phys ica l  s u r f a c e  w i l l  b e  
smoothed t o  such an e x t e n t  t h a t  it w i l l  b e  p o s s i b l e  t o  use  t h e  Stokes series 
(which r e l a t e s  t he  values  o f  T and 5 t o  anomalies i n  t h e  f o r c e  o f  g r a v i t y  and 
i s  t h e o r e t i c a l l y  v a l i d  i f  t h e  phys ica l  s u r f a c e  co inc ides  wi th  the  equi- 
p o t e n t i a l  su r f ace )  , i .e .  t o  use a well-known procedure f o r  findin.g t h e  
unknown q u a n t i t i e s .  

I t  i s  p re fe rab le  t o  t o t a l l y  e l imina te  t h e  e f f e c t  o f  

The geo- 
P 

Tn 

/38 - 

Gravimetr ic  surveys t ake  Potsdam (East Germany) as t h e  i n t e r n a t i o n a l  
re ference  p o i n t ,  s i n c e  t h e  f i rs t  p r e c i s i o n  measurements of t he  abso lu te  
fo rce  o f  g rav i ty  were made t h e r e .  Re la t ive  measurements are made a t  a l l  
remaining re ference  p o i n t s  i n  each country,  s o  t h a t  a l l  measurements are 
made i n  a s i n g l e  system c a l l e d  t h e  Potsdam system. The r e s u l t s  of  absolu te  
measurements i n  a number of  l o c a l i t i e s  show t h a t  t h e  abso lu te  va lue  d e t e r -  
mined a t  Potsdam i s  too  h igh  by approximately 13 mgall .  
always be  made i n  q u a n t i t i e s  der ived  i n  the  Potsdam system. 

This  co r rec t ion  must 

Gravimetric measurements a r e  not  t h e  only method f o r  determining t h e  
f i g u r e  of  t he  Ear th .  Besides,  i n  and o f  themselves,  t hese  measurements may 
only be used f o r  determining the  shape of t he  Earth.  In  c o n t r a s t ,  t he  geo- 
met r ic  method (which u t i l i z e s  problems solved by h ighe r  geodesy) gene ra l ly  
speaking,  permits  determinat ion no t  only o f  t he  E a r t h ' s  shape, b u t  a l s o  i t s  
dimensions. The advantages o f  us ing  gravimet r ic  measurements r a t h e r  than 
geodet ic  a r e  r e l a t e d  t o  the  f a c t  t h a t  t h e s e  measurements may be made not  only 
on dry land ,  b u t  a l s o  on t h e  ocean which covers t h e  g r e a t e r  p a r t  o f  t h e  
E a r t h ' s  s u r f a c e .  In  gene ra l ,  however, t hese  two methods complement each 
o t h e r :  a s t r i c t  s o l u t i o n  o f  geodet ic  problems i s  impossible  without  us ing  
gravimet r ic  d a t a ,  and v i ce  ve r sa .  

These procedures f o r  determining the  f i g u r e  o f  t h e  Earth (and hence i t s  
g r a v i t a t i o n a l  f i e l d )  a r e  not  t he  only such techniques.  The astronomical  
method based on s tudying  pe r tu rba t ions  i n  t h e  motion o f  
and t h e  method of  space t r i a n g u l a t i o n  have r e c e n t l y  come i n t o  use f o r  d e t e r -  
mining t h e  shape and dimensions o f  t he  Ear th .  

A m i l l i g a l  (mgal) i s  'equal t o  0.001 ga l - - the  u n i t  o f  a c c e l e r a t i o n  i n  t h e  
CGS system (named i n  honor of Ga l i l eo ) .  
a mass o f  1 gram by a f o r c e  of  dyne. 
g r a v i t y  on t h e  su r face  of  t h e  Ear th  i s  970.1 g a l s .  

a r t i f i c i a l  s a t e l l i t e s  

The i n v e s t i g a t i o n  o f  s a t e l l i t e  

This  is  the  a c c e l e r a t i o n  imparted t o  

~ -~ 

The t o t a l  mean a c c e l e r a t i o n  due t o  
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motion provides  f o r  cons iderable  refinement i n  t h e  parameters of t h e  geoid.  
In  t h i s  connect ion,  a r t i f i c i a l  s a t e l l i t e s  are b e t t e r  f o r  determining t h e  
c o e f f i c i e n t s  o f  lower harmonics i n  t h e  p o t e n t i a l  expansion, while grav imet r ic  
methods are p r e f e r a b l e  f o r  t h e  c o e f f i c i e n t s  o f  upper harmonics. In  p a r t i c u l q  
t h e  most r ecen t  de te rmina t ions  o f  p o l a r  f l a t t e n i n g  o f  t h e  Ea r th ,  which u t i l -  
i z e d  s a t e l l i t e  d a t a ,  are apparent ly  t h e  most accu ra t e .  For in s t ance ,  
J .  Kozai (United S t a t e s ) ,  u s ing  information on s a t e l l i t e  motion f o r  de t e r -  
mining p o l a r  f l a t t e n i n g ,  go t  a, = 1:298.31 ? 0.01 [41] ,  and H. J e f f r e y s  got  
a, = 1:298.05 2 0 .ll [33] ( see  a l s o  Appendix IV) . 

- /39 

Fundamental research  on t h e  g r a v i t a t i o n a l  f i e l d  o f  t h e  Earth was begun 
i n  1952 by I .  D .  Zhongolovich who used t h e  grav imet r ic  material a v a i l a b l e  up 
t o  t h a t  t i m e  f o r  determining t h e  parameters of t he  Earth and t h e  c o e f f i c i e n t s  
i n  t h e  expansion f o r  t h e  f o r c e  of g r a v i t y  up t o  and inc luding  t h e  e ighth  
harmonic [35] .  This  work was used as a b a s i s  i n  [32] f o r  determining t h e  
c o e f f i c i e n t s  i n  t h e  expansion f o r  t h e  a t t r a c t i o n  p o t e n t i a l  up t o  and inc lud-  
i n g  t h e  four th  harmonic'. 
i s  equal  t o  a, = 1:296.6.  

The p o l a r  f l a t t e n i n g  found i n  these  computations 

In  recent  y e a r s ,  Kaula (United S t a t e s )  has  computed the  c o e f f i c i e n t s  

H e  ob ta ined  f o r  p o l a r  f l a t t e n i n g  and t h e  semimajor ax i s  o f  
i n  t h e  expansion f o r  t h e  fosce  of g r a v i t y  up t o  and inc lud ing  the  e ighth  
harmonic [42] .  
t h e  genera l  terrestr ia l  e l l i p s o i d :  c1 = 1:298.24 t 0.01, and a = 6,378,163 f 
2 15 meters ,  r e s p e c t i v e l y .  

Given f o r  comparison i n  Table 2 below are t h e  c o e f f i c i e n t s  o f  t he  nor- 
malized s p h e r i c a l  harmonics i n  t h e  expansion o f  t h e  p o t e n t i a l  f o r  g r a v i t a t i o n -  
a l  anomalies computed by Zhongolovich and Kaula f o r  t h e  normal Helmert 
formula. 
[42]) i n  determining t h e  c o e f f i c i e n t s  o f  t h e  expansion. 

The t a b l e  a l s o  gives  t h e  mean square e r r o r s  (according t o  Kaula 

I t  i s  ev ident  from the  t a b l e  t h a t  t he  c o e f f i c i e n t s  as determined by 
Kaula d i f f e r  considerably from those  determined by Zhongolovich. This i s  
explained by t h e  d i f f e r e n c e  i n  t h e  number of  grav imet r ic  d a t a  (a  much g r e a t e r  
amount o f  material was a v a i l a b l e  t o  Kaula),  t h e i r  methods o f  a n a l y s i s ,  and 
t h e  hypotheses on which t h e  procedures were based.  Apparently Zhongolovich's 
values  are somewhat too  high,  whi le  Kaula 's  a r e  too low. 

A s  we have a l ready  mentioned p rev ious ly ,  t he  c o e f f i c i e n t s  i n  t h e  
expansion f o r  g r a v i t a t i o n a l  p o t e n t i a l  found by I .  D.  Zhongolovich are given 
i n  Appendix I V .  This same appendix a l s o  gives  t h e  values  o f  t he  c o e f f i c i -  
e n t s ,  according t o  non-Soviet sources .  

I i n g  t o  ma te r i a l s  publ ished -[35] , t h e  c o e f f i c i e n t s  may t h e o r e t i c a l l y  
be found t o  the  e i g h t  harmonic. 

. - ..- - -- 
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TABLE 2* 

n 

. -  

0 
1 
1 
2 
2 
2 
3 
3 
3 
3 
4 
4 
4 
4 
4 
5 
5 
5 
5 
5 
5 
6 
6 
6 
6 
8 
t3 
t3 
7 
7 
7 
7 
7 
7 
7 
7 
8 
8 
8 
8 
8 
8 
8 
8 
8 

- 

m 

. -  

0 
0 
1 
0 
1 
2 
0 
1 
2 

0 
1 
2 
3 
4 
0 
1 
2 
3 
4 
5 
0 
1 
2 
3 
4 
5 
G 
0 
1 
2 
3 
4 
5 
6 
7 
0 
1 
2 
3 
4 
5 
6 
7 
8 

9 " 

An, mgal 
-- 

I+ 

0 
Mcd 
G O  
0 'd 
5 5  

+ 22.0 - 0,l 
+ 0,3 
- 5,l 
+ 0,;1 
+ 7,s 
+ 3.2 
+ .3,6 
+ 2.0 
+ 5.9 
+ 0,4 - 0,7 
+ 0.1 
+ 1.00 
+ 0,s 
+ 0.8 - 1,3 
+ 0.5 
- 2.1 - 0.5 
+ 0,3 
+ 1.8 
- 0.5 
+ 0.2 
- 1,1 
- 0.3 
- 1.4 
+ 0.4 
+ 1.1 
+ 1.2 - 0.7 
+ 1 2  - 0,6 - 0.8 
- 1.8 
+ 0.4 
+ 0.6 
+ 1.0 
+ 0.6 
- 0.8 - 0.5 - 0.8 - 1.1 
+ 0.3 
+ 0.7 

cd 
d 

2 
& 

+ 13.2 
0.0 
0.0 

f 1.1 
0.0 

+ 0.74 
+ 1,52 
+ 2.02 
+ 1.80 
+ 1,12 
- 1.3 - 1,85 
+ 1.36 
+ 1.48 
- 0.30 
- 0.10 
- 1.41 
+ 1.07 
- 0.16 
r 0.51 - 0.34 - 0,27 - 0,36 
+ 0.43 - 0.26 
+ 0.11 
- 1.28 
+ 0.29 - 0,22 
+ 0.32 
+ 1,oo 
+ 0.70 
- 1 2 7  
+ 0.07 - 0.30 
+ 0.36 
+ 0.86 
+ 0.08 
+ 0.60 - 0.06 - 0.51 - 0.85 
+ 0.03 
+ 1.0 - 0.78 

- 
WL-m I 

2 

mga: 
rd 
d 

s 
- 
- - - - 

3.87 
0,20 
3.88 
3,SS 
D.89 
2 2 0  
D,QB 
3.84 
3.89 
3.84 
3,46 
1.81 
3.84 
3 . 8 2  
3,78 
1,76 
3.28 
3.73 
1.74 
1.75 
3,73 
1.69 
1,69 
1 3 3  
3.64 
1.84 
3.64 
1.64 
1.61 
1.60 
1.80 

1.54 
1.53 
1.53 
1.54 
).s3 
1.51 
1.51 
1.51 

B,,, mgal 
? 
d 

&c 
E .: 
6 5  

- 
- 

+ 0.8 

+ 0.5 
- 

- 1.7 

-1.8 
+ 2,Q 
+ 4.7 

-0.9 
+ 1,3 
+ 0.2 
+ 1,2 

+ 0 8  
+ 0.2 
-0.1 

+ 0.2 

-0.2 
-0,m 
+ 1.0 - 1 8  - 1.8 
+ 0.1 

-02 - 0,04 
-0.8 
+ 0,2 
-0.1 
+0.1 . 
- 0,9 
+0,1 
+ 1.0 
- 0,4 
+ 0.8 
+ 0.3 
+ 1.1 
+.0,2 
-0.1 

- 

- 

- 

-0.8 

- 

- 

- 

rd 
7 cd 
& 

d 

- 
- 
0.0 

0.0 
-0.4 

+ 0.76 
- 0,08 
+ 2J5 

- 0.46 
+ 1.23 
-0.04 
+ 1.08 

+ o.oa 
- 0,72 
+ 0 , l O  
- 0.55 
- 1.34 

+ 0.48 
-0.90 
+ 0,06 
- 1.36 
-2.38 
- 0.77 

+ 0,s 
+ 0.52 
-0,19 
+ 0.09 
+0.11 
+0,10 
+ 0,05 

+ 0.39 
+ 0,60 
+0,22 
+ 0,lO 
+ 0.56 
+ 0.90 
+ 0.45 
-0.17 

- 

- 

- 

- 

- 

- 

- 

-. 
ABnm 1, 
mgal 

cd 
d 

2 
& - - 
- - 
- 
- 

0.93 

0.84 
0,98 
0.87 

0,e0 
0,50 
0,55 
0.85 

0,&2 
0,&3 
0.62 
0.79 
0,79 

0 .?2 
0.73 
0.74 
0.71 
0.70 
0.70 

0.62 o w  
0.64 
0-84 
0.64 
0.61 
0.81 

0.54 
0.53 
0.54 
0.53 
0.54 
0.53 
0.51 
0.51 

- 

- 

- 

- 

- 

- 

. 

Tr. Note: Commas indicate decimal points. 
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A s  may b e  seen  from t h e  f i g u r e s  and t a b l e s  given i n  t h i s  appendix, - /41 
t h e  c o e f f i c i e n t s  f o r  t h e  5 th  and 6 t h  zonal harmonics are extremely unce r t a in ,  
while  t h e  c o e f f i c i e n t s  f o r  t h e  s e c t o r a l  and tesseral harmonics have been 
determined wi th  s t i l l  less c e r t a i n t y .  
c o e f f i c i e n t s  f o r  t h e  upper harmonics. For t h i s  reason ,  t h e r e  i s  l i t t l e  
j u s t i f i c a t i o n  i n  us ing  a g r a v i t a t i o n a l  p o t e n t i a l  which inc ludes  harmonics 
above t h e  fou r th  a t  t h e  p re sen t  time. 

Moreover, t h e  same may b e  s a i d  o f  t h e  

A s  has  a l ready  been mentioned previous ly ,  knowing t h e  e x t e r n a l  g rav i -  
t a t i o n a l  f i e l d  i s  equiva len t  t o  knowing t h e  f i g u r e  o f  t h e  Ear th  and v i c e  
ve r sa .  Actua l ly ,  t h e  Stokes formula o r  Stokes series may be  used f o r  going 
from t h e  equat ion which descr ibes  t h e  g r a v i t a t i o n a l  f i e l d  t o  t h a t  which 
desc r ibes  t h e  shape of  t h e  Earth [36, 371. Maps f o r  t h e  a l t i t u d e s  o f  t h e  
geoid given by var ious  au thors  (Zhongolovich 1952, Kaula 1961) d i f f e r  con- 
s i d e r a b l y  from one another  [37]. 
between t h e  c o e f f i c i e n t s  i n  t h e  expansion c a l c u l a t e d  by t h e  d i f f e r e n t  authors, 
by the  d i f f e rences  i n  t h e  i n i t i a l  material and t h e  methods f o r  analyzing 
t h i s  m a t e r i a l .  

This i s  expla ined  , j u s t  as t h e  d i f f e r e n c e  

The r ep resen ta t ion  o f  t h e  discrepancy between t h e  geoid and t h e  t e r -  
res t r ia l  sphero id  ( t h e  f i g u r e  represented  by t h e  sum of harmonics P 

00 
Pz0) g ives  a t a b l e  which was presented  by Kaula [43] f o r  t h e  s tandard  
dev ia t ions  cs { N I  o f  a l t i t u d e s  corresponding t o  t h e  n- th  harmonic o f  t h e  n 
equat ion f o r  t he  s u r f a c e .  

and 

TABLE 3 * 
- 
n - 

2 
3 
4 
5 
€3 
7 
8 
0 

2 2  
an 7 #  

308 
4 8  
140 
28 
41 
3*3 
lo¶€$ 
14,B 

pz 

10 
1 1  
12 
13 
14 
15 
16 
17 

2 2  
sn >34 

- 
n 

18 
18 
20 
2 1  
22 
23 
24 
25 

- 
n - 
20 
27 
28 
29 
30 
31 
32 

2 2  
yn 

The o v e r a l l  var iance  f o r  t h e  d i f f e r e n c e  i n  a l t i t u d e s  o f  t h e  geoid and 

2 spheroid i s  about 32 
2 1,075 m , and 1 c r i  = 1,062 m . 

n= 2 

*Tr.  Note : Commas i n d i c a t e  decimal p o i n t s .  
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Thus, t h e  mean d i f f e r e n c e  between t h e  a l t i t u d e s  of t h e  geoid and o f  
t h e  f i g u r e  represented  by 32 harmonics i s  equal t o  approximately 3.6 meters. 

4 
2 I t  may be  seen from Table 3 t h a t  2 c r i  = 908 m , i . e .  t h e  remaining har -  

n= 2 
monics (from t h e  5 th  t o  t h e  32nd) have about t h e  same o v e r a l l  effect  on t h e  /42 
shape o f  t h e  geoid as t h e  fou r th  a lone .  

- 

This conclusion i s  completely app l i cab le  t o  the  r e l a t i v e  weight o f  
t h e  var ious  harmonics i n  t h e  expansion of t h e  Ea r th ' s  g r a v i t a t i o n a l  po ten t i a l .  
Everything s a i d  h e r e  leads us t o  assume t h a t  t he  upper harmonics make a small 
con t r ibu t ion  t o  t h e  d i s t u r b i n g  func t ion ,  and a d i s r ega rd  f o r  t hese  harmonics 
(due s p e c i f i c a l l y  t o  inaccura t e  knowledge o f  t h e  c o e f f i c i e n t s )  should no t  
cause any s e r i o u s  d i sc repanc ie s  between t h e  ca l cu la t ed  and a c t u a l  motion of  
an a r t i f i c i a l  s a t e l l i t e .  However, i n  many cases, i t  i s  necessa iy  t o  have a t  
l e a s t  an approximate numerical e s t ima te  o f  t h i s  va lue .  The de r iva t ion  o f  
such an estimate is  taken up i n  t h e  fou r th  s e c t i o n .  

9 4 .  Approximate Descr ipt ion o f  t h e  Gravi ta t iona l  F i e l d  

I n  a l l  cases  where t h e  g r a v i t a t i o n a l  p o t e n t i a l  i s  represented  i n  t h e  
form o f  a f i n i t e  sum (and t h i s  must n e c e s s a r i l y  be done i n  p r a c t i c e ) ,  i t  i s  
necessary t o  eva lua te  t h e  e r r o r  due t o  dropping the  remainder o f  t h e  s e r i e s ' .  

Before going on t o  an e s t ima te  o f  t h e  e r r o r  introduced by averaging 
o f  t h i s  t ype ,  l e t  us  mention t h e  important  proper ty  of  o r thogona l i ty  o f  
s p h e r i c a l  func t ions ,  according t o  which 

Here 6 = 2 when m = 0 ,  and d = 1 when m > 0 .  I n t e g r a t i o n  i s  c a r r i e d  out  

with r e spec t  t o  t h e  s u r f a c e  o f  t h e  sphere C .  
m m 

Since t h e  upper harmonics i n  t h e  expansion f o r  t he  p o t e n t i a l  V desc r ibe  
small (low-amplitude) l o c a l  s i n g u l a r i t i e s  i n  t h e  g r a v i t a t i o n a l  f i e l d ,  d i s -  
regard ing  them i s  equiva len t  t o  averaging t h e  func t ion  V .  This smooths ou t  
t h e  o s c i l l a t i n g  n a t u r e  of  V s i n c e  t h e  l o c a l i z e d  s t r u c t u r e  o f  t he  f i e l d  i s  
ignored whi le  i t s  fundamental governing p r i n c i p l e s  are maintained. 

_ _  __ - - - .--___- _ _  - - - 

An estimate o f  t h e  r e s i d u a l  term of the emans lon  l / ~  [see C I I I . 2 b )  may 
be found, f o r  i n s t ance  [31, 44, 451. However, ob ta in ing  t h i s  estimate does 
no t  s o l v e  t h e  problems r a i s e d  i n  t h i s  s e c t i o n .  
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27c& (pl+pn)! 

2 n + l  ( P l r m Y  
The q u a n t i t y  - - - i s  c a l l e d  t h e  norm o f  t h e  func t ion  

?,, (sin 9 ) ) z : m A .  . A proof  o f  proper ty  (4.1) may be found [31, 44, 451. 

Let us now cons ider  a p o t e n t i a l  of  t h e  form - /43  

where q = ro/r<l. 

The func t ion  ~ 2 0  =IL-q2c 2~ P 2 0 ( ~ i n  'p ) i n  express ion  (4.2) i s  t h e  d i s -  

t u rb ing  p o t e n t i a l .  The mean square value of  V on sphere C (with regard t o  

(4.1) i s  equal  t o  
20 

Reducing t h i s  va lue  t o  the  p o t e n t i a l  o f  t h e  s p h e r i c a l  Ear th ,  we g e t  

The na tu re  of r e l a t i o n s h i p  2 o  (9) i s  shown i n  Fig.  1, which i n d i c a t e s  

t h e  p a r t  o f  t h e  p o t e n t i a l  o f  t h e  s p h e r i c a l  Earth which i s  comprised by d i s -  
t u rb ing  p o t e n t i a l  V as a func t ion  of  t h e  r e l a t i v e  d i s t ance  l / q .  20 

Let us now break up t h e  g r a v i t a t i o n a l  p o t e n t i a l  of  t h e  Earth i n t o  two 
p a r t s .  The f i r s t ,  which w i l l  be  taken i n t o  account ,  w e  s h a l l  c a l l  t h e  - /44 
normal p o t e n t i a l ;  t h e  second, which w i l l  b e  d is regarded  i n  a n a l y s i s ,  we 
s h a l l  c a l l  t h e  d i s t u r b i n g  p o t e n t i a l  ( o r  t h e  p o t e n t i a l  o f  g r a v i t a t i o n a l  
anomalies).  The p o t e n t i a l  o f  anomalies thus  r ep resen t s  t h e  d i f f e rence  be- 
tween t h e  p o t e n t i a l s  o f  t he  t r u e  and normal f i e l d s  l .  

e c t ed  so  t h a t  t h e  d i s t u r b i n g  p o t e n t i a l  was small enough t o  permit  so lv ing  the  
grav imet r ic  problem i n  t h e  l i n e a r  formulat ion.  
general  i n  t h e  theory o f  s a t e l l i t e  motion, t h e  normal p o t e n t i a l  i s  s e l e c t e d  
so  t h a t  t h e  e r r o r s  i n  determining t h e  motion o f  t h e  c e n t e r  of  g rav i ty  of  the  
s a t e l l i t e  w i l l  f a l l  w i th in  c e r t a i n  l i m i t s .  

I-____ 

The normal p o t e n t i a l  has a l ready  been considered above i n  93. I t  was s e l -  

In  t h e  given case,  as i n  
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The g r a v i t a t i o n a l  f i e l d  
o f  t h e  general  t e r r e s t r i a l  
e l l i p s o i d  i s  taken as normal 
f i e l d  i n  t h e  theory o f  t h e  
EarthI.5 f i g u r e .  In  problems 
a s soc ia t ed  wi th  s a t e l l i t e  
motion, a d i f f e r e n t  normal 
g r a v i t a t i o n a l  f i e l d  may be  
chosen. In  t h i s  case ,  two goals  
are kept  i n  mind: maximum 
s i m p l i c i t y ,  and achievement o f  
t h e  requi red  accuracy i n  so lv ing  
t h e  problem. 

L e t  t he  normal p o t e n t i a l  
be  represented  by t h e  sum o f  
t h e  f irst  (k - 1) s p h e r i c a l  
harmonics. Then t h e  p o t e n t i a l  
o f  anomalies i s  w r i t t e n  i n  t h e  
form 

F i g .  1 .  

o r  

j L -  

= p2 n =k 
z qn-%,. 

Here 
n 

N,  = z ro ( ~ ~ , c o s ~ l ~ + d ~ , s i n ~ ~ ) F ! ~ , ( s i n  cp) 
m r O  

are t h e  dev ia t ions  i n  t h e  a l t i t u d e  o f  t h e  geoid corresponding t o  the  Legendre 
polynomial P . n 

Hence an express ion  may be  der ived  f o r  t he  mean square  va lue  of  V A:  
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According t o  Schwartz’s i n e q u a l i t y ,  w e  g e t  

, 

Since 

we have, f o r  t h e  e s t ima te  reduced t o  t h e  p o t e n t i a l  of  t h e  s p h e r i c a l  Earth 

Since t h e  r i g h t  member of  i n e q u a l i t y  ( 4 . 5 )  conta ins  an i n f i n i t e  sum o f  quan- 
t i t i e s  o4 t h i s  express ion  i s  a l s o  unsu i t ab le  f o r  p r a c t i c a l  u se .  However, 

t h i s  e s t ima te  may f i n d  a p p l i c a t i o n  i f  t h e  i n f i n i t e  s e r i e s  i s  rep laced  by a 
p a r t i a l  sum with a s u f f i c i e n t l y  l a r g e  number o f  terms.  

n’  

In  t h e  case where t h e  number o f  terms i n  t h i s  sum i s  equal t o  i ,  a 
r e p e t i t i o n  o f  t h e  above opera t ions  gives  

The r e l a t i v e  e r r o r  a i s  equal t o  A 

(4 .5 ’ )  

I t  was poin ted  ou t  i n  93 t h a t  t h e  mean d i f f e r e n c e  between t h e  a l t i -  
tudes of t h e  geoid ( t h e  f i g u r e  represented  by an i n f i n i t e  s e r i e s )  and t h a t  o f  
t h e  f i g u r e  descr ibed  by 32 harmonics is  approximately 3 . 6  m (according t o  
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Kaula). 
with an accuracy completely s u i t a b l e  f o r  p r a c t i c a l  purposes.  
t h e  values  o f  CJ: are taken from Table 3 ,  and t h e  lower l i m i t  o f  t h e  summations 

i s  equal  t o  n = k = 3 . .  

Therefore ,  i may be  taken as equal  t o  32 i n  t h e  formulas given above 
In  t h i s  case  

The dev ia t ions  CJ i n  Table 3 are determined r e l a t i v e  t o  an e l l i p s o i d  n 
descr ibed by only t h e  zero th  and second zonal harmonics; t h e r e f o r e ,  t h e  pre-  
sence of  t h e  second s e c t o r a l  harmonic must be taken i n t o  account i n  t h e  r i g h t -  
hand member of  i n e q u a l i t y  (4 .5) .  The dev ia t ion  corresponding t o  t h i s  harmonic 
is  given i n  t h e  same t a b l e  by t h e  q u a n t i t y  0 2  ( t h e  n o t a t i o n  oZ2  = o2 

i n  i n e q u a l i t y  ( 4 . 6 ) ) .  

- /46 
i s  used 

In  t h e  case where t h e  p o t e n t i a l  of anomalies contains  h ighe r  harmonics 
beginning with t h e  second s e c t o r a l  harmonic estimate (4.5) t a k e s  t he  form 

while  i f  i t  conta ins  harmonics beginning with t h e  k - th ,  

(4 .6 ' )  

When Table 3 i s  used f o r  g iv ing  t h e  q u a n t i t i e s  o 4  t he  r ight-hand n'  
members o f  i n e q u a l i t i e s  (4 .6 ) ,  ( 4 . 6 ' )  should be increased  by a f a c t o r  of  
2 - 2 . 5 .  

i n  F ig .  1 rep resen t s  t h e  maximum r e l a t i v e  me'an la A 31 max The curve 

square e r r o r  i n  t h e  case where the  normal p o t e n t i a l  conta ins  only t h e  zeroth 
and second zonal harmonics. 

Table 4 shows how t h i s  e r r o r  changes as a func t ion  of t h e  number of  
harmonics r e t a i n e d  i n - t h e  normal p o t e n t i a l .  

39 



TABLE 4 * 

21) 
4 
8 

16 

o , i -10 -~  0,14 

0,1 0,3 10-7 
0,8* 10 --? 0,160 
0,2 0,3 

Per tu rba t ions  i n  motion may b e  assumed t o  b e  l i n e a r l y  dependent on t h e  
magnitude o f  t h e  d i s t u r b i n g  p o t e n t i a l  with s u f f i c i e n t  accuracy f o r  p r a c t i c a l  
purposes.  
a r e  comparatively e a s i l y  found, B may be  compared with F''0 a t  var ious  k 

t o  e s t ima te  ( i n  f r a c t i o n s  of  t h e  d is turbances  from t h e  second harmonic) t h e  
e r r o r s  i n  motion which r e s u l t  from dis regard ing  g r a v i t a t i o n a l  anomalies. 

Since d is turbances  from t h e  e f f e c t  o f  t h e  second zonal harmonic 

Ak 

I t  w i l l  be  ev ident  from t h e  r e s u l t s  o f  t he  second chapter  t h a t  d i s -  

The e r r o r  due t o  d i s r ega rd ing  
turbances from.the second zonal harmonic (over an i n t e r v a l  o f  up t o  a few 
days) may reach s e v e r a l  hundred k i lometers .  
terms of  the  p o t e n t i a l  expansion a s soc ia t ed  with TA 

tude less than t h e  q u a n t i t y  s20, t he re fo re  t h e  e r r o r  i n  the  p o s i t i o n  o f  a 
nearby s a t e l l i t e  (q E 0.9) w i l l  b e  no more than a few ki lometers  i n  t h i s  case .  
When fou r  s p h e r i c a l  harmonics a r e  considered i n  t h e  p o t e n t i a l  expansion ( f o r  
t he  same values  of  q , ) ,  t h e  e r r o r  w i l l  be  t h r e e  orders  of  magnitude lower, 
i . e .  no more than  a few hundred meters o f f  i n  t he  p o s i t i o n  of  t he  s a t e l l i t e .  
The inc lus ion  o f  8 o r  16 s p h e r i c a l  harmonics i n  t h e  p o t e n t i a l  would make it 
p o s s i b l e  t o  determine t h e  p o s i t i o n  o f  a s a t e l l i t e  c l o s e  t o  t h e  Earth with 
extremely high p r e c i s i o n  i f  the  c o e f f i c i e n t s  a s soc ia t ed  with t h e  h ighe r  ha r -  
monics were known with s u f f i c i e n t  c e r t a i n t y .  

i s  two orders  of  magni- 
3 

An unce r t a in ty  i n  t h e  p o s i t i o n  o f  t hese  s a t e l l i t e s  i s  a l s o  introduced 
by t h e  f a c t  t h a t  t h e  e f f e c t  o f  .other  i n s u f f i c i e n t l y  s tud ied  f a c t o r s  (such as 
v a r i a t i o n s  i n  t h e  d e n s i t y  of  t h e  upper atmosphere) may lead  t o  e r r o r s  of t h e  
same o rde r  o f  magnitude. 

These condi t ions  d i c t a t e  l i m i t a t i o n  of  f u r t h e r  a n a l y s i s  t o  a p o t e n t i a l  
The o rde r  of  t h e  r e s u l t a n t  conta in ing  no more than four  s p h e r i c a l  harmonics. 

e r r o r  i n  t h i s  case  may be est imated by us ing  the  i n e q u a l i t i e s  a l ready  der ived .  

1 
Harmonic P Z 2  i s  included i n  t h e  p o t e n t i a l  o f  anomalies.  

;\ T r .  note: Commas ind ica t e  decimal po in t s .  
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We must no t  l o s e  s i g h t  o f  t h e  fact  t h a t  t h e  effect  o f  h ighe r  terms i n  
t h e  p o t e n t i a l  expansion ( c h i e f l y  t h e  terms which account f o r  t h e  t r i a x i a l  
form o f  t h e  Earth)  may cause resonance phenomena i n  t h e  motion o f  a s a t e l l i t e .  
This  p o h t  i s  taken up i n  more d e t a i l  i n  Appendix V I 1 1  t o  t h e  second chapter .  

85: Models o f  t h e  G r a v i t a t i o n a l  F i e  

Let us wri te  ou t  t h e  equat ion 
o f  a r o t a t i n g  a t t r a c t i v e  body 

W = V + p  1 

d 

f o r  t h e  family o f  equ ipo ten t i a l  su r f aces  

(5.11 ! 2  2 r cos cp=C, 

here  V i s  s e r i e s  ( 2 . 6 ' ) .  

Some value o f  t h e  cons tan t  C i s o l a t e s  from the  s e t  o f  equ ipo ten t i a l  
su r f aces  t h a t  one which i s  t h e  su r face  of t h e  a t t r a c t i v e  body i n  t h e  case 
where t h a t  body i s  a l i q u i d .  

Let us determine t h e  c o e f f i c i e n t s  of t h e  expansion V and t h e  cons tan t  - / 4 8  
C assuming t h a t  t he  Earth i s  an e l l i p s o i d  of  r evo lu t ion  

wi th  only a s l i g h t  dev ia t ion  from the  circumscribed sphere of  r ad ius  ro. 

dev ia t ion  of  su r face  (5 .2 )  from t h e  s p h e r i c a l  i s  due t o  the  presence o f  a 
small parameter a, which as a r u l e  i s  taken t o  be  p o l a r  f l a t t e n i n g  

The 

where a and b are t h e  semimajor and semiminor axes o f  t h e  e l l i p s e ;  t h e  semi- 
minor axis coinc ides  with the a x i s  of  r o t a t i o n  of t h e  Ear th .  

The e c c e n t r i c i t y  o f  t h e  e l l i p s e  ( the  so -ca l l ed  f i rs t  e c c e n t r i c i t y )  
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is  r e l a t e d  t o  f l a t t e n i n g  c1 by t h e  expression '  

o r  [32] 

From equat ion  ( 5 . 2 )  w e  g e t  

2 2 

( 1 - a )  cos  'p+ sin 'p 

to (1-a) 
T 2  = 2 2  2 

By transforming t h e  denominator 

2 . 2  2 2 2  ( 1 - a )  cos (n+sin2cpE 1 - 2 a c o s  cp+a cos c p +  

+ a 2  c ~ s ~ ~  - - ~ ~ c o s ~ . ( P  = (1-a cos2 9 1 2 ,  a2 cos2 'p s i n 2  'p , 

we ge t  

A l t e rna t ive ly  

( 5 . 3 )  

. - - - . -. . 

In  add i t ion  t o  t h e  f i rs t  e c c e n t r i c i t y  e we might a l s o  cons ider  t he  second 1' 

The r e l a t i o n s h i p  between e and e2 is:  e c c e n t r i c i t y  e 2  = J i E P j b .  1 
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L e t  t h e  f l a t t e n i n g  o f  t h e  terrestr ia l  e l l i p s o i d  b e  s o  small t h a t  we 
may d i s r ega rd  powers o f  a g r e a t e r  than  t h e  second. Then, i f  w e  expand t h e  
express ion  enclosed i n  t h e  b racke t s  i n  a series,  r e t a i n i n g  only terms o f  t h e  
first and second nega t ive  o rde r s  of magnitude, w e  g e t  

Hence 

which g ives  wi th in  t h e  assumed l i m i t s  o f  accuracy 

The g r a v i t a t i o n a l  p o t e n t i a l  o f  a uniform e l l i p s o i d  o f  r evo lu t ion  may 
be  expressed i n  terms o f  zonal harmonics a lone  (see 52) i n  t h e  form 

c P ( s h y ) .  2n, 2n, (5.51 

The dev ia t ion  of  e l l i p s o i d  (5.3) from t h e  s p h e r i c a l  i s  due t o  t h e  
presence of  parameter a ,  whi le  t h e  dev ia t ion  of  p o t e n t i a l  (5.5) from t h a t  f o r  
a sphere i s  due t o  t h e  presence o f  t h e  sum i n  the  r ight-hand member. There- 
f o r e ,  t h e  c o e f f i c i e n t s  a s so ica t ed  wi th  t h e  terms o f  t h i s  sum (beginning with 
c ) w i l l  b e  q u a n t i t i e s  o f  a t  l e a s t  o r d e r  O ( a ) l .  

20 

Fur the r ,  w e  see t h a t  t h i s  o r d e r  p e r t a i n s  only t o  c o e f f i c i e n t  c20; 

c o e f f i c i e n t  c has  o r d e r  0 ( a 2 ) ,  c60 has o rde r  O ( a 3 ) ,  e t c .  ( see  [32 ] ) .  
40 

_ _  - - ~ . - ~  ~ - .  

By convention, t h e  symbol O(a) denotes a small q u a n t i t y  o f  o r d e r  a. The 
symbol o ( a )  des igna tes  a q u a n t i t y  o f  a h ighe r  nega t ive  o r d e r  o f  magnitude 
than a. 
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Thus, w e  may wri te  (5.5) i n  the  form 

r e t a i n i n g  only t h e  two f i rs t  terms .from t h e  sum i n  (5.5) and assuming f o r  t h e  
p re sen t  t h a t  they are both o f  o rde r  O ( c i ) .  

Let us in t roduce  t h e  no ta t ion  

The quan t i ty  m i s  approximately equal  t o  t h e  r a t i o  ( m ' )  o f  c e n t r i f u g a l  f o r c e  
t o  a c c e l e r a t i o n  due t o  g r a v i t y  a t  t h e . e q u a t o r .  

- /50 
The parameter 

which i s  o f  t h e  o rde r  o f  f l a t t e n i n g ,  i s  c a l l e d  t h e  parameter o f  t h e  E a r t h ' s  
f i g u r e .  Actua l ly ,  i f  i t  is  assumed t h a t  w = 2 ~ / 8 6 , 1 6 4 . 1  (mean seconds i n  
s i d e r e a l  days) ,  r = 6,378,245 meters, = 978.049 g a l s ,  w e  g e t  

gEQ 0 

m = 1:288.365. 

This value coincides  almost exac t ly  with t h e  la tes t  determinat ions o f  p o l a r  
f l a t t e n i n g  of  t h e  Ea r th .  

The p o t e n t i a l  o f  c e n t r i f u g a l  f o r c e  wi th  regard  t o  terms down t o  O(a2)  
may be transformed as fo l lows:  

Taking expressions ( 5 . 4 ) ,  (5 .6)  and (5.7)  i n t o  account,  expression 
(5.1) becomes 
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:{ l + ( a + . ;  a'jsin2'p - - 1 2  a sin 4 'p + ( 1  t 
2 

Expanding t h e  expressions f o r  Legendre's polynomials,  w e  g e t  w i th in  t h e  
assumed l i m i t s  of  accuracy 

2 1  1 + 3 a  sin ' p ) p  c 20+ ( I+ 5 a  s in2 cp) ( 35s in4  'p - 30 sin2 'p +3)8  c4, + 

Since t h e  express ion  on the  le f t -hand  s i d e  of  t h e  equat ion must remain 
cons t an t ,  t h e  c o e f f i c i e n t s  a s soc ia t ed  with t h e  var ious  powers of  s i n  ,? must 
be set  equal t o  zero a f t e r  removing parentheses  and combining s i m i l a r ' t e r m s .  

A s  a r e s u l t ,  we g e t  t he  fou r  equat ions 

(5 * 8 )  
30 2 c 20 - 8' c40+ a +  

- 35 8 C 4 , - ~ a  1 2  + ~ a C ~ ~ - a m - -  9 

2 

150 
8 a C 4 0  - 0 ;  

a t 4 0  = O .  175 
8 
- 

The l a s t  equat ion  shows t h a t  ac  = 0 wi th in  t h e  assumeil l i m i t s  o f  40 
accuracy, i . e .  t h e  q u a n t i t y  c = o c a ) .  40 

I t  is  evident  from t h e  f i r s t  equat ion i n  system (5.8) t h a t  t h e  cons tan t  
C i n  t h e  equat ion f o r  t h e  s u r f a c e  of  t h e  terrestr ia l  e l l i p s o i d  (5.1) is  equal  
t o  t h e  p o t e n t i a l  o f  t h e  f o r c e  of  g r a v i t y  a t  t h e  equator .  

From t h e  second equat ion i n  system (5.8) , l i m i t i n g  ourse lves  t o  t h e  
terms of  o r d e r  O(a) , w e  g e t  

Czo a -- 3 2 (a,- im). (5.91 
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From t h e  t h i r d ,  w e  g e t  

(5.10) 

S u b s t i t u t i n g  (5.10) i n  t h e  second equat ion o f  system ( 5 . 8 ) ,  we g e t ,  
t ak ing ’ t e rms  o f  o r d e r  O(a2) i n t o  account 

(5.11) 

Thus, t h e  f i rs t  two c o e f f i c i e n t s  of  t h e  expansion f o r  t h e  d i s t u r b i n g  
p o t e n t i a l  are expressed i n  terms o f  t h e  parameters f o r  t h e  t e r r e s t r i a l  
e l l i p s o i d ,  

‘40 6 0. 
The remaining c o e f f i c i e n t s  a s soc ia t ed  wi th  t h e  zonal harmonics a r e  of  a 
h ighe r  nega t ive  o r d e r  o f  magnitude. 

I t  i s  clear from these  expressions t h a t  cz0 = O ( a ) ,  while  

= O(a2) .  I t  has  a l ready  been poin ted  out  above t h a t  c = O ( a 3 )  [ 3 2 ] .  

L e t  us now examine var ious  models of  t h e  g r a v i t a t i o n a l  f i e l d  of  t h e  
Ear th .  
f i n i t e  sum r a t h e r  than  by ser ies  (2 .6” )  we allow an e r r o r  which decreases  
with an inc rease  i n  t h e  number o f  terms r e t a i n e d  (see  t h e  preceding s e c t i o n ) .  
However, s i n c e  any d e f i n i t e  effect  o f  t he  g r a v i t a t i o n a l  f i e l d  may be descr ibed  
b.y a combination of  s e v e r a l  harmonics, t h e  add i t ion  o f  one o r  s eve ra l  terms 
does not  always reduce the  e r r o r  wi th  which t h e  t r u e  f i e l d  i s  approximated. 

By express ing  t h e  p o t e n t i a l  f o r  p r a c t i c a l  purposes i n  t h e  form of  a 

For i n s t a n c e ,  t he  most s i g n i f i c a n t  term ( i n  t h e  expression f o r  t h e  - / 5 2  
p o t e n t i a l )  which r e f l e c t s  t h e  phenomenon of  t r i a x i a l i t y  ( equa to r i a l  f l a t -  
ten ing)  i s  

(5.91) 

If  we add t o  t h e  p o t e n t i a l  represented  by t h e  sum of  the  zeroth and 
second zonal harmonics only one of  t he  terms o f  express ion  (5 .9 I )  (which w i l l  
by no means account f o r  e q u a t o r i a l  f l a t t e n i n g ) ,  t h e r e  w i l l  b e  abso lu t e ly  no 
improvement i n  t h e  d e s c r i p t i o n  of  t he  g r a v i t a t i o n a l  f i e l d  o f  t he  Earth.  

Therefore ,  t h e  geoid (and consequently i t s  g r a v i t a t i o n a l  f i e l d )  should 
be  approximated by a c t u a l  phys i ca l  bodies ,  wi th  cons idera t ion  given t o  t h e  
nega t ive  o rde r  o f  magnitude of t h e  terms which are dropped, and of  those  
which are r e t a i n e d .  
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I n  the d i scuss ion  which fo l lows ,  w e  s h a l l  ca l l  such approximate rep- 
r e s e n t a t i o n s  o f  t h e  Ea r th  and i ts  p o t e n t i a l  "models". 

Severa l  s imples t  models may be  cons t ruc ted .  

The  Spherical  Earth w i t h  p o t e n t i a l  

(5 .10 ' )  

This model i s  convenient i n  t h e  fac t  t h a t  motion i n  f i e l d  (5.lOl) i s  
most simply descr ibed ,  A s  w e  know [l, 2 ,  31, an o r b i t  i n  t h i s  case. i s  deter- 
mined by 5 cons tan ts  (Kepler elements) which are expressed i n  terms of  t h e  
i n i t i a l  condi t ions  and do n o t  change throughout t h e  en t i r e  e x t e n t  of  t h e  
motion. Motion i n  a f i e l d  o f  p o t e n t i a l  V i s  c a l l e d  Keplerian motion. The 
d i f f e r e n c e  between t h e  p o t e n t i a l  o f  t h e  geoid and the p o t e n t i a l  of  a sphere 0 

i s  c a l l e d  t h e  d i s t u r b i n g  p o t e n t i a l  i n  analyzing s a t e l l i t e  motion, while  t h e  
corresponding motion, which d i f f e r s  l i t t l e  from Keplerian motion, i s  c a l l e d  
d i s tu rbed  motion. 

In  o rde r  t o  determine the  p o s i t i o n  o f  a s a t e l l i t e  i n  o r b i t  i n  t h e  case  
o f  Keplerian motion, i t  i s  s u f f i c i e n t  t o  perform a s i n g l e  quadra ture  o r  t o  
so lve  a t ranscendenta l  equat ion (Kepler ' s  equat ion) .  

The e r r o r s  i n  s a t e l l i t e  motion which a r i s e  when model (5 .10 ' )  i s  used 
w i l l  b e  d iscussed  i n  t h e  second chapter .  In  a number o f  i n s t ances  ( f o r  exam- 
p l e  i n  pre l iminary  c a l c u l a t i o n s  a s soc ia t ed  wi th  o r b i t  planning [4 ] )  , t hese  
e r r o r s  may be  d is regarded  f o r  t h e  sake of  s i m p l i c i t y  and c l a r i t y  of  t h e  compu- 
t a t i o n s .  

The Spherical  Earth w i t h  p o t e n t i a l  (model 

(5.113 

According t o  ( 5 . 9 ) ,  c o e f f i c i e n t  c i s  p ropor t iona l  t o  p o l a r  f l a t t e n i n g  20 
o f  t h e  Ear th .  Therefore ,  (5 .11l)  i s  t h e  p o t e n t i a l  of  an e l l i p s o i d  o f  revolu- 
t i o n  i n  which t h e  square  o f  t h e  f l a t t e n i n g  may b e  d is regarded .  We s h a l l  cal l  
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such an e l l i p s o i d ,  which d i f f e r s  l i t t l e  from a sphere ,  a "spheroidrr1.  
express ion  f o r  P ( s i n  q )  i s  expanded i n  (5 .111) ,  w e  see t h a t  t h e  second 

2 term i n  t h e  b racke t s  w i l l  be  equal  t o  zero when s i n  cp = 1/3 ,  which corresponds 
t o  two l a t i t u d e s  ,q = +3S015'52". A t  t h e s e  p o i n t s ,  t h e  p o t e n t i a l  o f  a t t r a c t i o n  
o f  a spheroid i s  equal  t o  t h e  p o t e n t i a l  o f  a t t r a c t i o n  o f  a sphere .  
equator  ((P = 0) and a t  t h e  po le s  (q = g o o ) ,  t h e  p o t e n t i a l  o f  t h e  spheroid i s  
r e s p e c t i v e l y  g r e a t e r  than and less than  t h a t  o f  t h e  sphere .  
fe rence  between sphero id  and sphere  i s  p ropor t iona l  t o  f l a t t e n i n g  (CY, = 
= 1:298.3; s e e  53 and a l s o  [37]),  i . e .  i t  i s  equal  t o  approximately 2 1  km. 

If t h e  

20 

A t  t h e  

The maximum d i f -  

I t  was shown above t h a t  t he  second zonal harmonic i s  the  most s i g n i f i -  
can t  p a r t  o f  t he  d i s t u r b i n g  p o t e n t i a l .  Therefore ,  ( s ee  second chap te r ) ,  t he  
e r r o r s  i n  s a t e l l i t e  motion when us ing  model Vb w i l l  be  considerably lower 

than i n  t h e  case o f  model V 0 '  

I n  cases  where s a t e l l i t e  motion i s  considered over  an i n t e r v a l  o f  
s e v e r a l  o r b i t s ,  t h e  s e l e c t i o n  o f  a t t r a c t i o n  p o t e n t i a l  i n  form (5.11 ' )  q u i t e  
f r equen t ly  y i e l d s  t h e  requi red  accuracy o f  t h e  s o l u t i o n .  

T h e  Earth is represented by an e l l i p s o i d  o f  revolut ion w i t h  
po ten t i a l  (model B )  

(5.12) 

E l l i p s o i d  o f  r evo lu t ion  i n  t h i s  case  i s  understood t o  mean a body f o r  /54 - 
which t h e  degrees o f  f l a t t e n i n g  o(ci2) may be  d is regarded .  

__ - - - - - __ __ . . . - 
This i s  t h e  name used i n  t h e  theory o f  t h e  E a r t h ' s  f i g u r e  f o r  a body having 

p o t e n t i a l  Vb. 

i s  sometimes understood t o  mean an e l l i p s o i d  o f  r evo lu t ion  f o r  which the  
g r a v i t a t i o n a l  p o t e n t i a l  i s  t h e  sum o f  a f i n i t e  o r  i n f i n i t e  number of  zonal 
s p h e r i c a l  harmonics. A spheroid f o r  which t h e  p o t e n t i a l  i s  determined i n  the  
form o f  equat ion (5 .11 ' )  while  cz0 i s  determined from equat ion (5 .9 ) ,  coin- 

c ides  t o  an accuracy o f  f i r s t - o r d e r  i n f i n i t e s t i m a l s  with t h e  C l a i r a u t  spheroid 
which is  p a r t  of t h e  theory of  t he  E a r t h ' s  f i g u r e .  

In  t h e  l i t e r a t u r e  on c e l e s t i a l  mechanics the  t e r m  "spheroid" 
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Since terms o f  t h e  expansion are taken i n t o  account up t o  degrees a2 
i n  (5 .12) ,  c o e f f i c i e n t s  c and c must be  taken i n  form (5.10) ,  (5.11) l .  40 20 

The square  o f  f l a t t e n i n g  should b e  taken i n t o  cons idera t ion  from t h e  
s tandpoin t  of  improving accuracy i n  s o l v i n g  a s a t e l l i t e  motion problem, as 
w i l l  b e  ev ident  from t h e  r e s u l t s  of t h e  second chapter ,  c h i e f l y  when consider-  
i ng  comparatively long t i m e  i n t e r v a l s .  

T h e  Earth is  represented a s  a t r i a x i a l  e l l i p s o i d  (model r) 

The e f f e c t  o f  e q u a t o r i a l  f l a t t e n i n g  y i s  cha rac t e r i zed  i n  equat ion 
(5.13) by t h e  second s e c t o r a l  harmonic, c o e f f i c i e n t s  c 

p o r t i o n a l  t o  y .  

and d22 be ing  pro- 22 

Since 

y = 1:30,000, 

c 

p o l a r  f l a t t e n i n g  a. 

and d22 are approximately o f  the  same o rde r  o f  magnitude as t h e  square of  22 

The d i f f e r e n c e  between t h e  semimajor and semiminor axes o f  t h e  equator-  
i a l  e l l i p s e  i s  approximately 150-250 meters .  

According t o  [37], t he  semimajor a x i s  of t h i s  e l l i p s e  has an extremely 
unce r t a in  longi tude  which l i e s  between A 1  = 38O and A2 = -25'. 

L e t  us no te  t h a t  I .  D .  Zhongolovich [35] g ives  y = 1:32,000 and t h e  
meridians of  least  f l a t t e n i n g  as A 1  = +84O and A 2  = -96". 

T h e  Earth is represented a s  a s y m m e t r i c  spheroid w i t h  p o t e n t i a l  

Actua l ly ,  i n  bo th  t h e  preceding case and i n  t h i s  one,  t h e  same numerical 
value of c20 i s  taken ,  which i s  determined as a r u l e  with cons idera t ion  t o  

powers o f  a h ighe r  than  t h e  f i rs t .  
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(Model 4) 

According t o  ii2, e f f e c t s  o f  asymmetry should b e  represented  by t h e  odd 
zonal harmonics, t h e  t h i r d  be ing  t h e  h ighes t  i n  amplitude.  
a s soc ia t ed  with t h i s  harmonic a l s o  has  t h e  o r d e r  o f  t he  square  o f  p o l a r  f l a t -  
t en ing .  According t o  a v a i l a b l e  d a t a ,  t he  nor thern  p o l a r  r ad ius  of  t he  Earth 
i s  somewhat longer  than the  southern  p o l a r  r a d i u s .  This  d i f f e r e n c e  is  equal  
t o  70 meters  [35]. 

- /55 
The c o e f f i c i e n t  

When t h e  d a t a  of  [32]  are used, the  asymmetry f a c t o r  has extremely 
l i t t l e  e f f e c t  on t h e  motion o f  Earth S a t e l l i t e s  (when c o e f f i c i e n t s  determined 
on t h e  b a s i s  o f  more complete and more r ecen t  in format ion  as t o  the  g rav i t a -  
t i o n a l  f i e l d  are used,  t h e  asymmetry f a c t o r  shows up more s t r o n g l y ,  and even 
exceeds t h e  e f f e c t  o f  t r i a x i a l i t y )  . 

The E a r t h  i s  represented as a t r i a x i a l  asymmetric e l l i p s o i d  w i t h  
p o t e n t i a l  (model E) 

2 

VE =’. [c20P20(sin q ~ ) + ( c ~ ~  ~ o s 2 h + d ~ ~ s i n 2 h ) P ~ ~ ( s i n c p ) l +  ’{ 1+ (-) 
(5.15) 

VE =.f{ I+ (9) [ ~ ~ , P ~ ~ ( s i n  ~ J ) + ( c ~ ~  ~ o s 2 h + d ~ ~ s i n 2 h ) P ~ ~ ( s i n c p ) l +  

+(>)3c3,P30(sinq)+ (;rC4oP40 (sin 1 (5.15) 

This  i s  t h e  most complete model o f  a l l  those  considered.  I t  gives  a 
b e t t e r  approximation o f  t h e  geoid than any o f  t h e  o t h e r s .  

Actua l ly ,  express ion  (5.15) conta ins  a l l  p r i n c i p a l  terms o f  t h e  expan- 
s i o n  f o r  t h e  g r a v i t a t i o n a l  p o t e n t i a l  w r i t t e n  f o r  n 5 4 .  The omit ted t e s s e r a l  
and s e c t o r a l  harmonics o f  t h i r d  and f o u r t h  degrees are small s i n c e  the  coef- 
f i c i e n t s  a s soc ia t ed  wi th  them a r e  o f  o r d e r  o ( a 2 ) .  

Each of  t he  models cons t ruc ted  h e r e  may be  s e l e c t e d  as a model of  t h e  
E a r t h ’ s  p o t e n t i a l  i n  so lv ing  problems a s soc ia t ed  wi th  s a t e l l i t e  motion. In  
t h i s  case, t h e  s e l e c t e d  model may b e  c a l l e d  t h e  normal g r a v i t a t i o n a l  poten- 
t i a l ,  whi le  t h e  d i f f e r e n c e  between t h i s  model and t h e  p o t e n t i a l  o f  t he  geoid 
may be  c a l l e d  t h e  anomalous g r a v i t a t i o n a l  p o t e n t i a l  o r  g r a v i t a t i o n a l  anomalies 
Se lec t ion  of  t he  normal p o t e n t i a l  i s  determined by t h e  problem t o  be  formu- 
l a t e d .  The accuracy o f  t h e  given models i s  eva lua ted  i n  the  next  chapter .  
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"But are we r ight  i n  assuming the 
I s  t h i s  hypothesis o f  centnaZ forces? 

hypothesis s t r ic t ly  accurate?" 

H .  Poincare' 

"Not one of the theories i s  t m e  
t o  a greater extent than the m p  i s  a 
true image o f  the country. 
convenient t o  have d i f ferent  maps 
(various scates) t o  study the geogmphy 
of the country, how convenient t o  have 
several diagrams and models of nature. 'I 

And how 

J .  L.' Synge 

Chapter Two 

D I S T U R B E D  MOTION OF AN A R T I F I C I A L  EARTH SATELLITE 

In t h i s  chapter  we s h a l l  cons ider  t h e  d i s tu rbed  motion of  an a r t i f i c i a l  
Earth s a t e l l i t e  over  a t i m e  i n t e r v a l  o f  no more than a f e w  days.  
c a l  i n v e s t i g a t i o n  of t h e  o r b i t s  o f  c i r c u l a r  and nea r ly  c i r c u l a r  s a t e l l i t e s  
i s  given i n  Appendices V I ,  V I 1  and V I I I ,  as wel l  as an i n v e s t i g a t i o n  o f  d i s -  
turbances i n  motion over  a very long i n t e r v a l  (about one hundred s a t e l l i t e  
o r b i t s ) .  

An a n a l y t i -  

The r e l e g a t i o n  of t h i s  ma te r i a l  t o  t h e  appendices i s  explained by t h e  
f a c t  t h a t  t h e  equat ions used i n  t h e  a n a l y s i s  a r e  der ived l a t e r ,  i n  t h e  t h i r d  
chapter .  

86. Descript ion of Disturbed Motion 

Disturbed motion o f  a r t i f i c i a l  s a t e l l i t e s  i s  descr ibed  by d i f f e r e n t i a l  
equat ions o f  form ( 0 . 2 ) .  
q u a l i t a t i v e  a n a l y s i s  of d i s tu rbances  a r e  however, no t  t h e  r ec t angu la r  o r  any /57 
o t h e r  coord ina tes ,  b u t  r a t h e r  the  
d i r e c t l y  cha rac t e r i zes  e i t h e r  t h e  geometry o r  t he  kinematics o f  t h e  motion. 

The most convenient parameters f o r  numerical and 

oscu la t ing  elements s i n c e  each o f  them 

Several  equiva len t  systems o f  oscula t ing .  elements convent ional ly  used 
i n  c e l e s t i a l  mechanics are known [ l ,  2 ,  31.  Each of  them involves  o r b i t a l  
e c c e n t r i c i t y  e and angular  d i s t a n c e  o f  t he  pe r igee  w o r  some o t h e r  parameter 
which determines the  p o s i t i o n  of  t h e  pe r igee  o f  t h e  o r b i t .  

I n  t h e  case o f  small e c c e n t r i c i t i e s ,  a small d i v i s o r  l / e  appears i n  t h e  
oscu la t ing  
f o r  e c c e n t r i c i t i e s  equal  t o  zero,  the  q u a n t i t y  w gene ra l ly  becomes 

elements on t h e  r i g h t  s i d e  o f  t h e  d i f f e r e n t i a l  equat ions ,  while  
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inde termina te .  
sa te l l i t es  wi th  low o r b i t a l  e c c e n t r i c i t y .  

This makes i t  d i f f i c u l t  t o  desc r ibe  t h e  -Osculat ing motion of 

However, new systems o f  oscu la t ing  parameters  which d i f f e r  from those 
assumed i n  classical  celest ia l  mechanics1 and which a r e  f ree  from the given 
disadvantage may b e  cons t ruc ted  on t h e  b a s i s  o f  t h e  f i rs t  i n t e g r a l s  o f  t h e  
equat ions o f  motion. 

We s h a l l  use  h e r e  one o f  the  p o s s i b l e  systems of t h i s  type  i n  which 
t h e  e c c e n t r i c i t y  and angular  d i s t a n c e  o f  t h e  p e r i g e e  are rep laced  by t h e  two 
Laplace v e c t o r  components [l - 3]q and k l y ing  i n  t h e  p lane  of  t h e  oscu la t ing  
o r b i t 2  [46]. In  t h i s  case ,  they are simply expressed i n  terms o f  e and w:  

q = ecos W;  

k = e s i n w ,  

and a l s o  r e a d i l y  permi t  t h e  r eve r se  t ransformat ion:  

If func t ions  q and k are found by us ing  numerical  i n t e g r a t i o n  of  d i f -  
f e r e n t i a l  equat ions ,  it i s  b e t t e r  ( i n  view of  unavoidable computational 
inaccuracy) t o  determine t h e  q u a n t i t y  w as t h e  a r i t h m e t i c a l  mean 

w = (6 .2 ' )  

I f  t h e  func t ions  q and k a r e  used i n  t h e  system o f  oscu la t ing  
t h e r e  i s  no need f o r  a t r a n s i t i o n  t o  v a r i a b l e s  e and w i n  so lv ing  p r a c t i c a l  
problems. 
s i n c e  t h e  l a t t e r  two parameters  are geometr ica l ly  more graphic .  

elements,  /58 - 

However, such a t r a n s i t i o n  may be  advisable  i n  s tudying  o r b i t s  

In  t h e  case of  o r b i t s  with i n i t i a l  e c c e n t r i c i t y  equal  t o  zero (e = 0 ) ,  0 t h e  d is turbances  b w  may be found from t h e  fol lowing equat ions:  
- 

C l a s s i c a l  c e l e s t i a l  mechanics i n  t h i s  case i s  understood t o  mean the  
c e l e s t i a l  mechanics of  n a t u r a l  heavenly bodies  which has been developed over 
t h e  course o f  s e v e r a l  c e n t u r i e s .  

d iv ided  by t h e  cons tan t  p .  
The q u a n t i t i e s  q and k are a c t u a l l y  the  components of  t h e  Laplace vec to r  - /5 7 
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The d is turbances  6e i n  t h i s  case a r e  determined from t h e  f irst  r e l a t i o n  
s h i p  (6.2)  ( s ince  6e = e when e = 0 ) .  0 

When e # 0 ,  d i s turbances  6e and 6w are ca l cu la t ed  i n  t h e  form 
0 

1 
e 6 w  = - ( c o s  o 6k  - sin w6g); 

6 e  = ( k s k + q s q ) .  

The q u a n t i t i e s  e ,  w, q and k a r e  taken i n  the  i n s t a n t  (per iod)  preceding 
o s c u l a t i o n ,  i . e .  t h e  values  taken f o r  t hese  q u a n t i t i e s  are those which a r e  
used as t h e  re ference  values  i n  computing d is turbances  6q and 6 k .  

I t  w i l l  b e  p o s s i b l e  t o  c a l c u l a t e  t he  motion o f  a s a t e l l i t e  with the  
a i d  o f  va r i ab le s  q and k i f  an expression i s  found f o r  them i n  terms o f  t h e  
kinematic  parameters o f  the  o r b i t .  

I n  o r d e r  t o  de r ive  these  r e l a t i o n s h i p s ,  w e  w r i t e  t h e  i d e n t i t y  f o r  t he  
r a d i a l  and t r a n s v e r s a l  components of  ve loc i ty :  

Using t h e  i n t e g r a l  of  a reas  [l, 2 ,  3J . r 2 & / d t = r V , = m = c ,  we g e t  

Since 
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then 

Here p i s  t h e  f o c a l  parameter  o f  t h e  o r b i t ;  u i s  t h e  increment i n  l a t i t u d e  
of  the  s a t e l l i t e .  

From t h i s  system o f  equat ions we g e t  t h e  d e s i r e d  r e l a t i o n s h i p s ;  

q =pv P *  simi+($vn -1),,,,; 1 
k =( fi V, - 1) sinu - $ V, cos E. J I 

c 

(6.3) 

Thus, i f  we know the  i n i t i a l  values  o f  t h e  components of  v e l o c i t y  V 

and V T ,  a s  w e l l  a s  p and u,  w e  may use (6.3)  t o  f i n d  t h e  i n i t i a l  values  o f  
r 

and ko,  which a r e  necessary f o r  i n t e g r a t i n g  t h e  equat ions of  d i s tu rbed  
90 
motion. 

When t h e  system o f  parameters 0 ,  i ,  p ,  q ,  k ,  u i s  used, t h e s e  equat ions 
a r e  w r i t t e n  as fo l lows:  

r d i  - = R” casu W; 
de 

R - l+qcosu+ksinu. 

(6.4) 

The d e r i v a t i o n  of  the d i f f e r e n t l a l  equa t ions  &.tk r e s p e c t  t o  Q, i, p 
and u i s  given i n  [3] (see a l s o  [l or 21) ; the  d e r i v a t i o n  of  the equat2ons 
with r e spec t  t o  q and k is  given i n  Appendix V.  
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The n o t a t i o n  used here is: O--longitude o f  the ascending node o f  t h e  
o r b i t ;  i - - i n c l i n a t i o n  o f  t h e  o r b i t  ( t o  t h e  p l ane  o f  t h e  equator ) ;  p--focal  
parameter o f  t h e  o r b i t ;  u--argument o f  tFc  l a t i t u d e  o f  t h e  s a t e l l i t e ;  t-- 
t i m e  of  motion o f  t h e  s a t e l l i t e ;  

where S ,  T and W a r e  t h e  d i s t u r b i n g  a c c e l e r a t i o n s  d i r e c t e d  along t h e  r ad ius ,  
t h e  normal t o  t h e  r ad ius  i n  t h e  p l ane  o f  t h e  o r b i t  ( t h e  t r a n s v e r s a l )  and t h e  
normal t o  the  p lane  of  t h e  o r b i t  ( t h e  ,binormal),respectively. 

System o f  d i f f e r e n t i a l  equat ions  (6.4) i s  t r u e  f o r  any d i s t u r b i n g  
func t ion  V(r,cp,h). Components S,  T and W are compared from t h e  formulas:  

(6 .4 ' )  

In  t h e  case where V i s  a d i s t u r b i n g  p o t e n t i a l  corresponding t o  one of 
t h  e models E;, B ,  r ,  A o r  
a c c e l e r a t i o n  have t h e  fol lowing form: 

E given i n  95, t h e  components o f  t he  d i s t u r b i n g  

S ,  = - $  c2, p r o  2 1  7 ( 3 s i n  2 .  1-sin 2 u - 1); 
r 

T ~ =  3c2 ,pr2  s i n 2 i s i n 2 u c a s u ;  
o r a  

W E =  3 c 2 , p r i  -$sinicosisinu; 

s B =  - g c , , p r , "  -$(35sin 4 4  i s in  u - , 3 0 s i n  2 2  i s i n  u + 3 ) ;  

TB= 5 Z c 4 , p r 4  L s i n  2 i s i n u c a s u ( r s i n  2 2  i s i n  u - 3 ) ;  
O r6 

O r6 

r4 

5 W, = 3 c4, p r  1 s i n i  c o s i s i n u  ( 7 s i n 2 i s i n 2 u  - 3)  ; 

Sp = -9 pit2 1 ( cZ2 cos 2 h + d 2 2  s in  2 h  ) ( 1 - s in2  i -sin2 u) ; 
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Tr = 6 p r i  L [ ( d 2 2 c o s i  - ~ ~ ~ s i n ~ i s i n ~ c o s u ) c o s 2 h -  
r4 

- ( d Z 2 s i n 2  i sinu cos u +c2, o s  i )sin 2 XI; 

iY, = 6prz  %[(t2.? -s in  i cosu -d , ,s in  i cos i sin u) s i n  2 h  - 
r 

- ( c ~ ~  sin i cos i s i n  u + d 2 2  sin i cos u ) cos 2x1 ; 

~4 = -zc,, pr3 1 s i n  i s i n  ~ ( 5 s i n 2 i  s i n 2  u - 3); 
O rs 

r" 

r 5  

TA= z c s 0  3 p r i  A s i n i c o s ~ ( 5 s i n ~ i s i n ~ u  - 1); 

WA = 

s, = s, +s, +SIT +SA ; 

\YE = W6 +V6 + w r + l y i \ .  

c 3 ,  F r , "  1 cos i (  5 s i n 2  i s i n 2  u - 1 ) ;  

IC; = TI; + Tb + TIT + T,T ; 

In  the  fol lowing a n a l y s i s ,  t h e  equat ions o f  d i s tu rbed  motion are 
w r i t t e n  with r e spec t  t o  the  argument of  l a t i t u d e  u .  In many cases  t h i s  formu- 
l a t i o n  i s  p r e f e r a b l e  s i n c e  i t  permits  a geometr ica l ly  graphic  determinat ion 
o f  t h e  s a t e l l i t e ' s  pe r iod  of r evo lu t ion  (draconic  per iod)  as the  i n t e r v a l  o f  
t i m e  requi red  f o r  t h e  undis turbed argument o f  l a t i t u d e  t o  inc rease  by t h e  
q u a n t i t y  2 ~ r l  , and a l s o  makes i t  p o s s i b l e  t o  s tudy an o r b i t  with an extremely 
low i n i t i a l  e c c e n t r i c i t y  e ( inc luding  o r b i t s  with e = 0 ) .  In  t h i s  case ,  t h e  0 0 
use o f  an angle  such as t h e  t r u e  anomaly 8 as the  angular  argument i s  inadmis- 
s i b l e ,  s i n c e  t h e  a n g l e d  i s  reckoned from the  pe r igee  o f  t he  o r b i t ,  which 
becomes inde termina te  when e i s  small  o r  equal  t o  zero.  In  add i t ion ,  s i n c e  

t h i s  t r a n s i t i o n  r e s u l t s  i n  the  r ight-hand members of  t h e  equat ions o f  motion 
becoming an e x p l i c i t  func t ion  of  t he  argument, i n t e g r a t i o n  o f  t h e  system i s  
f a c i l i t a t e d  (see Chapter Three) .  
by mul t ip ly ing  t h e  r ight-hand and le f t -hand  members o f  t he  f irst  f i v e  equat- 
t i o n s  i n  system (6.4) r e spec t ive ly ,  by t h e  q u a n t i t y  (see [13] ) :  

0 

Trans i t i on  t o  t h e  argument u i s  accomplished 

1 S t r i c t l y  speaking,  t h e  draconic  per iod  i s  def ined  as t he  time of  motion 
between two consecut ive t r a n s i t s  of t h e  ascending node of t he  o r b i t  [19] .  In  
non-Soviet l i t e r a t u r e ,  t h i s  per iod  i s  c a l l e d  t h e  nadaZ per iod  [47]; [47] a l s o  
gives  a comparative a n a l y s i s  o f  the  var ious  r e l a t i o n s h i p s  der ived  by non- 
Sovie t  au thors  f o r  determining the  d i s tu rbed  draconic  pe r iod .  
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And by s u b s t i t  i t ing  eq ia t ion (6.5) f o r  t h  s i x t h  eqi a t ion  i n  system ( 6 . 4 ) .  - /62 

In  s tudying  d is turbances  i n  t h e  f i e l d  o f  t h e  var ious  models, t h e  grav i -  
t a t i o n a l  p o t e n t i a l ,  as w a s  po in ted  out  above, i s  a func t ion  of  a d e f i n i t e  
nega t ive  o r d e r  of  magnitude with r e spec t  t o  p o l a r  f l a t t e n i n g  o f  t h e  Ear th .  
Components S, T and W w i l l  a l s o  have the  same negat ive  o r d e r  of-magnitude. 
A f t e r  t r a n s i t i o n  to t h e  argument u ,  products  o f  func t ions  WW, WS and 6? w i l l  
appear i n  t h e  r ight-hand members of  t h e  d i f f e r e n t i a l  equat ions ,  and as a re- 
s u l t ,  t h e  d i s t u r b i n g  func t ions  w i l l  conta in  terms with a h ighe r  nega t ive  
o rde r  o f  magnitude than  t h e  d i s t u r b i n g  p o t e n t i a l .  
mind i n  proper  formulat ion o f  t he  problem. 

This should be  kept  i n  

S p e c i f i c a l l y ,  wi th  an accuracy t o  terms of  t h e  o r d e r  o f  t h e  square of  
p o l a r  f l a t t e n i n g  o f  t h e  Earth ( i n c l u s i v e ) ,  t h e  system of  equat ions with re- 
spec t  t o  argument u i s  w r i t t e n  i n  t h e  form [ 48 ] :  

h " " 
+ R - ~  IT; sinu - si  msu + e 4  I; 

d-i- 
" & pp R-2 + - P3 R-'cot i sinuWi , dU I.L 

RI. l + q c o s u + k s i n u .  
I 

Ti, W. assumes the meanings 6, B,  I-, A, E, - /63 i' 1 
The subscr ' ipt  i i n  func t ions  s 
i . e . ,  S, T and W conta in  a l l  terms o f  t h e  p r o j e c t i o n  o f  the d i s t u r b i n g  f o r c e  
corresponding t o  the  given model o f  t he  p o t e n t i a l  f i e l d  (beginning wi th  terms 
of  t h e  f irst  negat ive  o r d e r  o f  magnitude). 
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Functions 8 8 and 8 a r e  q u a n t i t i e s  o f  t h e  second negat ive  1' 3 4 
o rde r  of magnitude wi th  r e s p e c t  t o  f l a t t e n i n g  o f  t h e  Eazth,  and are def ined .  
as fol lows ( t h e  s u b s c r i p t  1 as soc ia t ed  wi th  components 

t h a t  t hese  components conta in  terms o f  only t h e  first negat ive  o rde r  o f  
magnitude) : 

and fl i n d i c a t e s  1' 1 1 

where 

A f t e r  s u b s t i t u t i n g  t h e  values  o f  s , ,  and w,, we g e t :  

4 
r 5  3 3 e l  = 9 c 2  OR s i n i c o s  i s in  u; 

20 p5 

2 r  5 

P 
e, = S C , ,  -& R s i n i c o s '  i s i n 3  U C O S U ;  

e3  = 9c, 2 PR r4 5 cosZisin3u[sinicos2u-;i-(3sin2i 1 sin'u - 111; 
P 

4 
2 r  5 e = Q c ~ ~  < R  Cos'i s in2ucosu[s in i s in2u(3s in2 i+1) -11 .  

P 4 

I f  t h e  model o f ' t h e  g r a v i t a t i o n a l  f i e l d  i s  taken as r,E o r  some o t h e r  model 
which desc r ibes  the asymmetric na tu re  o f  t h e  Ear th  wi th  r e spec t  t o  i t s  a x i s  
o f  r o t a t i o n ,  terms w i l l  appear i n  t h e  r igh t -hand members of  equat ions (6.4) 
which depend on t h e  s a t e l l i t e ' s  longi tude A ,  and t h e  system of  d i f f e r e n t i a l  
equat ions should $hen be  supplemented by an express ion  which takes  account 
o f  t he  effect  which the E a r t h ' s  r o t a t i o n  and p recess ion  o f  t h e  p lane  have on 
t h e  amplitude o f  t h e  d is turbances :  

- /64 
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The q u a n t i t y  X here  i s  t h e  ins tan taneous  longi tude  o f  t h e  s a t e l l i t e  reckoned 
from the  p o i n t  o f  t he  verna l  equinox ( the  p o i n t  y ) ;  t i s  t h e  ins tan taneous  
t i m e  o f  motion of  t h e  s a t e l l i t e ;  t i s  t h e  i n i t i a l  i n s t a n t ;  A o  i s  t h e  fongi- 
tude o f  t h e  Greenwich meridian w i t $ /  r e spec t  t o  p o i n t  y a t  t i m e  to; w Earth 
i s  t h e  angular  r o t a t i o n  o f  t h e  Earth;  S2 i s  t h e  ins tan taneous  va lue  o f  t he  
longi tude  o f  t h e  ascending node. 

The q u a n t i t y  A* i s  the  change i n  longi tude  o f  t he  s a t e l l i t e  (with 
r e spec t  t o  t h e  ascending node) r e s u l t i n g  from i t s  o r b i t a l  motion: 

_ _  
s i n  X* = cosi s i n  u /,/I- s in2  i s i n 2  u . 

The d e r i v a t i o n  of t h i s  r e l a t i o n s h i p ,  as wel l  as t h e  equat ion f o r  de t e r -  
mining A w i l l  be  apparent from Fig .  2 .  Here, t he  fo l lowing  r e l a t i o n s h i p s  

Plane of t h e  

Pos i t ion  of t h e  

Plane of the e 

Figure 2 .  

from s p h e r i c a l  tr igonometry are used: 

sin k = sinlism I3 ( l a w  o f  s i n e s  f o r  r i g h t  t r i a n g l e  ABC);  
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sin B =casi/cos (p (law o f  cos ines  f o r  t h e  same t r i a n g l e ) ;  

s i n  B -cos i./J-= cos i/J1- sin' i  sin'^. 

Determination of t h e  angle  A* from t h e  express ion  f o r  a r c s i n  A* should /65 - 
no t  cause any d i f f i c u l t i e s  with machine computation. The i n i t i a l  va lue  of 
X* i s  uniquely determined according t o  t h e  known p o s i t i o n  o f  t he  s a t e l l i t e .  
This angle  may be  determined i n  t h e  course o f  t h e  computations uniquely from 
i t s  preceding va lue .  

Pe r tu rba t ion  o f  t h e  oscu la t ing  o r b i t  i s  cha rac t e r i zed  by t h e  f i v e  quan- 
t i t i e s  

where t h e  func t ions  without  s u b s c r i p t s  are t h e  ins tan taneous  va lues ,  while  
those  wi th  a s u b s c r i p t  a r e  t h e  i n i t i a l  values  o f  t h e  o s c u l a t i n g  elements.  

By varying t h e  known equat ions which r e l a t e  t he  r ec t angu la r  i n e r t i a l  
geocen t r i c  coordinates  t o  Kepler ' s  elements [3] ( see  a l s o  [1 o r  2 1 ) :  

( 6 . 8 ' )  

x = ~ ( c o s u c o s a  - s i n l a s i n Q c o s i ) ;  
y = r ( c o s ~ s i n  ~ + s i n ~ m s ~ - c o s i ) ;  

z = p s in  u s in  i , 

w e  g e t  the  pe r tu rba t ions  of t h e  r ec t angu la r  geocen t r i c  coordinates  as func- 
t i o n s  o f  t he  pe r tu rba t ions  of  t h e  oscu la t ing  parameters :  

(6 * 8)  I 6x E (cosu cos sz - s i n  u s in  P msi  ) S P  -r(cos u s in  B + 

S Y =  ( c o s l d . s i n B + s i n u c o s Q a , s i ) 6 1 + r ( c q s l l c o s B  - 
sz = s i n u s i n i s r + r  sinucosisi. 

+ s i n  u cos Q cos i ) 6 B i P s in  u sin Q sin i si ; 

- s i n u s i n  acos i )  6~ - t s i n u  c d s ~  s i n i  s i ;  

Here 6 r  i s  the  p e r t u r b a t i o n  o f  the absolu te  value o f  t he  rad ius  vec tor :  
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where rH are t h e  values  of  t h e  rad ius  dur ing  motion i n  a normal f i e l d  f o r  t h e  

same va lue  o f  t h e  argument u .  

A graphic  c h a r a c t e r i s t i c  of t h e  d i s tu rbed  p o t e n t i a l  o f  t h e  s a t e l l i t e  

I 3 
i s  the  q u a n t i t y  A r  = I r - rH . Since 

by s u b s t i t u t i n g  t h e  q u a n t i t i e s  x - x p  €a, y -yH = sy , 2 -zil = 62, , w e  ge t  A r  as 
a func t ion  o f  t h e  d is turbances  o f  t h e  Kepler ian elements 

A r  = E ~ P  2 2  +r , (ms 2 u + m s  2 i s i n  2 u ) ~ Q ~ +  

+ s i n 2 u 6 i 2  - 2 r 2  H s i n u c o s u s i n . i t i i 6 Q l '  

o f  t h e  o r b i t :  

(6.10) - 166 

Functions (6 .8 ) ,  (6.9) and (6.10) a r e  der ived  on t h e  assumption t h a t  
t h e  pos i t i ons  o f  t h e  "disturbed" and "undisturbed" s a t e l l i t e s  ( i  .e .  t he  pos i -  
t i o n s  o f  t he  s a t e l l i t e s  dur ing  d i s tu rbed  and undis turbed motion) are compared 
f o r  t he  same va lue  o f  t h e  argument of  t h e  l a t i t u d e .  Thus, t he  argument o f  
t he  motion i s  t h e  angle  u (which corresponds t o  formulat ing the  system of 
equat ions i n  form ( 6 . 6 ) ) .  This motion may be  c a l l e d  isogonal  as d i s t i n c t  
from isochronous motion i n  which t h e  argument i s  t ime (system (6 .4 ) ) .  

In  de r iv ing  t h e  expressions o f  6x, 6y, S z ,  d r  and A r  f o r  isochronous 
motion, i t  would be  necessary t o  take  account of t h e  r e l a t i o n s h i p  u = u ( t )  
and t o  take the  p a r t i a l  d i f f e r e n t i a l  o f  t he  func t ion  u with r e spec t  t o  t 
everywhere. 

This d e r i v a t i o n  i s  no t  given he re  s i n c e  we s h a l l  only be  cons ider ing  
isogonal  d i s tu rbed  motion. 
t h e  two func t ions :  

This motion may be  completely cha rac t e r i zed  by 

A I  and 6 t F f - f H .  (6.11) 

The q u a n t i t y  6 t  i s  t i m e  p e r t u r b a t i o n .  Thus, whi le  func t ion  (6.10) 
shows t h a t  t he  d i s t u r b e d . s a t e l l i t e  w i l l  be  loca t ed  a t  some p o i n t  on t h e  
s u r f a c e  o f  a sphere  (of r ad ius  Ar) whose c e n t e r  co inc ides  w i t l i  t h e  undis turbed 
s a t e l l i t e  ( the  p o s i t i o n  of t h i s  s a t e l l i t e  on t h e  s u r f a c e  is  n o t  def ined  s ince 
w e  are cons ider ing  t h e  modulus o f  the v e c t o r a l  d i f f e r e n c e  i n  (6 .10 ) ) ,  func t ion  
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(6.11) shows that fhe s a t e l l i t e  w i l l  a r r ive a t  t h i s  p o i n t  wi th  a t i m e  d i f -  
ference of 6 t  wi th  r e s p e c t  t o  t h e  in s t an ' t  when t h e  undis turbed  s a t e l l i t e  w i l l  
be  a t  t h e  c e n t e r  o f  I the given sphere .  

Functions (6.10) and (6.11) give informat ion  only on the  amplitude o f  
t h e  d is turbances  (while func t ions  (6.7) o r  (6 .8)  d e s c r i b e  t h e i r  geometry), 
t h e r e f o r e ,  i n  cons ider ing  t h i s  p a r t i c u l a r  c h a r a c t e r i s t i c  o f  motion we may say  
approximately t h a t  t h e  d i s tu rbed  s a t e l l i t e  a t  i n s t a n t  t H corresponding t o  a 

given value o f  t h e  argument o f  l a t i t u d e  u = u* s t a y s  wi th in  a tube of  rad ius  
Ar and angular  length  6u. 
motion along t h e  o r b i t ,  whi le  bo th  "ends" o f  t h e  tube a r e  convex hemispheres 
of  r ad ius  A r  ( Fig .  3 ) .  
t i o n  of  t h e  amplitude o f  d i s turbances  i n  t h e  motion o f  t h e  s a t e l l i t e .  

The q u a n t i t y  6u corresponds t o  t h e  t ime 6 t  of  

The reg ion  found i n  t h i s  way gives  a graphic  evalua- 

%-- 
Posi t ion  o f  t h e  
s a t e l l i t e  a t  u = 
during motion i n  
normal f i e l d  

Orbi t  o f  t h e  s a t e1  1 i te 
during motion i n  a 
normal f i e l d  

Figure 3 

Per tu rba t ions  o f  t h e  o r b i t a l  elements are q u a l i t a t i v e l y  d i f f e r e n t ,  
Since the  r ight-hand meqnbers of equat ions (6.4) and (6.6,) are p e r i o d i c  
func t ions  of  t h e  argument, it i s  obvious t h a t  the func t ions  R ,  i, p ,  q ,  k ,  t 
and u m u s t  conta in  a p e r i o d i c  component wi th  a pe r iod  equal  t o  the time o f  
r evo lu t ion  o f  the sa t e l l i t e .  
t h e  equat ions wi th  r e s p e c t  t o  t h e  p e r i o d i c  terms i n d i c a t e s  t h a t  t hese  func t ions  
r ep resen t  a supe rpos i t i on  o f  harmonic components, and must a l s o  conta in  terms 
which are p ropor t iona l  t o  t h e  var ious  powers of t h e  argument. 

The n o n l i n e a r i t y  o f  t h e  r ight-hand members o f  

The s o - c a l l e d  s e c u l a r  terms i n  the  s o l u t i o n s  o f  t h e  equat ions ( in  
celest ia l  mechanics they  are c a l l e d  i n e q u a l i t i e s ) ,  i n c r e a s e  with an inc rease  
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i n  t h e  argument1. 
per iod  of  r evo lu t ion  of t h e  given heavenly body. 
have a per iod  g r e a t e r  than  t h e  pe r iod  o f  r evo lu t ion  [l ,  21. 

The shor t -pe r iod  d is turbances  have a pe r iod  equal  t o  t h e  
The long-period d is turbances  

Long-period d is turbances  appear when t h e r e  i s  a change i n  t h e  r i g h t -  

I n  t h e  gjven 

- / 6 8  
hand members of t h e  d i f f e r e n t i a l  equat ions (d i s tu rb ing  func t ions)  wi th  a per -  
i od  g r e a t e r  than t h e  pe r iod  o f  r evo lu t ion  o f  t h e  moving body. 
case o f  s a t e l l i t e  motion ( t h e  d i s t u r b i n g  func t ion  is only t h e  e c c e n t r i c i t y  of  
t h e  Ea r th ’ s  f i e l d )  t h e  long-period d is turbances  are t h e  consequence o f  two 
f a c t o r s :  t h e  d iu rna l  r o t a t i o n  o f  t h e  Earth ( i f  t h e  asymmetry o f  t h e  Ear th  
with r e spec t  t o  t h e  a x i s  of  r o t a t i o n  i s  considered,  as f o r  i n s t a n c e  i n  models 
r and E) and r o t a t i o n  o f  t h e  l i n e  of  aps ides  which is  d i r e c t l y  due t o  a change 
i n  func t ions  q and k with  a pe r iod  o f  more than   IT wi th  r e s p e c t  t o  argument u. 

If s a t e l l i t e  motion i s  considered on a comparatively shoFt i n t e r v a l  (as 
f o r  i n s t ance  i n  t h e  d i scuss ion  below, where t h i s  i n t e r v a l  is  taken as less 
than one day) ,  then t h e  long-period d is turbances  do not  have t i m e  t o  show 
t h e i r  p e r i o d i c  n a t u r e ,  and show no d i f f e r e n c e  from s e c u l a r  terms i n  ana lys i s  
o f  computational da t a .  Therefore ,  i t  is advisable  i n  t h e s e  cases  t o  speak 
of  quas i - secu la r  d i s turbances  (meaning t h a t  they conta in  both long-period and 
s e c u l a r  components) and p e r i o d i c  d is turbances  ( i  . e .  d i s turbances  wi th  a s h o r t -  
p e r i o d ) .  

In general  however, t he  problem of  the  presence o f  s e c u l a r  d i s t u r b -  
ances i n  some o r b i t a l  element o r  another  i s  extremely complex and may be 
a n a l y t i c a l l y  solved only t o  a c e r t a i n  approximation. A t  t h e  same t i m e ,  t h i s  
problem i s  o f  d e f i n i t e  i n t e r e s t  s i n c e  it cha rac t e r i zes  t h e  s t a b i l i t y  of 
s a t e l l i t e  o r b i t s  ( see  t h e  papers  by V .  G .  Demin [49, 501. 

S7. Disturbances i n  t h e  E l e m e n t s  of Orb i t s  i n  t h e  Central  Gravi ta t iona l  
F i e l d  o f  t h e  Earth 

Over s h o r t  i n t e r v a l s  of  s a t e l l i t e  motion, t h e  d is turbances  i n  t h e  
o r b i t a l  elements which a r e  g r e a t e s t  i n  amplitude a r e  p e r i o d i c  i n  na tu re .  
This  i s  due t o  the  f a c t  t h a t  t he  s e c u l a r  terms (see foo tno te  i n  96) i n  t h e  
so lu t ions  f o r  t h e  equat ions o f  motion show up because o f  terms of  a h ighe r  
nega t ive  o rde r  of magnitude which a r e  p re sen t  i n  t h e  expansion of  t h e  poten- 
t i a l .  These terms may have an apprec iab le  e f f e c t  on motion only over  a long 
time i n t e r v a l .  
t h e  f i rs t  terms of  the  expansion which have c o e f f i c i e n t s  wi th  a h ighe r  abso- 
l u t e  va lue .  

Pe r iod ic  d i s tu rbances  ,on t h e  o t h e r  hand, are determined by 

-. 

n m1 m2 
In  conformity wi th  - t h e  func t ions  [Aces (Vlu%)+Bsb (v2ufl& which 

appear i n  t h e  s o l u t i o n s  o f  the  given equat ions ,  they  are sometimes c a l l e d  
s e c u l a r  terms. In  ce les t ia l  mechanics, such p e r t u r b a t i o n s  are a l s o  sometimes 
c a l l e d  mixed terms. The q u a n t i t i e s  n ,  m l ,  m2 ,  v l ,  v2, c 
are cons t an t s .  

c A and B he re  1’ 2’ 
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Per iod ic  Disturbances 

The n a t u r e  and amplitude of p e r i o d i c  d is turbances  i n  t h e  elements are 

Thus, motion i n  t h e  f i e l d  o f  model 6 i s  t h e  de t e r -  
determined by t h e  effect  o f  t he  second zonal harmonic i n  t h e  expansion of t h e  
g r a v i t a t i o n a l  p o t e n t i a l .  
mining f a c t o r  o f  t h e  q u a l i t a t i v e  and q u a n t i t a t i v e  p i c t u r e  i n  a l l  cases. 

- /69 

To aake our  a n a l y s i s  s p e c i f i c ,  l e t  us assume i n  f u r t h e r  d i scuss ion  
t h a t  uo = 0 ,  i . e .  tha t  t h e  i n i t i a l  p o s i t i o n  of  t h e  s a t e l l i t e  i s  over  t h e  
equator  ( a t  t h e  ascending node of  t h e  o r b i t ) .  

The p e r i o d i c  and s e c u l a r  d i s turbances  of  t h e  o r b i t a l  elements during 
s a t e l l i t e  motion i n  var ious  models of the  g r a v i t a t i o n a l  f i e l d  are shown i n  
Figures  4-28. The corresponding v a r i a n t s  are shown i n  Table 5 .  

t 
Number 

2 
3 
4 
5 

so0 
63'20' 
W0 26' 
10" 
45O 

t i a l  Conditions 

A 1  ti  t u d e  

. .  

6996,09 
6998,09 
73f33,55 
7363,55 
6996,OS 

0,0499 

0 
0 
1 , O I O  

o, 0499 

1 

1000 I -  loo0 I 1000 

The i n c l i n a t i o n  of t h e  p lane  i and f o c a l  parameter p (Fig.  4 ,  10) 
show t h e  s imples t  change, c lose  t o  harmonic l a w ,  i n  model 6. 
t h e  values  of t h e  i n i t i a l  parameters of t h e  o r b i t ,  f l u c t u a t i o n s  i n  these  
elements have two equal maxima a t  values  o f  u equal  t o  ~ r / 2  and 3 ~ r / 2 .  

Regardless of 

Considerably more complex i n  form are d is turbances  i n  t h e  angular  
d i s t ance  o f  t h e  pe r igee  w, e c c e n t r i c i t y  e and components q and k of t h e  
Laplace vec to r  (Figures  5-8). 

C lea r ly  ev ident  i n  t h e  pe r tu rba t ion  of  t h e  longi tude  R of  t h e  ascending 

Similar,  
node i s  t h e  s e c u l a r  component which inc reases  l i n e a r l y  wi th  an inc rease  i n  
angle  u .  
but  more complex i n  n a t u r e ,  i s  d is turbance  of  the  func t ion  t,Cu). The longi-  
tude  of t h e  ascending node R and i n c l i n a t i o n  i do no t  have p e r i o d i c  terms f o r  

;: Tr .  Note: Commas ind ica t e  decimal points. 

Superimposed on t h i s  term i s  a harmonic component (Fig.  9 ) .  

_ ~ T _  . -.- - _____- 
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i n i t i a l  values  i = m/2, i . e .  f o r  p o l a r  o r b i t s .  
0 

The func t ion  6r (u)  has  a more o r  less pronounced extremum i n  a l l  i n -  
s t ances  which i s  reached i n  t h e  reg ion  c l o s e  t o  7~ (Figures  12  and 13) .  

Typica l ly ,  a t  values  o f  0 < i < ~ / 2 ,  p e r i o d i c  p e r t u r b a t i o n s  6n(u) ,  - 0 -  
6 i (u )  , 6p(u) , 6 t ( u )  and 6r (u)  a r e  nea r ly  always negat ive .  

F i g .  4 .  
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F ig .  6 

Fig .  7 

F ig .  8 
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U' 

===r---Ek,. 
.2-t -4' \ 

v, 
F i g .  9. 

For Variants  16, l B ,  14, 
Pe r tu rba t ions  6i = 0 

3 6 5  I *  

cd u 
v) F i g .  10 

6t. Sec.  

Fig .  1 1  
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F i g .  12 

F i g .  13 

F i g .  14  
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V a r l  an t 2 

2 
I u t i o n s  

3 Rev. 

F i g .  16 

The na tu re  o f  t h e  change i n  the  q u a n t i t y  Ar(u) i s  e a s i l y  explained by /74 - 
t h e  form o f  t h i s  func t ion ,  which depends on the  sum o f  6 r 2  , 6R2, and 6 i 2 .  
Therefore ,  when i = 7r/2 ( i n  t h i s  case 6R = 6 i  = 0)  , t h e  graph o f  A r  r epea t s  

t h e  func t ion  6 r  r e f l e c t e d  with respec t  t o  the  h o r i z o n t a l  axis. In the  remain- 
i n g  in s t ances  t h e  func t ion  6 r (u )  has a maximum a t  u = 2 n  corresponding t o  t h e  
maximum o f  func t ion  6R(u). 

0 

Up u n t i l  now, w e  have been speaking o f  p e r t u r b a t i o n s  i n  e l l i p t i c a l  
o r b i t s .  The r e l a t i o n s h i p  between pe r tu rba t ions  and i n i t i a l  condi t ions ( in -  
c luding the  i n i t i a l  va lue  of  e c c e n t r i c i t y  e ) i s  t a k e n  up, gene ra l ly  speaking 0 
l a t e r  on; however, even now we can mention some c h a r a c t e r i s t i c  s i n g u l a r i t i e s  
i n  the  pe r tu rba t ion  of  c i r c u l a r  and hyperbol ic  o r b i t s 1 .  

I t  should be noted f irst  o f  a l l ,  t h a t  i n  t h e  case of i n i t i a l  condi t ions  
corresponding t o  c i r c u l a r  motion , an o s c u l a t i n g  o r b i t  w i l l  be  e l l i p t i c a l ;  
r e l a t e d  d is turbances  6e(u) w i l l  be  only p o s i t i v e  ( see  F ig .  5 ) .  
of  t h e  l i n e  o f  axsides  . *__ are q u i t e  t y p i c a l :  a t  ~ certain va lues  of  t he  i n i t i a l  

t o  speak of  p e r t u r b a t i o n  o f  t h e  o r b i t s  o f  c i r c u l a r  s a t e l l i t e s  i n  t h e  same 
sense considered i n  Appendix V I .  

Pe r tu rba t ions  
_ _ _ _ _  -- - 

Rather  than the- d i s turbance  of  c i r c u l a r  o r b i t s ,  i t  would be  more accu ra t e  
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i n c l i n a t i o n  (e .g .  a t  io = 90° ) ,  it r o t a t e s  a t  an angular  v e l o c i t y  g r e a t e r  

than t h e  ra te  of  s a t e l l i t e  r evo lu t ion ,  whi le  a t  o t h e r  i n c l i n a t i o n s  (e .g .  
i = 63.4’) ,  it o s c i l l a t e s .  0 

As d i s t i n c t  from t h e  func t ion  6w(u) which has  a d i s c o n t i n u i t y  wi th in  
t h e  i n t e r v a l  [0,2~r],  t h e  func t ions  Bq(u) ‘and 6k(u) are cont inuous.  This  
j u s t i f i e s  t h e  use of t h e s e  func t ions  i n  s tudying  t h e  d is turbances  of  o r b i t a l  
elements of  s a t e l l i t e s .  

6 6 . 1 0 2 ;  U - F O O  Bo; U -  90° 6 %  u- 360’ 

1 2 1 2 1 2 

-0,1554 -0,1395 -2O10’33” -1’22’38” 0 -13‘12” 
-0,1556 -0,1397 -2”lO’lZ” -1O22’37- 0 -13‘10’’ 
-0,1587 -0,143n -zo 9’53”. -1~22’26” ‘-1’;33 -13’21“ 
-0,1557 -0,1334 - 2 O 1 0 ‘  8” -1°22’33” fl -13’13” 
-0,1588 -0,1431 - 2 O  9’ 7” -lo22’21” -I733 -13’19” 

The problem o f  d i s tu rbances  o f  c i r c u l a r  o r b i t s  i s  taken up i n  more 
d e t a i l  i n  Appendix V I .  
are used t h e r e .  

The approximate s o l u t i o n s  found i n  t h e  t h i r d  chapter  

S i  titS; 11-3600 Armax, kl-n 
1 2 1 2 1 2 

0 -1‘56” -5,62 -9,23 9,266 25,293 
0 -1’56” -5,65 -9.25 9.303 25,230 

-- 

z”,m -‘z’oo’‘, -6,02 -9.65 9,688 25.581 
0 -1’56”.’ -5.62 -0.24 9,235 25,293 
2”,89 -2’00’’ -6.05 -9.66 9.745 25,507 

Tne p e r i o d i c  p e r t u r b a t i o n s  o f  hyperbol ic  o r b i t s  a r e  b a s i c a l l y  t h e  
same i n  na tu re  as those  of  e l l i p t i c a l  o r b i t s  ( see  F ig ;  5-11).  The d i f f e r e n c e  
shows up i n  t h e  extremely r a p i d  (with r e s p e c t  t o  argument u) i nc rease  i n  t h e  
func t ions  6 t (u )  and 6r (u)  (and consequently i n  Ar(u) ) .  This s i t u a t i o n  i s  
explained i n  58. I t  should be  kept  i n  mind t h a t  va lues  o f  t h e  f o c a l  rad ius  
of about 900,000 - 1,000,000 km correspond t o  va lues  of  t he  argument u = 170’ 
f o r  which numerical  va lues  are given i n  graphs and tables. Besides,  p e r t u r -  
ba t ions  i n  t h e  e c c e n t r i c i t y  o f  hyperbol ic  and p a r a b o l i c  o r b i t s  ( see  Fig.  5) 
a re  t y p i c a l l y  always negat ive .  

-19,71 
-19,68 
-19.92 
-19.66 
-19.83 

A - 
6 
B 
r 
CI 
E 

-15,76 
-15.77 
-16,02 
-15.74 
-16.00 

TABLE 6 ”  

Key A = Model o f  Grav i t a t iona l  F i e l d  

- ~ r / 2 ;  wo = 0 ;  e 0 

Note: Given i n  column 1 a r e  d is turbances  

0 Qo = 0 ;  i parameters : 

o t  t h e  apogee h = 1,000 km, a l t i t u d e  of  

column 2 a r e  t h e  d i s turbances  f o r  an orb 
no = 0; i = 63O26’; wo = 0; e = 0.499 0 0 

A 

f o r  an o r b i t  w i t h  t h e  following 
= 0.0499; po = 6,996 km ( a l t i t u d e  

t h e  per igee  h = 300 km) .  Given i n  

t w i t h  t h e  fo l  owing parameters:  
II 

po = 6,996 km 

& -Tr: Note : Commas’ i n d i c a t e  decimal p o i n t s .  
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TABLE 7 :k 

I A r , x n  .. 
U-360°1 U-170° lu-180°1 ~ - 1 7 0 ~  lU-36O0 U-170’ 

at’ I 6r ,  i n  

1 1 2 1 1 1 2  

-7,74 -428500 -8.45 -412900 25,56 412900 
-7.74 -428300 -8.46 -413430 25,49 413400 
-7.98 -439100 -8,89 -423400 25.59 423400 
-7.74 -428300 -8.45 -412700 25.55 412700 
-7,911 -438700 -8.89 -423000 25.52 423000 

I ~ I ~ l ! I . ~ 1  1 

6 -14,48 -7,54 0.116 -0.0820 180’ 
B -14.49 -7.56 0,115 -0,0822 179058’ 1” 
I‘ -14.73 -7,81 0,121 -0.0848 175’52’3‘‘ 
A -14.46 -7.55 0,115 -0.0820 179O51’59“ 
E I -14.72 -7.92 0,121 -0,0847 175’48’30’’ 

6V, r/ccrr 

U-18Oo u-170° 

1 2 1 2  

8.45 3.31 
8.46 3.31 
8.89 3,32 
8.46 3.29 
8.91 3.31 

Key A = Model of Gravi ta t iona l  F i e l d  
Note: Disturbance 6 w  i n  column 1 was ca l cu la t ed  w i t h  respect t o  t h e  i n i t i a l  
( i n  t h e  sense u -+ 0)  value w = 90” (see Appendix V I ) .  Given i n  column 1 a r e  
t h e  d i s turbances  f o r  an o r b i t  w i t h  t h e  following parameters:  Ro = 0 ;  i 
= 63”24’; eo = 0 ;  h 

f o r  an o r b i t  w i t h  t h e  fol lowing parameters:  R o  = 0 ;  i 

= 1.010; po = 14,800 km; h, = 1,000 km. 

= 
0 

= h = 1,000 km. G i v e n  i n  column 2 a r e  t h e  d i s turbances  A n  
= 45”; wo = 8 ;  e 0 0 

= 

The numerical values  of  t h e  p e r i o d i c  d is turbances  o f  e l l i p t i c a l ,  - / 76 
c i r c u l a r  and hyperbol ic  o r b i t s  are given i n  Tables 6 and 7, and are a l s o  
apparent from t h e  graphs.  

I t  may be  noted t h a t  t he  abso lu te  values  of  p e r t u r b a t i o n s  6 r ( u ) ,  Ar(u) 
and 6 t (u )  i nc rease  i n  the  f i e l d  o f  model 6 with an inc rease  i n  e c c e n t r i c i t y  
t o  values  g r e a t e r  than o r  equal  t o  1. On t h e  o t h e r  hand, d i s turbances  i n  t h e  
o r b i t a l  v e l o c i t y  are somewhat g r e a t e r  f o r  c i r c u l a r  o r b i t s  and less f o r  hyper- 
b o l i c  o r b i t s .  

Pe r iod ic  d is turbances  i n  e l l i p t i c a l  and c i r c u l a r  o r b i t s  i n  t h e  f i e l d  
of o t h e r  models ( 6 ,  r ,  4, E) d i f f e r  very s l i g h t l y  from those  i n  t h e  f i e l d  o f  
model 6. Exceptions t o  t h i s  r u l e  t ake  p l a c e  only f o r  t h e  i n c l i n a t i o n  o f  t h e  
p lane  and t h e  longi tude  of  t h e  ascending node of  p o l a r  o r b i t s ,  which are d i s -  
tu rbed  only i n  models which t a k e  account o f  t h e  tr iaxial  shape of  t h e  Earth 
(see Fig.  9 and 10) .  I t  may a l s o  be noted that  the elements p ,  e and Ar(u) 
i n  t h e  f i e l d  o f  an asymmetric sphero id  (model 4) are d i s tu rbed  as s t r o n g l y  as 
i n  t h e  f i e l d  of  a t r i a x i a l  e l l i p s o i d  (model r). 

The d i f f e rences  i n  t h e  va lues  o f  func t ions  Ar(u) and cSt(u) f o r  hyper- 
b o l i c  o r b i t s  i n  t h e  f i e l d  of  var ious  models reach extremely h igh  va lues .  Fo r  

*Tr. Note: Commas i n d i c a t e  decimal p o i n t s .  
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i n s t ance  f o r  an o r b i t  wi th  an e c c e n t r i c i t y  e = 1 .01  a t  u = 170°, t hese  d i f -  
fe rences  are equal  t o  10,300 km and 10,8OOs f o r  A r  and 6 t  r e s p e c t i v e l y ,  (of 
course,  t h e  space veh ic l e  i n  t h i s  case i s  about 1 m i l l i o n  km from t h e  E a r t h ) .  
This shows t h a t  an optimum approximation t o  t h e  f i e l d  o f  t h e  geoid m u s t  be  
represented  by t h e  f i e l d  o f  t h e  s e l e c t e d  model when c a l c u l a t i n g  motions along 
hyperbol ic  t r a j e c t o r i e s  over  a comparatively l a r g e  i n t e r v a l  o f  v a r i a t i o n  i n  
t h e  argument. 

Quasi secul a r  Di s turbances 

The q u a s i s e c u l a r  d i s turbances  of  a l l  elements i n  t h e  f i e l d  o f  models 6 
B o r  A are l i n e a r  (near ly  l i n e a r )  o r  equal  t o  zero.  

For in s t ance ,  t h e  f o c a l  parameter (see Fig .  17). i n  t h e  f i e l d  o f  models 
6 
hA = 1,000 km, h 

r evo lu t ion ) ,  and only i n  a f i e l d  which takes account of  t h e  E a r t h ' s  asymmetry 
(model A ) do t h e s e  d is turbances  become more apprec iab le .  Fo r  o r b i t s  wi th  
i n c l i n a t i o n  i = i* = 63.4",  pe r tu rba t ion  6p d isappear  i n  t h e  f irst  two cases  0 0 
( 6 and B ) and are extremely s l i g h t  i n  t h e  t h i r d  (A). 

and B undergoes s l i g h t  nega t ive  pe r tu rba t ions  ( f o r  a p o l a r  o r b i t  wi th  
= 300 km, 6p i s  no more than 0 . 5  meter on t h e  t e n t h  n 

F i g .  17 
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This  fact  i n d i c a t e s  t h a t  quas i secu la r  d i s tu rbances  o f  t h e  f o c a l  para-  

Pe r tu rba t ion '  

- /82 
meter i n  t h e  f i e l d  o f  models 6 and B i s  due t o  movement o f  t h e  l i n e  o f  
aps ides ,  which does not  t ake  p l a c e  i n  o r b i t s  wi th  i* = 63.4". 

i n  t h e  f i e l d  o f  t h e  asymmetric Ear th  (model A) is  s l i g h t  f o r  p o l a r  o r b i t s  
and decreases  r a p i d l y  wi th  a reduct ion  i n  i n c l i n a t i o n .  

0 

The same may be  s a i d  of  e c c e n t r i c i t y  p e r t u r b a t i o n  6e i n  the  f i e l d  of  
models 6, B and A (Fig.  18 ) .  

Motion i n  t h e  f i e l d  o f  t hese  models is  t y p i f i e d  by t h e  absence of  
quas i secu la r  d i s turbances  o f  t h e  longi tude  o f  t h e  ascending node i n  p o l a r  
o r b i t s  , t h e  absence o f  quas i secu la r  d i s turbances  o f  i n c l i n a t i o n  f o r  o r b i t s  
wi th  any i n c l i n a t i o n s ,  and t h e  absence o f  p e r t u r b a t i o n s  of  t h e  l i n e  o f  
apsides  f o r  o r b i t s  with io = i* (Figures  19, 2 2 ,  2 3 ) .  

p o l a r  o r b i t s  and 6W of  o r b i t s  wi th  i = i* 0 0 
f i e l d  o f  models 6, B and A. The same type o f  s i m i l a r i t y  i s  t r u e  f o r  d i s -  
turbances 6 t  (F ig .  2 4 ) .  Quasisecular  d i s turbances  o f  t h e  func t ion  Gr(u) 

a r e  extremely c lose  (and low i n  amplitude) i n  t h e  f i e l d  of models 6 and B 
(Fig.  25), no t i ceab ly  g r e a t e r  i n  t h e  f i e l d  o f  t h e  model which takes  account 
o f  t h e  E a r t h ' s  asymmetry (model A ) ,  and absent  i n  t h e  f i e l d  of  a l l  t h r e e  
models f o r  o r b i t s  with i = i *  This  s i t u a t i o n  i s  a l s o  explained by the  f a c t  

t h a t  t h e  l i n e  of  aps ides  undergoes no p e r t u r b a t i o n s  i n  such o r b i t s .  

Pe r tu rba t ions  6 w  of  
0 

show very l i t t l e  d i f f e rence  i n  t h e  

R 

0 0 '  

The d i f f e r e n c e  between func t ions  Ar(u) and Br(u) i s  due c h i e f l y  t o  
pe r tu rba t ions  6R and 6 i .  
of  Ar(u) f o r  o r b i t s  wi th  i n c l i n a t i o n s  i 

This a l s o  expla ins  t h e  c h a r a c t e r i s t i c  form o f  graphs 
= 90.' and io = i* (Fig.  2 7 ) .  0 0 

The l i n e a r  o r  nea r ly  l i n e a r  na tu re  of  d i s turbances  of  o r b i t a l  elements 
i n  t h e  a n a l y s i s  given above i s  due i n  a number of  i n s t ances  t o  t h e  f a c t  t h a t  
t h e  pu re ly  s e c u l a r  and long-period components ( the  l a t t e r  be ing  due t o  r o t a -  
t i o n  o f  t h e  l i n e  of  aps ides )  a r e  not  s epa ra t ed  i n  quas i secu la r  d i s tu rbances ,  
and t h e  movements of t h e  s a t e l l i t e  a r e  considered over  a s h o r t  time i n t e r v a l  
where changes i n  t h e  d i s tu rbed  func t ions  are nea r ly  l i n e a r .  

The determinat ion o f  pure ly  s e c u l a r  v a r i a t i o n s  i n  t h e  o r b i t a l  elements 
o f  a r t i f i c i a l  s a t e l l i t e s ,  as has a l r eady  been mentioned p rev ious ly ,  i s  a 
complex problem which may be  so lved  only  a n a l y t i c a l l y  o r  by i n t e g r a t i o n  of  
averaged equat ions ( see  f o r  i n s t ance  t h e  work o f  V. P .  Taratynova, [14]) .  In  
p a r t i c u l a r ,  t h e  absence o f  s e c u l a r  v a r i a t i o n s  i n  t h e  semimajor a x i s  o f  t h e  
o r b i t s  o f  s a t e l l i t e s  (and p l a n e t s )  has been proved f o r  motion i n  a f i e l d  o f  
conserva t ive  f o r c e s  ( t o  a c e r t a i n  approximation).  V io la t ion  o f  t h i s  fact  
would lead  t o  an unl imi ted  inc rease  i n  t h e  energy of motion. I t  may b e  con- 

t h e  f o c a l  parameter  o r  e c c e n t r i c i t y ,  which a l s o  fol lows from an examination 
o f  t h e  r e l a t i o n s h i p  between the  semimajor a x i s  and t h e s e  parameters 

eluded from t h i s  Gonsideration t h a t  t h e r e  a r e  no s e c u l a r  p e r t u r b a t i o n s  of - / 83 
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a = p / ( l  - e 2 )  

assuming t h a t  a i s  f i n i t e .  

Thus, se ' cu la r  d i s turhances  'affect o n l y  the angular  d b t a n c e  of the 
pe r igee  w, the longi tude  o f  the ascending node 52 (the l a t t e r ,  i n  p a r t i c u l a r ,  
causes  a d d i t i o n a l  d i s tu rbances  i n  t h e  f i e l d  which t a k e s  account o f ' t h e  tri- 
axial shape of  t h e  Ear th)  and t h e  func t ions  t,(u) . 

I t  should be  borne i n  mind t h a t  t he  monotonic i n c r e a s e  i n  pe r tu rba t ions  

]-6t , l  
iod .  The func t ion  t (u) corresponds t o  t h e  t i m e  o f  motion o f  the sa t e l l i t e  

from i n i t i a l  p o i n t  u = u t o  t h e  cu r ren t  va lue  of  t h e  argument. When u = u + 

+ 2n1~  (n = 1, 2 , .  . . ,) , t h i s  corresponds t o  n r evo lu t ions ,  which may condi t ion-  
a l l y  be c a l l e d  n draconic  per iods  ( s t r i c t l y  speaking,  w e  w i l l  have draconic  
per iods  only when u = 0 ,  see f o r  i n s t ance  [19]) .  Thus, t h e  pe r tu rba t ion  o f  

t h e  draconic  pe r iod  6Tn 

t h e  end of  t h e  f i rs t  r evo lu t ion .  But t h e  o v e r a l l  t i m e  o f  motion (reckoned 

i s  n o t  a s soc ia t ed  wi th  t h e  continuous reduct ion  i n  the draconic  pe r -  

n 
0 0 

0 
i s  cons tan t  and i s  equal  t o  the d is turbance  6 t 1  n a t  

from the  i n i t i a l  p o i n t )  a t  t h e  end of each n- th  r evo lu t ion  i s  equal t o  
= n(Tn - 6 t A  ) .  

Disturbances of  elements p ,  e ,  i ,  and 6 r (u )  i n  a g r a v i t a t i o n a l  f i e l d  
which t akes  account of  t h e  t r i a x i a l i t y  o f  t h e  geoid (models r and E) have a 
p e r i o d i c i t y  which i s  independent o f  t he  d iu rna l  r o t a t i o n  of  t h e  Earth.  The 
l i n e a r  component i s  s t r o n g l y  pronounced i n  d is turbances  o f  t h e  func t ion  6n(u) 
o f  a p o l a r  o r b i t  i n  a f i e l d  o f  models r and E (see F ig .  22) ,  and when i = 

= i;, the  p e r i o d i c  component i n  t h e  quas i secu la r  d i s turbance  disappears  

e n t i r e l y .  The func t ions  6w(u) and 6 t  (u) a l s o  change l i n e a r l y  (see Figures  n 
19 and 24).  

0 

The func t ion  Ar(u) shows an almost s t r i c t l y  l i n e a r  i nc rease  when 

i = i* (See Fig.  27) .  This  i s  explained by t h e  l i n e a r  v a r i a t i o n  i n  €in i n  

t h i s  case,  which affects t h e  amplitude of Ar(u) more s t r o n g l y  than do t h e  
s l i g h t  oscil.1ation.s i n  6 i  ( s ee  Fig.  23).  

0 0  

The l a r g e  va lue  of  quas i secu la r  d i s turbances  i n  Ar(u) f o r  nonpolar 
o r b i t s  should be noted as well as the  l a r g e  q u a s i s e c u l a r  d i s turbances  i n  
6 tn(u)  , and a l s o  t h e  i n s i g n i f i c a n t  d i f f e rence  between t h e  d is turbances  of  

t h e s e  func t ions  i n  t h e  f i e l d  o f  var ious models o f  t h e  g r a v i t a t i o n a l  f i e l d .  

On these  same graphs ( see  F ig .  17-28) are shown t h e  quas i secu la r  d i s -  
turbances o f  quas i secu la r  o r b i t s  which do not  d i f f e r  fundamentally from t h e  
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dis turbances  o f  e l i i p t i c a l  o r b i t s .  The main d i f f e r e n c e  l i e s  i n  t h e  fact  t h a t  
d i s turbances  of  t h e  f o c a l  parameter of c i r c u l a r  o r b i t s  i n  t h e  f i e l d  of  models 
r and E are p o s i t i v e  r a t h e r  than  negat ive ,  and are low i n  absolu te  va lue .  

/84 - 

The maximum q u a s i s e c u l a r  d i s turbances  o f  e l l i p t i c a l  o r b i t s  on an i n t e r -  
v a l  of t e n  r evo lu t ions  are given i n  T a b l e  8. 

TABLE 8* 

A - 
E 
B 

Q 
E 

r 

. . -. . .. - 

Key A = Model of Gravi ta t iona l  F i e l d  

Note: Given i n  column 1 are t h e  d i s turbances  f o r  an o r b i t  w i t h  t h e  fol lowing 
= 0.0499; po = 6,996 km ( t h e  a l t i -  0 a. = 0; i = n/2 ;  wo = 0 ;  e 0 pa rame te r s  : 

t u d e  of t h e  

G i v e n  i n  co 
meters: RO 

apogee h = 1,000 km, t h e  a l t i t u d e  of  the  

umn 2 a r e  the  dis turbances f o r  an o r b i t  w 
= 0 ;  i = 0.0499; po 

A 

= 63’26’; wo = 0; e 0 0 

per igee  h = 300 km). 

t h  t h e  following para- 
= 6,996 km. 

n 

Disturbances from Gravi ta t iona l  Anomalies 

Since t h e  term of  t h e  p o t e n t i a l  expansion conta in ing  harmonic P has 20 
t h e  p r i n c i p a l  d i s t u r b i n g  e f f e c t ,  t he  f i e l d  o f  a sphero id  may be taken as t h e  
normal f i e l d .  In  t h i s  case ,  t h e  square o f  f l a t t e n i n g ,  asymmetry o f  t h e  hemi- 
spheres  and t r i a x i a l i t y  of  the  Earth should be included with g r a v i t a t i o n a l  
anomalies (see Chapter One). 

The p e r i o d i c  and quas i secu la r  d i s turbances  o f  o r b i t a l  elements due t o  
g r a v i t a t i o n a l  anomalies are given i n  Figures  29-44. The i n i t i a l  parameters 
of t h e  o r b i t s  are given i n  Table 5 .  

The fol lowing n o t a t i o n  i s  used on these  graphs f o r  d i s turbances  from 
anomalies: M-- d i s tu rbances  from the  square o f  f l a t t e n i n g ;  H -- dis turbances  

Tr. Note: Commas i n d i c a t e  decimal po in t s .  * 
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from asymmetry; M-- dis turbances  from t r i a x i a l i t y ;  E-- dis turbances  from 
t h e  sum t o t a l  o f  t h e  enumerated anomalies. 

Pe r iod ic  d is turbances  o f  e l l i p t i c a l  o r b i t s  due t o  t h e  second power of 
f l a t t e n i n g  and asymmetry o f  t h e  hemispheres are cha rac t e r i zed  by t h e  appear- 
ance o f  upper harmonics. The effect  o$ asymmetry on d is turbances  o f  t h e  f o c a l  
parameter,  e c c e n t r i c i t y  and l i n e  o f  a p s i d e s . d e c r e a s e s  wi th  a reduct ion  i n  t h e  
i n c l i n a t i o n .  The na tu re  of t h e  d is turbances  i n  t h i s  case becomes more har -  ' 

monic (Fig.  29-33) .  

Disturbances i n  t h e  longi tude  of  t he  ascending node from t h e  second 
power o f  f l a t t e n i n g  and asymmetry are comparatively h igh .  
amount t o  s e v e r a l  angular  seconds (Fig.  3 4 ) .  

These d is turbances  

-401 

F i g .  29 

In  gene ra l ,  t h e  e f f e c t  o f  t h e s e  two anomalies on p e r i o d i c  d i s tu rbances  / l o0  - 
o f  a l l  parameters is  i d e n t i c a l  and small .  
no t  exceed the  fo l lowing  values:  l6pl < 50 m; 16el 5 0.5*10-5;  Ar < 70 m; 
I 6 t  I I 0'. 01. 
tude grea.e:- and leads  t o  t h e  appearance o f  harmonics similar t o  t h e  funda- 
mental harmonics (caused by the  second zonal harmonic).  A l l  enumerated 
anomalies lead  t o  p e r i o d i c  d is turbances  o f  func t ions  A r  and 1 6 t l  n o t  exceed- 
i n g  500 m and OS.45, r e s p e c t i v e l y  (Figures  36, 3 8 ) .  

n o t  exceed: 6p < 280 m; 6e 0.075*10-3; 16wlc 25"; 1 6 ~ 2 1  i 20"; l 6 i l  < 22"; 
/ 6 t /  < 26i;S.; A r  7 280 m. 

In  p a r t i c u l a r ,  t h i s  effect  does 

The effect  of  t r i a x i a l i r y  i s  approximately an o r d e r o f  magni- 

The maximum q u a s i s e c u l a r  d i s turbances  r e s u l t i n g  from t r i a x i a l i t y  do 
- - - - 

- 

81 



The squqre .o f  f l a t t e n i n g  c h i e f l y  a f f e c t s  t h e  quas i secu la r  motions of - / l o0  
t h e  l i n e  of apsides  and t h e  l i n e  o f  nodes. 
turbances from t r i a x i a l i t y .  Asymmetry of t h e  hemispheres has  t h e  g r e a t e s t  
e f f e c t  on p e r t u r b a t i o n  o f  e c c e n t r i c i t y  ( i n  t h i s  case reaching a value o f  t h e .  
o rder  of and t h e  func t ion  A r .  

They are comparable t o  d i s -  

On t h e  t e n t h  r evo lu t ion ,  t h e  quas i secu la r  p e r t u r b a t i o n  i n  A r  due t o  
asymmetry i s  equal t o  500 meters ,  and i s  g r e a t e r  than the  d is turbance  due t o  
t r i a x i a l i t y .  Thus, i f  t h e  e f f e c t  o f  t r i a x i a l i t y  is taken i n t o  account, and 
a l s o  the  asymmetry o f  t h e  Ear th  f o r  o r b i t s  with io # i;, then the  g rav i t a t ion -  

a l  anomalies which a r e  d is regarded  over  an i n t e r v a l  of  about one day w i l l  
l ead  t o  an e r r o r  o f  A r  2 1 0 0  meters i n  the  p o s i t i o n  of  t h e  s a t e l l i t e .  

I t  should be noted t h a t  n e i t h e r  t h e  square of  p o l a r  f l a t t e n i n g  nor  
asymmetry cause any q u a s i s e c u l a r  pe r tu rba t ions  of  t h e  f o c a l  parameter o r  i n -  
c l i n a t i o n  of o r b i t s  wi th  i n c l i n a t i o n  io = i *  = 63.4O; t h a t  t he  square o f  
f l a t t e n i n g  f o r  o r b i t s  wi th  t h i s  inc l ina t ion '  causes no quas i secu la r  pe r tu r -  
ba t ions  of  e c c e n t r i c i t y  o r  t h e  func t ion  6r (u) ,  and t h a t  asymmetry causes no 
pe r tu rba t ions  i n  t h e  ascending node. 

T r i a x i a l i t y  leads  t o  d is turbances  with a d iu rna l  per iod  i n  func t ions  
6p, 6e, 6 R ,  6 i  and 6 r .  

t h i s  type are a l s o  t y p i c a l  f o r  t h e  func t ion  6w(u) (Figures  39-42, 44).  

In  o r b i t s  with i n c l i n a t i o n  i # ii;, pe r tu rba t ions  o f  0 

The asymmetry and t r i a x i a l i t y  of  t h e  Garth cause a s t r o n g  change i n  
the  p e r i o d i c  p e r t u r b a t i o n s  o f  t he  l i n e  of  &sides  a t  t h e  end of t h e  draconic  
per iod  i n  c i r c u l a r  o r b i t s .  The q u a n t i t y  6 w  may reach 80' under the  e f f e c t  of 
each of  t he  t h r e e  anomalies.  For c i r c u l a r  o r b i t s  with an i n c l i n a t i o n  c lose  
t o  63.4", t r i a x i a l i t y  produces a d i s c o n t i n u i t y  i n  t h e  func t ion  6 w  and the  
po in t s  u = 140' and 220'. 
t he  amount o f  i n c l i n a t i o n .  
c h a r a c t e r i s t i c  i n c r e a s e  i n  d is turbances  of  t h e  func t ion  6 w ( u )  a t  the  end of 
t he  per iod ,  which is  caused by t r i a x i a l i t y  and asymmetry. 
o r b i t s ,  l a r g e  p e r t u r b a t i o n s  i n  t h e  func t ion  6 r  appear a t  t h e  end of t h e  per-  
iod ( I  6 r i  = 1,000 m), which i s  explained by the  high amplitude of  t h e  long- 
per iod  o s c i l l a t i o n  (due t o  r o t a t i o n  of  the  Ea r th ) .  

This  s i n g u l a r i t y  d isappears  with a reduct ion i n  
However, f o r  nea r ly  e q u a t o r i a l  o r b i t s  t h e r e  i s  a - / l o 1  

For c i r c u l a r  

Given i n  Table 9 a r e  p e r i o d i c  d is turbances  as a func t ion  of t h e  
var ious g r a v i t a t i o n a l  anomalies. 
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TABLE 9" 

Effec t  o f  t h e  square 

Ef fec t  of asymmetry of 

Effec t  of t r i a x i a l i t y  

Overall e f f e c t  o f  t h e  

of f l a t t e n i n g  

t h e  hetpi spheres 

of t h e  e a r t h  

anoma 1 i es 

Ci rcu lar  o r b i t s  ' Hyperbolic o r b i t s  

i ea = 1.01; 
Po = 14800 kn I u * 170° 

po = 7400 km 
io = 6 3 O , 4  

0.0040 
(0.04) 
0,0078 
(0,041 
O , d 0 7  
(0,221 1 
0,3316 
(0,301 1 

500 

200 

I0500 

I0100 

470 I 
220 

Note: Shown i n  varen theses  a r e  t h e  f i u u r e s  f o r  a c i r cu la l '  o r b i t  w i t h  I 
i o =  10". 

58. Effec t  of Orb i t a l  Parameters on Disturbances i n  S a t e l l i t e  Motion i n  t h e  
F i e l d  o f  a Spheroid 

The e f f e c t  which i n i t i a l  o r b i t a l  parameters  have on p e r t u r b a t i o n s  is 
very important i n  planning t h e  o r b i t s  of a r t i f ic ia l  Earth satel l i tes  [4 ] .  
was shown i n  t h e  preceding s e c t i o n  t h a t  t h e  f i e l d  o f  a sphe ro id  i s  t h e  s t rong-  
est f a c t o r  which p e r t u r b s  sa te l l i t e  motion. 
given case t o  g ive  s e p a r a t e  cons ide ra t ion  t o  t h e  effect which o r b i t a l  para-  
meters have on d i s tu rbances  i n  t h e  f i e l d  o f  a sphero id  [ t r e a t i n g  it as a 
normal g r a v i t a t i o n a l  field) and on d i s tu rbances  from g r a v i t a t i o n a l  anomalies 

I t  

I t  i s  n a t u r a l  t h e r e f o r e ,  i n  t h e  

r511. 

S ince  t h e  f i e l d  o f  a t r i a x i a l  e l l i p s o i d  has  a c h a r a c t e r i s t i c  effect on 
q u a s i s e c u l a r  p e r t u r b a t i o n s  of  a number o f  elements, i n d i v i d u a l  a t t e n t i o n  i s  
a l s o  given t o  t h e  effect of  i n i t i a l  parameters  on motion i n  this f i e l d .  

E f fec t  of O r b i t a l  I n c l i n a t i o n s .  The effect of  a r b i t a l  i n c l i n a t i o n s  is /I07 - I  considered over  t h e  range of  angles  0 < i < a/2 and is shown i n  F igures  45- - 0 -  
o r  s a t e l l i t e  motion i n  a f i e l d  o f  model 6).  The corresponding variants 

*Tr.  Note: Commas i n d i c a t e  decimal p o i n t s .  
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TABLE 10 * 
I 

initial Parameters 
-- 1 1 1 A 1  t i  tude I 

Apogee Per I gee I i 0  PO# e0 W O  
Number of 
Variant no 

jh& h,p 

6 0 80° 8998,087 0,0499034 BOo 1000 300 
7 0 45O 6996,087 0.0499034 0 1 1000 300 

0 63"26' 6886,087 ' 1000 300 0 0,0499034 GO" 
10 0 54O44' 8998,087 0,0489034 0 1000 300 ' 

8 0 4 5 O  8996,087 0,048Q034 900 woo sao 

11 0 loo 8996,087 0.0498034 0 1000 300 
12 0 30° 8996,087 0,0498034 0 1000 900 

0 135O 6996,087 0,0499034 0 1000 300 13 

A reduct ion i n  i n c l i n a t i o n  has t h e  s t ronges t  effect on the nature  o f  /lo?, 
p e r t u r b a t i o n s  of  t h e  e c c e n t r i c i t y  and l i n e  of apsides  by smoothing out t h e i r  
o s c i l l a t i o n s  (Fig.  46, 47) .  Rotation of  t h e  l i n e  of  ap$des of  c i r c u l a r  p o l a r  
o r b i t s  i s  replaced by o s c i l l a t o r y  motion with a reduct ion i n  i (See Appendix 
VI). 

Per turba t ion  of t h e  angular  d i s t ance  o f  t h e  per igee  6 w  i n  e l l i p t i c a l  
n e a r l y  equa to r i a l  o r b i t s  i s  genera l ly  s inuso ida l  with pe r iod  ZIT and a c e r t a i n  
s e c u l a r  v a r i a t i o n ,  while  6w(u)  f o r  c i r c u l a r  o r b i t s  changes according t o  a 
l i n e a r  l a w  (see Fig.  6 ) .  I 

- 11 C i r c u l a r  o r b i t s  show a minimum i n  demax when i = 63.4O. This may be 0 
i l l u s t r a t e d  by Fig .  5 and Table 11. 

TABLE 11* 
I 

I inclination '0 
80° I 83O.4 I I '  0" 

Fig. 45 shows t h a t  a reduct ion i n  i n c l i n a t i o n  considerably reduces 
pe r tu rba t ions  of t h e  focal parameter,  which are genera l ly  equal t o  zero f o r  
equa to r i a l  o r b i t s .  ~ 

~ 

I 

* Tr. Note: Commas indicate decimal points. I 
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A reduct ion  i n  t h e  i n i t i a l  i n c l i n a t i o n  o f  t h e  o r b i t  has  a reverse 
effect  on p e r t u r b a t i o n s  o f  t h e  l i n e  of nodes and i n c l i n a t i o n  (Figures  48, 49) .  

With a reduct ion  i n  i n c l i n a t i o n ,  t h e  func t ion  6 r (u )  takes  on t h e  na tu re  / l o 8  

m a x '  o f  a negat ive  half-wave (Fig.  S l ) ,  whi le  A r  as may be  seen  from Fig.  52, 
i nc reases  considerably ( a t  i n c l i n a t i o n s  o f  90°,  63.4O and 45O, t h e  q u a n t i t y  

A rmax i s  equal  t o  9 .27,  25.29 and 40.13 km, r e s p e c t i v e l y ) .  

An i n c r e a s e  i n  i n c l i n a t i o n ,  as may b e  seen from Fig.  50, r e s u l t s  i n  a 
cons iderable  inc rease  ( i n  abso lu t e  value)  i n  t h e  t i m e  o f  s a t e l l i t e  motion 6 t ,  
al though t h e  n a t u r e  o f  t h i s  func t ion  does n o t  change. 

The effect  o f  i n c l i n a t i o n  on p e r i o d i c  p e r t u r b a t i o n s  o f  c i r c u l a r  o r b i t s  
i s  shown i n  Figures  5-16 and i n  Table 12. 

TABLE 12 k 

When t h e  i n c l i n a t i o n  c ros ses  over  i n t o  t h e  second quadrant ,  a l l  para-  
meters o f  motion except  Q and i vary i n  t h e  same way as when 0 l i  2 n / 2 .  
The func t ions  6Q(u) and 6 i ( u )  i n  t h i s  q u a r t e r  change s i g n ,  i . e .  r eve r se  
motion o f  t h e  node is  rep laced  by forward motion, and p e r t u r b a t i o n s  6 i  are 
always d i r e c t e d  toward a reduct ion  i n  t h e  ang le  between t h e  p l ane  o f  t h e  
o r b i t  and t h e  equator  (see Figures  48, 49) .  

Quas isecular  p e r t u r b a t i o n s  of t h e  f o c a l  parameter ,  e c c e n t r i c i t y  

0 (Figures  54, 55) and l i n e  o f  aps ides  (F ig .  56) pass  through zero a t  i *  = 63.4; 
The pe r tu rba t ions  o f  t h e  func t ions  6 r ,  6q and 6k have a minimum a t  t h i s  i n -  
c l i n a t i o n  (Fig.  59 ) ,  whi le  d i s turbances  o f  t h e  o r b i t a l  v e l o c i t y  6 V  i n c r e a s e  
with a reduct ion  i n  i n c l i n a t i o n  (Fig.  60) .  Pe r tu rba t ions  6p and 6e are due 
t o  long-period o s c i l l a t i o n s  caused by motion o f  t h e  l i n e  o f  aps ides .  As may 
be seen from t h e  graphs,  d i s tu rbances  6w are no t  equal t o  zero a t  t h e  po in t  
o f  t h e  minimum. This  i s  due t o  t h e  long-period components i n  t h e  q u a n t i t y  w. 
The i n c l i n a t i o n  o f  t h e  o r b i t  does not  undergo any q u a s i s e c u l a r  d i s turbances  
i n  t h e  f i e l d  of  a sphero id .  

Pe r tu rba t ions  6S2(Fig. 5 7 ) ,  6 t  (Fig.  58) and Qr, j u s t  as p e r t u r b a t i o n s  

J; T r .  Note: Commas i n d i c a t e  decimal po in t s .  
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75.9 
176.7 

6V, i nc rease  i n  absolu te  value with a reduct ion i n  i n c l i n a t i o n ' .  
i n c l i n a t i o n  en te r s  t h e  second quadrant ,  q u a s i s e c u l a r  motion o f  t h e  node is i n  
t h e  oppos i te  d i r e c t i o n .  
shown as  a func t ion  o f  i n c l i n a t i o n  i n  Table 13. 

When t h e  

Quasisecular  dis turbances of t h e  parameters a re  

TABLE 13 * 

lncl  ina t ion  i o  

Note: The  per turba t ions  of e l l i p t i c a l  o r b i t s  a r e  given i n  l i n e s  headed 3 
(eO = 0.4991, w h i l e  t h e  l i n e s  headed K g i v e  t h e  per turba t ions  o f  c i r c u l a r  

o r b i t s .  Per turba t ions  6 w  o f  c i r c u l a r  o r b i t s  a r e  considered i n  t h e  left-hand 
neighborhood o f  t h e  point  2 n ~ r  w i t h  respect  t o  t h e  i n i t i a l  ( i n  t h e  sense n + 0) 
pos i t ion  of t h e  l i n e  of g p s l d e s .  

P e r i o d i c  dis turbances a r e  shown as a func t ion  of  i n c l i n a t i o n  i n  Figs. 
45-53, while Figures 54-60 show t h e  r e l a t i o n s h i p  between q u a s i s e c u l a r  p e r t u r -  
ba t ions  and i n c l i n a t i o n .  

Disturbance o f  t he  l i n e  of no 
a s  t h e  l i m i t  approached by 6 R  when i -f 0 .  
* Tr. Note: Commas i n d i c a t e  decimal po in t s .  

104 



Effec t  o f  t h e  Focal Parameter 

An inc rease  i n  t h e  f o c a l  parameter  ( s i z e  of 
amplitude of  p e r i o d i c  and q u a s i s e c u l a r  d i s tu rbances  
p e r i o d i c  d i s tu rbances  and t h e  s i z e  of  p o l a r  o r b i t s  
l i p t i c a l  o r b i t s )  and i n  Table 15 ( c i r c u l a r  o r b i t s )  

he  o r b i t )  reduces t h e  

s shown i n  Table 14 ( e l -  

0' f o r  va r ious  va lues  of w 

The r e l a t i o n s h i p  between 

Quas isecular  p e r t u r b a t i o n s  a t  t h e  end of t h e  f irst  r evo lu t ion  are shown 
as a func t ion  o f  t h e  s i z e  of  p o l a r  o r b i t s  i n  Table 16 ( e l l i p t i c a l  o r b i t s ) .  

P o s h  
6678 I 7378 1 9378 1 13378 42378 
Distance from the s u r f a c e  of t h e  Earth h ,  km 

36000 

-3,15 

1000 

-18,12 

-6,78 
0,1738 

6,03 

3000 

-14,25 
0,1075 

- 5 3 3  
3,31 

TABLE 16* 

7000 

-9,98 

-3,74 
1,36 

0,05276 0,005247 

0,08 
-1,18 

Po, km SP, * t ie-  io5  6 w  6 t S  6r, m 

6838 0,244 0,2402 -14'48" -5,62 -1 18,4 
7358 0,04834 0,0004883 -5'00" -3,50 -42,35 



Per tu rba t ions  of  e c c e n t r i c i t y  6e, f o c a l  r ad ius  6 r ,  time of motion P t ,  
o r b i t a l  v e l o c i t y  6V, and a l s o  of the  func t ions  6q and bk f o r  c i r c u l a r  o r b i t s  
a t  var ious  d i s t a n c e s  from t h e  Earth may be i l l u s t r a t e d  by t h e  graphs appended 
a t  t h e  end o f  t h i s  s e c t i o n .  

Effect of I n i t i a l  E c c e n t r i c i t y  

A change i n  i n i t i a l  e c c e n t r i c i t y  has  a cons iderable  e f f e c t  on t h e  form 
of  p e r t u r b a t i o n s  o f  e c c e n t r i c i t y  and angular  d i s t a n c e  of t h e  pe r igee .  

T h i s  e f f e c t  on p e r i o d i c  d i s tu rbances  of  o r b i t a l  elements f o r  t h e  case  
of s a t e l l i t e  motion i n  a f i e l d  o f  model 6 i s  shown i n  F i g u r e s  61-68. The 
corresponding v a r i a n t s  o f  t h e  i n i t i a l  condi t ions  are given i n  Table 17. 

TABLE 17 ft 

i 1. i n i t i a l  Parameters 
~ 

1 A1 t i  t u d e  V a r i a n t  t I I I I )  t 

Number Qo i o  P O I h  eo a 0  

14 1 0 90” 0,1358.1 0”. 0 I000 €If38 
15 I 0 45O 11216 0,735 o I 38000 100 

Disturbances of  t h e  o r b i t a l  elements of  c i r c u l a r  s tael l i tes  dur ing  
motion i n  a f i e l d  of  model 6 a r e  shown i n  Figures  69-75. 
variants of i n i t i a l  condi t ions  a r e  given i n  T a b l e  18. 

The corresponding 

A t  l a r g e ,  eo, t h e  func t ion  be(u) i s  negat2ve and conparatLbely mono- 

t o n i c  i n  n a t u r e  (Fig. 6 2 ) .  

and shows t h r e e  c l e a r l y  pronounced half-waves over  t h e  draconic  pe r iod  [see 
Fig. 69) .  
i n  t h e  q u a n t i t y  16elmax. 

i c a l  f o c a l  parameters and e c c e n t r i c i t i e s  r e s p e c t i v e l y  equal t o  0.002677 and 
0 ,  t h e  q u a n t i t y  /&elmax is  equal t o  0.00149 and 0.00165. 

When eo = 0,  t h e  func t lon  6e(u) becomes p o s l t l v e ,  

A s  t h e  e c c e n t r i c i t y  decreases ,  t h e r e  is somewhat of  an i n c r e a s e  
For in s t ance ,  f o r  o r b i t s  wi th  a p p r o x h a t e l y  iden t -  

A v a r i a t i o n  i n  e c c e n t r i c i t y  has a s t i l l  more apprec iab le  e f f e c t  on t h e  
p e r i o d i c  p e r t u r b a t i o n s  of  t h e  l i n e  o f  aps ides .  
hav io r  of  t h e  func t ion  6w(u) f o r  an o r b i t  wi th  h igh  e c c e n t r i c i t y  l o s e s  i t s  
monotonic c h a s a c t e r  and becomes more and more o s c i l l a t o r y  i n  na tu re  (see F i g .  
633. This  e f f e c t  is  considerablv more n o t i c e a b l e  with an inc rease  i n  

The comparatively smooth be- 

~ ~ 

*Tr .  Note: Commas i n d i c a t e  d e c i m a l  p o i n t s .  
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TABLE 18 ;'' 

t 
I i n i t i a l  Parameters 

Y a r ?an t 
Number 

16 0 
17 0 
1s 0 
I9 0 
20 0 
21 0 
22 0 

90" 6(383,553 
90° 7363,553 
90" 9363,553 
45O 7363,553 
63O 26' 7363,553 
0 7363,553 
0 6996,087 

Note: The  change i n  6 w  and 6R f o r  v a r i a n t s  21 and 22 s h o u l d  b e  taken i n  t h e  
l imi t ing  sense (io + 0). 

i n c l i n a t i o n .  As e c c e n t r i c i t y  dec reases ,  t h e  o s c i l l a t o r y  n a t u r e  o f  t h e  func- 
t i o n  6w(u) becomes more pronounced, t h e  amplitude i n c r e a s i n g  u n t i l  f i n a l l y ,  
when e = 0 ,  t h e  l i n e  of aps ides  o f  p o l a r  o r b i t s  begins  t o  r o t a t e  a t  an 
average v e l o c i t y  2 .5  times as g r e a t  as t h e  rate o f  s a t e l l i t e  r e v o l u t i o n  ( see  
Fig. 7 u j .  The s i n u s o i d a l  (with a s l i g h t  s e c u l a r  d r i f t )  func t ion  6w(u) f o r  
e q u a t o r i a l  e l i p t i c a l  o r b i t s  is transformed t o  t h e  usua l  l i n e a r  func t ion  6w(u) 
f o r  c i r c u l a r  e q u a t o r i a l  o r b i t s  (see Fig. 70).  

0 

Natu ra l ly ,  t h e  desc r ibed  behavior  o f  t h e  r e l a t i o n s h i p  6w(u) g ives  an 
i n c r e a s e  i n  l 6 w l  

b i t s  , p e r t u r b a t i o n  I 6 w  lmax - < 2 . 5 ' .  For o r b i t s  wi th  moderate e c c e n t r i c i t i e s  

(eo = 0.0499, po = 6,996 km), p e r t u r b a t i o n  16wlmrx = 2O10'; f o r  o r b i t s  wi th  

e = 0.00376, po = 6,640 km, p e r t u r b a t i o n  1 6 w l m a x  = 34O.30.5'; f o r  c i r c u l a r  

o r b i t s ,  as w e  have seen ,  t h e  l i n e  o f  aps ides  gene ra l ly  beg ins  t o  r o t a t e .  

with a r educ t ion  i n  e .  For p a r a b o l i c  and hype rbo l i c  o r -  max 

/114 - 

0 

Per tu rba t ions  o f  t h e  line o f  nodes 6R(u) and i n c l i n a t i o n  6 i ( u )  change 
only s l i g h t l y  with a v a r i a t i o n  i n  e c c e n t r i c i t y .  A s  shown by Figures 64 and 
6 5 ,  t h e r e  is a r educ t ion  i n  t h e  o s c i l l a t o r y  behav io r  o f  p e r t u r b a t i o n s  i n  com- 
ponents o f  t h e  Laplace v e c t o r  Bq(u) and 6k(u) wi th  an inc rease  i n  e 0' 

An i n c r e a s e  i n  e c c e n t r i c i t y  l eads  t o  some smoothing o f  p e r t u r b a t i o n s  
o f  t h e  f o c a l  parameter 6p(u) and i n c l i n a t i o n  6 i ( u ) ,  changes t h e  form of  t h e  
func t ion  6 t ( u )  somewhat (Fig. 66 ) ,  and raises t h e  va lue  o f  1 6 t l  

m a X '  
. , , ' "  ! , ! . , .  ; . i  . . . . . .  ; . ;  . . . * .  . . ; . ; - .<'t . - - - -c---*--cC-.  . . . . . . . . . , . . . . . . . . . ~ .  / I  , i  . .  

;':Tr. Note: Commas i n d i c a t e  decimal p o i n t s .  
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V 

Fig .  68 

For i n s t a n c e ,  f o r  o r b i t s  with e c c e n t r i c i t i e s  0, 0.735 and 1.0,  t hese  /12U 
dis turbances  are equal t o  gS.68, -22SS.7 and -51,320' ( the  lat ter value at 
u = 170'); f o r  o r b i t s  w i th  i d e n t i c a l  va lues  o f  p 
bances come t o  -4'.04 and -SS.60. 

= 6,700 km, t h e s e  d i s t u r -  0 

A reduct ion  i n  e c c e n t r i c i t y  a l s o  leads t o  an i n c r e a s e  i n  d is turbances  
of  t h e  f o c a l  r ad ius  (Fig. 6 7 ) ,  which a r e  e s p e c i a l l y  n o t i c e a b l e  f o r  o r b i t s  
with eo 2 1. 

high e c c e n t r i c i t i e s  is due t o  t h e  f a c e  t h a t  t h e  va lues  of t h e  func t ions  t ( u )  
and r (u)  themselves are high i n  t h i s  case. 

The i n c r e a s e  i n  p e r t u r b a t i o n s  6 t ( u )  and 6r(u)  i n  o r b i t s  wi th  extremely 
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Not only is t h e r e  an i n c r e a s e  i n  the value of  t h e  p e r t u r b a t i o n 6 r ,  but 

as w e l l .  This  is shown i n  Table 19. 
max 

i n  t h e  r e l a t i v e  q u a n t i t y  

TABLE 19" 

I I 7378 1 11218 14730 18400 
0,000 0,0489 0,735 1,000 1,500 
Q, 88 - 225,70 51320,oo - s I LIl,, 

6r i I i - 1  m a r  I - 10,00237 I O,OQ477 1 0,0300 I 0,0573 

*T.r-.* Nob':' Cornha>' .ind i cate  d e c  i ma 1 poi nt s . 
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The p e r t u r b a t i o n  of t he  o r b i t a l  v e l o c i t y  l6Vl (Figures  68, 75) i s  max 

= 0.0499; i n  both cases, 

somewhat g r e a t e r  f o r  c i r c u l a r  than  f o r  e l l i p t i c a l  o r b i t s :  16Vlmax = 7.73 m/sec 

when e - 
Po - = 0;  16Vjmax = 7 . S  m/sec when e 0 0 

6,400 km. I n  gene ra l ,  however, 16VImax 5 12.2 m/sec i n  t h e  i n t e r v a l  

0 L e o  ( 0 . 7 3 5 ,  

A reduct ion  i n  e c c e n t r i c i t y  leads  t o  a cons iderable  i n c r e a s e  i n  t h e  
q u a s i s e c u l a r  p e r t u r b a t i o n s  o f  e c c e n t r i c i t y  and t h e  l i n e  o f  a p s i d e s .  The 
q u a s i s e c u l a r  p e r t u r b a t i o n s  of t he  l i n e  o f  apsides ,  a t  t h e  end o f  t h e  f i rs t  
r evo lu t ion  are shown i n  Table 20. 

TABLE 20n 

zn I 0,735 t 0,0499 t 0.00033Q 6 
i I .  I . - -  

6 w  t 8’36“ i 2 1 ‘ 42” 28’24 

TABLE Z l f i  

~~ ~~ ~ ~ ~ ~ ~~ 

I e0 P o ,  km 8 t S  ET, m 
0, I685 7785 -10,l I 5,760 
0,0489 6996 - 5,62 2,890 
0,00378 6639 - 0,234 
0,OO 1069 8354 - 3,45 - 
0,0003396 7361 - 3,88 
0,0000000 7400 - 3.85 0,022 

- 

This  governing p r i n c i p l e  i s  v i o l a t e d  on c i rcular  o r b i t s ,  f o r  which t h e  / 1 2 1  
s e c u l a r  p e r t u r b a t i o n  6 w  cannot be  determined because of the indeterminacy o f  
w a t  p o i n t s  2n~r (see Appendix V I ) .  Quas isecular  p e r t u r b a t i o n s  6 r  and 6 t  
(Table 21) decrease  wi th  a reduct ion  i n  e c c e n t r i c i t y ,  which i s  expla ined ,  as 
i n  t h e  case o f  p e r i o d i c  d is tuxbances ,  by a r educ t ion  i n  t h e  va lues  o f  t h e  
q u a n t i t i e s  6 r (u )  and 6 t ( u ) .  

Effect o f  t h e  Pos i t i on  o f  t h e  Per igee  (0 - < wo - < T )  

The p o s i t i o n  of t h e  p e r i g e e  has  i t s  s t r o n g e s t  effect  on p e r t u r b a t i o n s  
o f  t h e  e c c e n t r i c i t y  and t h e  l i n e  o f  aps ides  ( see  Figures  46, 4 7 ) .  As w is  

va r i ed  over  t h e  given i n t e r v a l ,  p e r i o d i c  p e r t u r b a t i o n s  6e change i n  t h e  f o u r t h  
0 

;’: T r .  Note: C o m m a s  i n d i c a t e  decimal p o i n t s .  
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decimal p l a c e  (when 0.0027 < eo < 0.11).  

60 become less o s c i l l a t b r y  and s h i f t  irrt;,9 t h e  upper ha l f -p l ane .  

As w i n c r e a s e s ,  p e r t u r b a t i o n s  i n  0 - - 

The e f f e c t  o f  t h e  q u a n t i t y  wo on d is turbances  of  t h e  l i n e  o f  erpstdes 

6w(u)  is  s t r o n g l y  dependent on i n c l i n a t i o n  and e c c e n t r i c i t y ,  i n c r e a s i n g  w i t h  
a reduct ion  i n  i and e 0'  0 

The p o s i t i o n  of  t h e  pe r igee  has almost no e f f e c t  on t h e  form of  per- 
i o d i c  d i s tu rbances  o f  t h e  remaining func t ions .  Pe r tu rba t ions  6p (w) and 
6i(w) are equal a t  t h e  ends o f  t h e  i n t e r v a l  [O,n/2] and have a shal low maxi- 
mum a t  t h e  p o i n t  w 

g r e a t e r  than 3"; Also shown 

t h e r e  is  t h e  reduct ion  i n  p e r i o d i c  p e r t u r b a t i o n s  6 t ,  6 r  and 6V (see Figures  
50, 51, 53) wi th  an i n c r e a s e  i n  t h e  angular  d i s t a n c e  of  t h e  pe r igee .  

= v/2 .  I n  t h i s  i n t e r v a l ,  t h e  change i n  I 6wImax is  no 0 
The v a r i a t i o n  i n  I6pImax i s  given i n  Table 22 .  

TABLE 22 f 

i ,, - 45O; eo - 0.0499 io -goo; eo - 0,002677 

la&.+ btlL.. l6&.. 1 6 P h  l&tli.x I W k ,  

. Po - 6996 km p* - 9 3 5 9 k m  

9.84 14.60 14.88 14.32 3.50 4.83 
9.90 14.42 15.00 15.29 3.48 4.78 
9.84 13.95 13.86 - - - , ( 

As t h e  q u a n t i t y  w passes  i n t o  t h e  second quadrant ,  t h e  p e r t u r b a t i o n  of 
0 

e c c e n t r i c i t y  6e(w) changes s i g n ,  while  d i s turbances  i n  t h e  angular  d i s t a n c e  
of t h e  pe r igee  6 w ( w )  and i n  t h e  time of motion s t ( @ )  a l t e r  t h e i r  va lues  
somewhat (e .  g . I 6 t  I max changes by about Os.9). 

6p(w), 6 Q ( w )  and 6i(w) are symmetric with r e spec t  t o  t h e  axis wo = n/2. 

Pe r tu rba t ions  o f  t h e  quantit ies 

Quas i secu la r  d i s turbances  of  a l l  func t ions ,  w i th  t h e  except ion of  6 t  
and 6 R ,  i nc rease  ( i n  absolu te  value) wi th  an i n c r e a s e  i n  w i n  t h e  i n t e r v a l  0 
C O , d 2 1 .  

A l l  t h  
ances 

* T r .  

Per tu rba t ion  6 t  i n  t h i s  case decreases ,  whi le  6R remains unchanged. /122 
.is is  shown i n  Table 23, where t h e  values  o f  t h e  q u a s i s e c u l a r  pe r tu rb -  
a t  t h e  end of  t h e  t e n t h  r evo lu t ion  are given. 

Note: Commas i n d i c a t e  decimal p o i n t s .  I 



TABLE 23 J; 

I I 

'I 0 0,0 1678 0,01B70 I u - l  3 I n -0.04SO -0.0582 0 ,  - -,- - - -  I I 

1 I -2026'11" i -2O28'48'' 1 -2"%? '55" 
6 w  

1 

. .c I 1 -56,18 1 -51,41 I -40,50 

I 2 -!46,48 1 -144,40 1 -139,70 SL" 

I I -9669 I -14963 - -  
282.3 

I 22547 

Note: T h e  numerai 1 i nd ica t e s  an o r b i t  w i t h  t h e  following parameters:  
i 

t h e  fol lowing parameters:  

= 90"; eo = 0.0499; po = 6,996 km. The numeral  2 i nd ica t e s  a n  o r b i t  w i t h  0 
i = 45"; eo = 0.0499; po = 6,996 km. 
0 

The a n a l y s i s  given above may b e  gene ra l i zed  i n  t h e  form of  t h e  graphs 
given i n  F igures  78-86 which show t h e  e f f e c t  o f  i n i t i a l  parameters  on p e r t u r -  
ba t ions  o f  o r b i t a l  elements f o r  s a t e l l i t e  motion i n  t h e  g r a v i t a t i o n a l  f i e l d  
of  a spheroid.  

59. Effec t  of O r b i t  Parameters on Disturbances of S a t e l l i t e  Motion due to 
Gravi ta t iona l  Anomalies 

Grav i t a t iona l  anomalies are taken as those  descr ibed  i n  55 and 57, 
a c t i n g  on a s a t e l l i t e  moving i n  t h e  f i e l d  of t h e  terrestr ia l  sphero id .  

The effect  of  i n i t i a l  condi t ions  on p e r i o d i c  and q u a s i s e c u l a r  p e r t u r -  
ba t ions  o f  o r b i t a l  elements due t o  g r a v i t a t i o n a l  anomalies is  shown i n  
Figures  87-94. The corresponding v a r i a n t s  o f  i n i t i a l  condi t ions  are given i n  
Table 24 .  

TABLE 24* 

I n i t i a l  Parameters 
Number 

24 

* T r .  Note: Commas i n d i c a t e  decimal p o i n t s .  
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/128 it .  Sec Effect of Inclination on 
8 M R  Periodic D i  sturbances 

tt.s i n c l i n a t i o n  is reduced 
from 90" t o  63.3O, pe r tu rba t ions  of 
t h e  f o c a l  parameter  from t h e  square 
o f  f l a t t e n i n g  i n c r e a s e  somewhat, 
and then decrease  as t h e  i n c l i n a -  
t i o n  i s  f u r t h e r  reduced. Disturb-  
ances of  t h e  f o c a l  parameter  6p 
due t o  asymmetry decrease  mono- 
t o n i c a l l y ,  whi le  p e r t u r b a t i o n s  
from t r i a x i a l i t y  and t h e  o v e r a l l  
effect  o f  anomalies i nc rease .  

- 2 .  

Fig. 93 
d2.r j 

can / _- - 

%a 

zc: 4 g g g  / '-/ 

100 ! range [0,.rr/21. 

- - I- 

i A change i n  i n c l i n a t i o n s  has  1 t h e  s t r o n g e s t  effect on per turba-  
i t i o n s  6p from t r i a x i a l i t y  (and 
a from t h e  sum t o t a l  o f  anomalies,  

' which t h e  i n c l i n a t i o n  change by i s  about v a r i e d  200 o v e r  meters the  as 

/ 

R -  z I 6 8 t o n  E c c e n t r i c i t y  pe r tu rb  a t i o n s  
from each o f  t h e  anomalies i n d i v i -  
dua l ly  i n c r e a s e  wi th  a reduct ion  

F i g .  94 i n  t h e  i n c l i n a t i o n .  Pe r tu rba t ions  
from t h e  sum t o t a l  o f  t h e  anomalies 
have a shal low minimum a t  i = 

= 63.4O. 
0 

A change i n  i n c l i n a t i o n  
has the  s t r o n g e s t  e f f e c t  on pe r tu rba t ions  o f  e c c e n t r i c i t y  from t r ' a x i a l i t y  and 
from t h e  sum t o t a l  o f  t h e  anomalies,  which do not  exceed 0.04*10- . /129 3 

Disturbances i n  t h e  motion o f  t h e  l i n e  of aps ides  decrease  with a re- 
duc t ion  i n  i n c l i n a t i o n  from 90° t o  63.4O. The g r e a t e s t  change r e s u l t s  from 
the  effect  o f  t h e  square o f  f l a t t e n i n g  and asymmetry, and reaches a va lue  of  
50" -35". 

Disturbances from g r a v i t a t i o n a l  anomalies i n  t h e  longi tude  o f  t h e  
ascending node i n c r e a s e  with a r educ t ion  i n  i n c l i n a t i o n .  Decreased i n c l i n a -  
t i o n  has  i ts  s t r o n g e s t  effect  on p e r t u r b a t i o n s  from the  sum t o t a l  o f  t h e  ano- 
malies (change i n  p e r t u r b a t i o n s  6 R  by about 13' .5).  

Pe r tu rba t ions  o f  o r b i t a l  i n c l i n a t i o n  due t o  anomalies have a maximum 
a t  i = 63.4O. 
a l l  anomalies are no t  equal  t o  zero,  b u t  reach an amplitude o f  1"-1.5". 

Disturbances i n  t h e  i n c l i n a t i o n  o f  e q u a t o r i a l  o r b i t s  from over- 0 

As t h e  i n c l i n a t i o n  dec reases ,  t h e r e  is  an i n c r e a s e  i n  p e r t u r b a t i o n s  o f  
t he  func t ion  6 t  due t o  t h e  square  o f  f l a t t e n i n g  and asymmetry. Pe r tu rba t ions  
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due t o  t r i a x i a l i t y  and t h e  sum t o t a l  o f  t h e  anomalies have a maximum a t  i = 

= 63.4O where t h e  value of  1 6 t l  i nc reases  by about OS.2. 
or i n  a l l  cases have a minimum at  i = 63.4O ( t h e  value of 16 r l  decreases  by 

about 500 meters ) .  The same th ing  a p p l i e s  t o  t h e  func t ion  A r .  However, t h e  
minimum i n  t h i s  case i s  n o t  so  pronounced f o r  p e r t u r b a t i o n  from a l l  anomalies, 
with t h e  except ion o f  p e r t u r b a t i o n s  from t r i a x i a l i t y .  In  t h e  l a t t e r  case, 
pe r tu rba t ions  A r  when i 

t h e  pronounced maximum of  t h e  func t ion  6 i  a t  an i n c l i n a t i o n  o f  63.4O. 

0 
Pe r tu rba t ions  Cir 

0 

= 0 are n o t  as g r e a t  as when i *  = 63.4O, i n  view of  0 0 

Effec t  of l n c l  ina t ion  o n  Quas isecular  Disturbances 

Quas isecular  d i s tu rbances  6p have a m a x i m u m  when i = i* = 63.4O i n  0 0 
a l l  cases except f o r  d i s turbances  from asymmetry, where d is turbances  o f  t he  
parameter i n c r e a s e  with a reduct ion  i n  i n c l i n a t i o n .  A t  t h e  same t i m e ,  pe r -  
t u r b a t i o n s  i n c r e a s e  f o r  e c c e n t r i c i t y  and t h e  longi tude  o f  t h e  ascending node. 
Pe r tu rba t ions  o f  t h e  l i n e  o f  apsides  have a minimum a t  i = i;, whi le  d i s -  

0 
turbances o f  t h e  i n c l i n a t i o n  from t r i a x i a l i t y  and o v e r a l l  anomalies show a 
maximum a t  t h e  same va lue  o f  i n c l i n a t i o n  (d is turbances  from t h e  square o f  
f l a t t e n i n g  and asymmetry are equal  t o  zero a t  a l l  i n c l i n a t i o n s ) .  

Pe r tu rba t ions  o f  t h e  func t ions  &t due t o  t h e  square  o f  f l a t t e n i n g  and 
asymmetry have a minimum a t  io = i;, whi le  d is turbances  from t r i a x i a l i t y  and 

o v e r a l l  anomalies have a m a x i m u m  a t  t h i s  same p o i n t .  The change i n  6t from 
these  anomalies may reach 3s with a change i n  i n c l i n a t i o n  over  t h e  i n t e r v a l  
[0 ,1~/2] .  The same t h i n g  a p p l i e s  t o  t h e  func t ion  fir, which may change by as 
much as 700 meters. The func t ion  A r  has  a minimum at  io = 63.4O. 

/130 

Ef fec t  of  Eccen t r i c i ty  on Pe r iod ic  Pe r tu rba t ions  

Pe r tu rba t ions  o f  t h e  f o c a l  parameter bp and e c c e n t r i c i t y  h e  due t o  
anomalies decrease  i n  a l l  cases wi th  a reduct ion  i n  e c c e n t r i c i t y .  The maximum 
change i n  I6p I 
as t h e  e c c e n t r i c i t y  is v a r i e d  over  t h e  range 0 5 e Pe r tu rba t ions  o f  

t h e  l i n e  of  aps ides  h a  i n c r e a s e  apprec iab ly  with a reduct ion  i n  e c c e n t r i c i t y ,  
p a r t i c u l a r l y  p e r t u r b a t i o n s  from t r i a x i a l i t y ,  asymmetry and o v e r a l l  anomalies 

Pe r tu rba t ions  i n  t h e  i n c l i n a t i o n  due t o  the square of  f l a t -  
t en ing  and asymmetry i n c r e a s e  w i t h  a reduct ion  i n  eccentriclty. 
o f  t h e  i n c l i n a t i o n  due t o  t r i a x i a l i t y  do not  change w i t h  a v a r i a t i o n  i n  
e c c e n t r i c i t y .  The effect  of  anomalies on p e r t u r b a t i o n s  i n  the longi tude  o f  
t h e  ascending node as w e l l  as i n  t h e  func t ion  6 t  and 6 r  decreases  wi th  a 
reduct ion  i n  e c c e n t r i c i t y  (by no more than O s . l  and 100 meters, r e spec t ive ly ,  
f o r  t h e  last two f u n c t i o n s ) .  

and / & e  1 reaches s e v e r a l  meters and 0.4.10-5, r e s p e c t i v e l y ,  

< 0.05. 0 -  

(by about 75"). 
Disturbances 
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Effec t  of Eccen t r i c i ty  o n  Quas isecular  Disturbances 

The e f f e c t  o f  anomalies on d i s tu rbances  i n  t h e  f o c a l  parameter ,  t h e  
l i n e  o f a p s i d e s  and e c c e n t r i c i t y  inc reases  wi th  a reduct ion  i n  e c c e n t r i c i t y .  
Pe r tu rba t ions  o f  t h e  inc l ina t , i on  due t o  t h e  square o f  f l a t t e n i n g  and tri- 
a x i a l i t y  i n c r e a s e ,  whi le  those  due t o  o v e r a l l  anomalies decrease .  Per turba-  
t i o n s  i n  t h e  l i n e  o f  nodes i n  t h e s e  cases behave inve r se ly .  

The i n c l i n a t i o n ,  longi tude  o f  t h e  ascending node and func t ion  6 t  do 
no t  undergo any q u a s i s e c u l a r  p e r t u r b a t i o n s  due t o  asymmetry o f  t h e  hemispheres. 
In  t h e  remaining cases, per tu . rba t ions  o f  6 t ,  j u s t  as p e r t u r b a t i o n s  o f  6 r ,  
increase with a r educ t ion  i n  e c c e n t r i c i t y .  

By the  end o f  t h e  t e n t h  r evo lu t ion ,  t h e  g r e a t e s t  changes ( f o r  0 L e < 
0 -  - < 0.05) i n  t h e  func t ions  6 t  and 6 r  are from t r i a x i a l i t y  and o v e r a l l  ano- 

mal ies .  
abso lu t e  va lue .  

These changes do no t  exceed 1' and 1,200 meters, r e s p e c t i v e l y ,  i n  

The e f f e c t  which the anguZar distance of the peKgee has on periodic 
disturbances due t o  g r a v i t a t i o n a l  anomalies shows up i n  a change i n  p e r t u r -  
ba t ions  of t h e  f o c a l  parameter  6p and r a d i u s  6 r  by about 300 meters as w e l l  
as i n  a change i n  p e r t u r b a t i o n s  o f  t i m e  6 t  by about OS.2. 

For qwrsisecu2a.r distmbances, t h i s  effect  shows up i n  a change i n  
pe r tu rba t ions  of  t h e  r ad ius  6 r  by about 50 meters, p e r t u r b a t i o n s  o f  t h e  t i m e  /131 
o f  motion 6 t  by about l S . 5 ,  and i n  a change i n  p e r t u r b a t i o n s  o f  t h e  longi tude  
o f  t h e  ascending node R and i n c l i n a t i o n  6 i  by about 9'' ( a l l  i n d i c a t e d  va lues  
are reached a t  the  end o f  t h e  t e n t h  r evo lu t ion ) .  

The effect  which i n c l i n a t i o n ,  e c c e n t r i c i t y  and t h e  angular  d i s t a n c e  of 
t h e  pe r igee  have on t h e  maximum ( i n  abso lu te  value)  p e r i o d i c  d i s tu rbances  is  
shown i n  Tables 25, 26 and 27, r e s p e c t i v e l y ,  whi le  t h e  effect  o f  t h e s e  ele- 
ments on q u a s i s e c u l a r  p e r t u r b a t i o n s  i s  shown i n  Tables  28, 29 and 30. 

The numerals I ,  11, 111 and I V  i n  Table 25 des igna te  o r b i t s  having 
t h e  fol lowing i n i t i a l  parameters : 

The r e s u l t  of comparison o f  t h e  p e r t u r b a t i o n s  of o r b i t s  1-11 and 111- /132 
I V  c h a r a c t e r i z e s  t h e  effect which changes i n  i n c l i n a t i o n  have on p e r t u r b a t i o n s  
i n  e l l i p t i c a l  and c i rcular  o r b i t s  due t o  anomalies.  
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TABLE 25 * 

- 0,371 8 " 12" I - losol Y" V,"" 

a ,n 1111 I 23,5 1 0,241 42'14" ilr81' [2".75 10,004 1 12,3 I 85 
I V  3,201 0,671 20" 18" (0",25 10,04 1 48 (323 ' 0  - w  

Perturbations from triaxiality 
P .  = n ns; I 220 I 6,5 11'30" I - I - p,24 ISSO 1 - 

I 111250 I 6,7 I 1'10'' IS"*5 13" D,42 1530 - "0 V,"" 

o - n  1246 I €43 172"7'10'13':75 13" b,33 1473 1354 
'O - I V  409 1103 184°5'15'17';5 1r.m b,22 I957 (284 

Perturbations from asymmetry 

P- - n nz I 4 7  I O  125'' 1 - 1  - 1 -  1 4 5 1 -  
'U -","a1 I 1 1  23 I 0,301 15" I 1",8 I 0 I0,OOQ I - -  
P - n  } I 1 1 1  19 I 0,271 74O7' 1 18:511 2':75/ 0,00781 B,4 44 

I \  10,s I 0,301 14O5' I 9" I0',8310,04 I 23 I263 ' 0  - u 

Perturbations from the sum total of the anomalies 

I 230 7,s 1'26" 
eo =O,05 11  .270 7,0 1'17" 

Irr 2-33 6,s 82O7'26'' i".86 3" 0,33 473 300 
I V  420 8,Q SS"00'34" 1r.5 1','22 0.30 so8 803 eo = o  

I 
I1 

I 
11 

I' 
I1 

I 
II 

TABLE 26" 

spi, 4lse\-m41 l s w \  I lsal 1 (si1 I [titiS fler[, 

30 10,"718* 12. IO 1 0 , O l O I  - I - 
23.5 0.024 42'14' 1-,81 2",5 0,004 12,3 65 

0,167 1'10" 9'\5 3" 0.42 630 - 

Perturbations from the square of flattenins 

Perturbations from triaxiality 

246 2 5 0 1  0,- I 72O7'10" I 3*,75 I 3" I 0.33 I 473 I 354 
Perturbations from asymmetry 

24 10,030~1Ei" Il",S 10 10.0081 - 1 - 
19 0.027 74O1 l",Sl r . 7 5  0,008 Q,4 44 

17' 1" (dS420/SSO I - , 
261 IO,."" Il'lT 
253 0,85 82Of26"' 1",86 3" 0,332 473 300 

perturbations from the sum total of the anomalies 

Note: Commas indicate decimal points. 



The numeral I i n  Table 26 des igna te s  an o r b i t  with parameters  
eo = 0.05,  oo = 0, Po = 6,996 km, io = 63.3O, whi le  t he  numeral I1 i n d i c a t e s  

parameters e = 0, Po = 7,400 km, io = 63.3O. 0 

A comparison of v a r i a n t s  I and I1 shows t h e  effect  which a change i n  
e c c e n t r i c i t y  has  on d i s tu rbance  due t o  g r a v i t a t i o n a l  anomalies.  

TABLE 27* 

0.28 e20 
0,43 600 
O , I 8  750 
0.30 450 

Given i n  Table 27 a r e  p e r t u r b a t i o n s  i n  t h e  o r b i t a l  parameters  from t h e  
sum t o t a l  o f  t h e  anomalies.  The numerals I ,  I1 and 111 des igna te  o r b i t s  
with parameters :  

, I - eo =O,Os; w 0  = 0; po = 8008 
- eo = 0 , o ~ ;  wo = 90O; po = 6!%8:h; 

Iz1 - eo = 0,05; wo = 45O; Po =89Q3 h; 

The r e s u l t  o f  comparj-son shows the e f f e c t  which a change i n  the angular  
d i s t a n c e  o f  the peri 'gee has on p e r t u r b a t i o n  from g r a v i t a t i o n a l  anomalies a t  
var ious  i n c l i n a t i o n s  o f  t h e  o r b i t .  

- / I 3 5  

In  Tables  28 and 29 ,  t h e  d is turbances  of  e l l i p t i c a l  o r b i t s  are con- 
s ide red  over  a p e r i o d  o f  10 r evo lu t ions ,  whi le  those  of c i r c u l a r  o r b i t s  are 
considered over  5 r evo lu t ions .  The maximum abso lu te  values  of t h e  pe r tu rba -  
t i o n s  are i n d i c a t e d  i n  a l l  cases .  

The numerals I ,  11, I11 and I V  i n  Table 2 8  des igna te s  o r b i t s  with the  
fol lowing parameters  : 

I - i o = 8 0 ° ;  w o  =o; po = 6 g w  
II - i o  = 63O,4; w o  =o; po = SQW 

111 - io  = 63O,4; po = 7400 h; 
IP - i o = i o o ;  Po =7400 bl; 

*Tr .  Note: Commas i n d i c a t e  decimal p o i n t s .  
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e, =0,05 

e, - 0  

e, -0,05 

e, -0 

t o  -0.05 

e0 -0 

e, -am 
eo - 0  

-- - 28" 21" - c 
- - 11 

I11 0,0093 0,33'*10-4 - Q",5 0 . 0.021 0,0093 310 
IV 0.0060 0,86-10-3 - 46" 0 0,430 0,3400 1616 

I Per turba t ions  f r o m  t r i a x i a l  i t y  -- - 28" - - 2,058 180,77 

111 808 0,075 - 4' 2T.5. 3,23 1355 ,On 
I V  71 0,lS 

I -  { 144 
I1 274 0,073 2042r 21"- 2,36 200,00 

- 8" 3:17 0,36 1340,OO 300 

I Pe r turba t  ions from asymmetry 
8" - - - 1 551,000 - -  - - I 

I1 - -- - - - 0,154.10-3 1" 0 
0,930 3 

10 
I11 0,0073 0,97-10-4 0 0 0,OO - 
I V  0.4120 0,00278 0 0 0,Ol 165,000 - 

Per turba t ions  from t h e  sum t o t a l  of t h e  anomalies 

8-3 11" -- 
0,0748 263 
0,142, 1881 

Comparison by p a i r s  of t he  d is turbances  of o r b i t s  I and 11, and a l s o  
those of o r b i t s  I11 and I V  shows t h e  e f f e c t  which i n c l i n a t i o n  has on quas i -  
s e c u l a r  pe r tu rba t ions  from anomalies f o r  e l l i p t i c a l  and c i r c u l a r  o r b i t s ,  
r e spec t ive ly .  

The numerals I and I1 i n  Table 29 des igna te  o r b i t s  wi th  the  following 
pa rame te r s :  ~ __ - _ _ _ _ _ _  - 

I - eo=0,05; "0 =o; po i 69Qf3w l o  =83q4; 

A comparison of t h e s e  d a t a  revea ls  t he  e f f e c t  of e c c e n t r i c i t y  on the  
~i - eo = 0; po = 7400 i o  = 3 3 O , 4 .  

I 

I , quas i secu la r  d i s turbances  from g r a v i t a t i o n a l  anomalies. 

I Table 30 summarizes t h e  d is turbances  of  t h e  o r b i t a l  parameters from t h e  
1 sum t o t a l  o f  t he  anomalies. The numerals I ,  11, and I11 denote o r b i t s  with 
1 t h e  fol lowing parameters : 

I - eo -0,05; W c  =o; Po = 0896 h; 
11 - eo =0,05; w 0  =GOo; Po =883R h; 

IIi - eo = 0,05; w0 =4S'; po = 6998h; I 
I 

A comparison of these  pe r tu rba t lons  shows how a change i n  the  angular  
d i s t ance  of t h e  per igee  a f f e c t s  pe r tu rba t ions  from anomalies a t  var ious i n -  
c l i n a t i o n s  of t h e  o r b i t .  

)_-_-I-- * T r  Note: _- Commas ~ i n d i c a t e  __-- decimal p o i n t s .  - 
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TABLE 29* 

I 

l V l r m  I lsef- lo4 I 16~11 18I2/( ]6ijl 16 t lS  I 
- - '28" 21" - 

I&rl,m IAT, m 
Per turba t ions  from t h e  square of f l a t t e n i n g  

TABLE 30* 

i 
11 

ir I 

I 
II 

Per turha t ions  from t r i a x i a l i t y  
20" 21" 21" 2,38 200 

0,75 1 - 14- /28'/3,23 1 1355 1144 

0 0015 - 1 -  

274 
246 

Per turba t ions  from asymmetry 
- 1  

oaw7310:om2 1 1: I 0 I 0 1 0,939 I 3 

Per turba t ions  from t h e  sum t o t a l  of t h e  anomalies 
8y3 11" 21" 2,46 l B 9  1 - ~7",Bi25*'/3.21 1 1355 0,75 Oa7' 

274 
246 

910. Effec t  of Orbi t  Parame 
F i e l d  of a Tr iax ia l  E l  

io  =goo 

A change i n  the  p o s i t  

1 -  - 48' 0" 0 2,340'  885 885 

1899.8 0,32400 3'35" 18" 8" 0,395 732 315 
If 183,7 0,05118 7'30" 2" 44" l ,g47 812 - 

e r s  o n  Disturbances of Sate1 1 i te.Motion i n  the 
i p s o i d  

i o  =45O i r I l  

on of  the  l i n e  o f  nodes has  the  s t ronges t  e f f e c t  
on t h e  amplitude and form of pe r iod ic  dis turbances i n  the  f i e l d  o f  a t r i a x i a l  
e l l i p s o i d  (see Figures 95-1015 and Table 31). 

609,3 0,32000 3'34" B" 14? 1,858 772 - 

The na ture  o f  funct ions 6p, &e, 6 t ,  d r  and 60 changes comparatively 
l i t t l e .  As t h e  longi tude R o f  t h e  ascending node inc reases ,  t he re  is  some- 
what  o f  an increase  i n  the  absolu te  value o f  t he  first f o u r  func t ions ,  and a 
more appreciable  increase  i n  6w. The change i n  pe r tu rba t ions  o f  t h e  para-  
meters o f  motion with a change i n  the  longi tude of  the  ascending node over - - 

* T r .  Note: Commas i n d i c a t e  decimal po in t s .  
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TABLE 31;k 

Yariant I I n i t i a l  Parameters 
? 

Number "0 i o  1 Polkm eo 00 uol hA,km ' h[l,km 
trl o ooo 6988 0,0489 0 0 1000 300 
lr, 45O 80° 8898 0,0489 0 0 1030 300 
1 r 2  80° QOo 6986 0,0488 0 0 1000 300 

t he  range 0 R o  5 r / 2  i s  l imi t ed  t o  t h e  va lues :  16 PI,,, 2 0 . 7  km; )6e lmax - < 

< 2 4 I . 5  ( the  last i n e q u a l i t y  i s  w r i t t e n  f o r  e = 0.004; 

it inc reases  with a reduct ion  i n  e and i ) ;  1 6 i l  218" ;  16521 2 6 " ;  l 6 t l  L 
0 - < o . l l - l o - ?  ( 6 W l m a x  - 

0 0 
82; ISrIZ 0.95. 

The na tu re  o f  pe r tu rba t ions  i n  t h e  i n c l i n a t i o n  of  t h e  o r b i t  and i n  the  
tude  o f  t h e  ascending node is  most s t rong ly  a f f e c t e d  by a change i n  no. 
Figures  95 and 96) .  

Shown i n  Figures  99-101 are the  maximum dis turbances  i n  the  parameters 
p o l a r  o r b i t  as a func t ion  o f  t h e  longi tude  of  t h e  ascending node. The 

per i .odic  pe r tu rba t ions  i n  t h e  i n c l i n a t i o n  o f  a p o l a r  o r b i t  during motion i n  
t h e  f i e l d  of  an e l l i p s o i d  may be  c lose  t o  zero a t  some R O  

The e f f e c t  which t h e  i n i t i a l  o r b i t a l  parameters have on p e r i o d i c  d i s -  
turbances of  t h e  elements a t  var ious  va lues  o f  520 is  shown i n  T a b l e  32, where 
t h e  f i g u r e s  r ep resen t  t h e  g r e a t e s t  change i n  d is turbances  o f  t h e  corresponding 
parameter as no is va r i ed  over  t h e  i n t e r v a l  [O,n/2]. 

The numerals I ,  11, I11 and I V  i n  T a b l e  32 des igna te  o r b i t s  having t h e  
fol lowing parameters : 

I - i o  = d 2 ;  po = 6996km e,  -0,0489; oo = 0; 
I1 - io  = 7~12; po = 8988 km;eo = 0,0499; wo ==rc/2; 

111 - fo  =7~/4; po = 6896 h ; e 0  =0,0499; W O  *O; 
IV - io =n/4; PO 6638 lun;eo =0,003785;wo-0. 

0 As may be seen from Table 32, a change i n  parameters w o ,  eo and i 

mainly affects t h e  r e l a t i o n s h i p  between t h e  longi tude  of  t h e  ascending node 
and pe r tu rba t ions  o f  t h e  func t ion  6w, and i n  p a r t  d e .  
l y  small f o r  func t ions  A r  and 6 t  ( p a r t i c u l a r l y  f o r  p o l a r  o r b i t s ) .  Thus, f o r  
t h e  change ind ica t ed  i n  Table 32 f o r  parameters  wo, eo, io and Go, short-per iod 

This effect is extreme- 

* T r .  Note: Commas 
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TABLE 32' 

I1 
0,423 

0,018 

4' 17" 
- 
- 

0,750 

0,782 

III I I V  
0.44 8 

0, I14 

18'33" 

4" 

1" 
- 
- 

0,420 

0,150 

24'33" 

0 

0 

0,780 

0,800 

d i s tu rban  

Os . O S ,  r e s p e c t i v e l y .  

; A r m =  and /&timax w i l l  d i f f e r  by no more than  300 meters and 

Quas i secu la r  d i s turbances  o f  t h e  elements Ep, Ee, 6 i  and 6R (which 
undergo d i u r n a l  long-period o s c i l l a t i o n s ,  as was poin ted  out  i n  S S )  are 
symmetric with r e spec t  t o  t h e  h o r i z o n t a l  a x i s  ( t h e  axis  o f  t he  number of rev- 
o l u t i o n s  o f  t h e  s a t e l l i t e  n) wi th  a v a r i a t i o n  i n  Q o  over  t h e  i n t e r v a l  [0,77/2]. 
K i t h i n  t h i s  i n t e r v a l ,  t h e  maximum values  o f  t he  q u a n t i t i e s  1 6 ~ 1 ,  16e l  and 
) 6 i [  are lower, and t h a t  of' l6Ql i s  h ighe r ,  than a t  t he  ends of  the  i n t e r v a l .  
For t h e  given change i n  R , t h e  m a x i m u m  changes i n  arameters do not  exceed 
t h e  fol lowing va lues :  16pl 
- < 22"; l6il 2 ' ;  l 6 t l  3r.35 ( t h e  l a s t i n e q u a l i t y  i s  w r i t t e n  f o r  an eccen- 

t r i c i t y  e = 0.003765; t h e  given value of  6 t  is  a t t a i n e d  a t  t he  end of  t h e  

t e n t h  r e v o l u t i o n ) .  

730 m;  l 6 e l  < 0.16*10-'; l 6 w l  L 5 I . 2 ;  16Q( < 

0 

Thus t h e  maximum p o s s i b l e  o v e r a l l  (quas i secu la r  and p e r i o d i c )  devia-  
t i o n s  o f  t h e  elements o f  t h e  o r b i t  with a v a r i a t i o n  i n  the  longi tude  of  the  
ascending node i n  the  f i e l d  of a t r i a x i a l  e l l i p s o i d  do not exceed tfle fo l lox -  
i ng  values:  l6pl < 1.5  km; I r je(  - < 0.27-10-3; ( 6 w (  5 30'; ( 6 9 1  128"; [Si1 5 
- < 2 r . 3 ;  1 6 t [  < 4':3 ( t h e  l a s t  va lue  i s  a t t a i n e d  a t  t h e  end of  t h e  t en th  revo- 
l u t i o n ,  as was poin ted  out  above);  ( 6 r l  5 1.5 km. 

Shown i n  Table 33 i s  t h e  effect  o f  o r b i t a l  p a r m e t e r s  on t h e  r e l a t i o n -  
s h i p  between q u a s i s e c u l a r  p e r t u r b a t i o n s  of t h e  dements and v a r i a t i c n  of  t h e  
longi tude  o f  t h e  ascending node i n  the  f i e l d  o f  a t r i a x i a l  e l l i p s o i d .  

* T r .  Note: Commas i n d i c a t e  decimal p o i n t s .  
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TABLE 33 * 

I Ir r r r  I V  

f sel - io 0,102 o,c95 0,57 0, I5 
ISPI, h3 0,673 1,147 0,420 0,428 

3'20" 5'22" 50" 5' t4" 

0, Q 3,37 4,o 3,45 

1 3" 28" 5' 8 " 
28" 10" 40" 1'42'' 

0,163 1,880 0,500 0,540 

I 
j s 
I6rls km 

The numerals I ,  11, I11 and I V  i n  Table 33 designate o r b i t s  with the  
following parameters : 

I - i o  = d 4 ;  pa = 8996 b : e 0  -,0,0499; wo = 0; * 
I1 - i o  =n;/4; po = 6998 kmeo = 0,0499; w0 =n/4;  

111 - i o  =7c/2; po = Ba98 h ; e o  = 0,0499; wo = 0; 
IV - io = z/2; po = 6639 km;eo = 0,003765; o0 = 0. 

As may be seen, t he  pos i t i on  of t he  perigee,  i n c l i n a t i o n  of the  o r b i t  
and amount of e c c e n t r i c i t y  have a s t rong  e f f e c t  on the  r e l a t ionsh ip  between 
R o  and per turba t ions  of  t h e  l i n e  o f  apsides 6w. The pos i t i on  of  t h e  perigee,  
i n  addi t ion ,  has a s t rong  e f f e c t  on per turba t ions  o f  t he  functions 6 t  and 6 r ,  
and o r b i t a l  i n c l i n a t i o n  has a s t rong  e f f e c t  on per turba t ion  o f  t he  function 
6 t .  

A change in the incZination of the orbi t  does not b a s i c a l l y  change t h e  
The r e s u l t -  na ture  of  t h e  per turba t ions  of parameters f o r  e l l i p t i c a l  motion. 

an t  d i f fe rence  i n  the  amplitudes o f  t he  disturbances is  l imi ted  t o  the  f o l -  
lowing f igures  ( fo r  a range of  v a r i a t i o n  i n  i n c l i n a t i o n  45O 5 i 
16pl - < 150 m; l6e l  ~ 0 . 6 = 1 0 - ~ ;  l 6 w l  - < 50";  l 6 Q l  - < 5"; 

1 6 r l  - < 0.5 km. 

< goo): 0 -  
- < 17"; I 6 t l <  - OS.5; 

As was pointed out  above, long-period per turba t ions  due t o  d iu rna l  ro- 
t a t i o n  o f  the  Earth show up i n  quas isecular  disturbances of  a number o f  para- 
meters. As t h e  i n c l i n a t i o n  i s  reduced, t he  amplitude of  o s c i l l a t i o n s  of t h i s  
type i n  t h e  foca l  parameter increases1, w h i l e  t h e  amplitude o f  o s c i l l a t i o n s  
i n  t h e  i n c l i n a t i o n  decreases. The amplitude o f  long-period o s c i l l a t i o n s  ,of 
t he  functions 6 e  and 6r and quas isecular  per turba t ions  o f  t he  l i n e  of  apsides 
have a maximum a t  i = 63.4". 0 

I n  t h e  f i e l d  of a t r iaxial  e l l i p s o i d ,  t h e  d iu rna l  motion of  t h e  Earth has a 
g r e a t e r  e f f e c t  on long-period disturbances of  t h e  foca l  parameter than motion 
of  t h e  l i n e  of  'apsides. 
per turba t ions  with a change i n  i n c l i n a t i o n  i n  t h e  given case is  not t he  same 
as i n  t h e  f i e l d  o f  a spheroid. 
* Commas i n d i c a t e  decimal po in ts .  

/142 

Therefore, t h e  na ture  of  t he  change i n  long-period 
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The e f f e c t  02 i n c l i n a t i o n  on short-per iod per turba t ions  of some para-  
meters is  shown i n  Table 34 .  

TABLE 34* 

si min 

:Mode 1 I nc l  i n a t i  o n  

io = 90" i0=63O,4 io = . 4 5 O  

6 -18,71 -15,76 -9,84 
E -19,83 -16,03 -10,lO 
€5 -19,12 -14,48 -Q,06 

eo =0,0489 

e ,  =O,OOOo - -14.73 - 
Ei -0,091 10 -0.1280 -0,1820 

-0,09938 -0,1348 -0,1875 E 
0, I7380 0,1161 0,1646 

e o  =0,0499 

n. 1912 - " - -- - -  
Ei 2O9'53'' lO22'38'' 10'12" 

2O9'7" lo22'21'' 9 '55" 
E 0 -13' 12" -20'51" 
E 1 33 -13'19" -20'54" 
E 0 -11'56" -1 8'50" 

eo=0,04B9 E 

G o  -0,0499 

e,-0,0000 - -1 1 *EL?** - - - A I  ClCl 

6 0 -2'17~ 1) -2'25"- 
~ , = = O , O ~ S Q  E 2-, 9 -2'00'~ 11 -2'27" 

Ei 0 -1 '42" -2 ' 7  ,. 
eo -0,0000 E - - I ' 44" - 

6 -5,6 -9,20 . -14,?0 
-8'05 -9,8 8 -14,74 e , = a , w w  E 

e, -0,0000 E -3,s -7,74 - I 
" E - -7,B8 - 

e ,  -0,0499 E 
5 -6,80 -8,49 - I 

e, -0,0000 E 

6 -9,27 -I0,96 -14,78 
-9,75 -1 1,50 -14,57 

< 

- - I -8,94 - I 
n,nnI 6 I 8,27 1 25,263 I 40,126 

1 35 .w7 I - E l  9,27 I '-.,"L. 

e = o , ~ - ~ ~  

e = 0,0000 
Ei - I 25.56 
E 

I 
- 

I 

The letters 6 and E correspond t o  the  two models of  the  g rav i t a t iona l  
f i e l d  descr ibed i n  56. 

A change i n  e c c e n t r i c i t y  during motion i n  the  f i e l d  o f  a tr iaxial  el-  
l i p s o i d  has the same e f f e c t  on pe r iod ic  and quas isecular  dis turbances as 
during motion i n  a spheroidal  f i e l d .  
apsides  6w undergoes t h e  s t ronges t  change (an increase)  with a reduct ion i n  

0 

Per iodic  per turba t ion  of  the  l i n e  of  

i = 54O44'. *Tr. Note: Commas i n d i c a t e  decimal po in t s .  
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e c c e n t r i c i t y .  For a change i n  e c c e n t r i c i t y  t o  0.003, t h e  d i f f e r e n c e  i n  pe r -  
t u rba t ion  } S w }  (as compared wi th  p e r t u r b a t i o n s  i n  a sphe ro ida l  f i e l d )  does 
not  exceed 1". Pe r tu rba t ions  of  the  remaining arameters i n  t h i s  case are 
l imi t ed  t o  t he  fol lowing values:  l6pl < 300 m; 76el < 0.7-10-4; 16tl .< OS.25; 
l d r l  < 600 m. 
q u a n t i t i e s :  16p} < 200 m; l 6 e l  < 0.1*10-3;  lSwl < 3I.6; l 6 t l  < 2'.5; l 6 r l  < 
I < 750 m; ldnl - < 3"; l 6 i l  - < 1'. 

Quas i secu la r  d i s turbances  i n  t h i s  casF do not  exceed tKe 
- - - - - 
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If. . .It is frequentZy very rigor- 
ously pmved that a solution for some 
probZem e ~ k t s ,  and it is theoreticaZZy 
established that t h i s  8 0 z U t i O n  m y  be 
found with any degree o f  accuracy, and 
mch Zess attention is paid b the 
cr i t ica l  p a r t  of the mat-ter, < . e .  t o  
actually finding the 80Zuti0n~~. 

I!. . .It is not the oomputationaZ 
process, but the result ,  which is 
usuaZly of interest  in appZications; 
it is for  t h i s  reason that an attempt 
is made t o  obtain th i s  result  with 
suf f ic ient  accuracy and wi th  the mini- 
mum expenditure of time and labor". 
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A .  N. KryZov 

Chapter Three 

APPROXIMATE METHODS FOR DESCRIBING DISTURBED MOTION 
OF AN A R T I F I C I A L  EARTH S A T E L L I T E  

The system o f  d i f f e r e n t i a l  equat ions f o r  d i s turbed  motion (0.2) cannot 
be in t eg ra t ed  i n  c losed form. However, t he re  are various methods f o r  f ind ing  
approximate so lu t ions  which descr ibe  t h e  motion of  a s a t e l l i t e  i n  an e c c e n t r i c  
g r a v i t a t i o n a l  f i e l d .  
known. However, some of  them, although they may be used f o r  a n a l y t i c a l l y  
studying the  na ture  of  dis turbances and the re fo re  have a c e r t a i n  p r a c t i c a l  
value,  have no t  come i n t o  ex tens ive  p r a c t i c a l  use because of  t h e  l imi t a t ions  
placed on the  poss ib l e  values o f  t h e  i n i t i a l  parameters.  
methods such as t h a t  descr ibed by V.  F. Proskurin and Yu. V.  Batrakov [52,53]. 

first power o f  f l a t t e n i n g  a lone) ,  they used a well-known method of c e l e s t i a l  
mechanics t o  expand the  d i s tu rb ing  funct ion i n  a series with respec t  t o  powers 
of  e c c e n t r i c i t y  ( the  c o e f f i c i e n t s  i n  t h i s  case are funct ions of t he  i n i t i a l  
i n c l i n a t i o n )  and obtained so lu t ions  of  t h e  Lagrange equations [l ,  21 with 
respec t  t o  parameters a ,  e,  i ,  62, IT = 62 + wgand E (E is  the mean longitude i n  
t h e  per iod;  (see [1,  2 ,  31) i n  t he  form o f  sums of  t r igonometr ic  funct ions 
which a r e  mul t ip les  o f  the  mean anomaly M. These so lu t ions  cannot be used 
f o r  low values of e c c e n t r i c i t y  and c i r c u l a r  o r b i t s  because o f  t he  se l ec t ed  
system of  parameters,  nor  f o r  high values  o f  e c c e n t r i c i t y  because of t he  
l imi ted  range of convergence of t h e  expansions ( i n  which terms t o  e4 

Quite a f e w  of these  approximate methods are p resen t ly  

These include 

/146 Considering t h e  g r a v i t a t i o n a l  p o t e n t i a l  of a spheroid (with regard t o  the - 
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i nc lus ive  are r e t a ined ) .  

The method o f  represent ing  d is turbed  motion developed i n  the  United 
S t a t e s  by J .  Kozai [54 ,  551 i s  a l s o  inappl icable  t o  near ly  c i r c u l a r  and 
c i r c u l a r  sa te l l i tes  and i n  t he  neighborhood o f  t h e  so-ca l led  " c r i t i c a l  i n c l i -  
nation" i 

0 ri thms o f  non-Soviet authors [56, 591. Limitat ions with respec t  t o  eccen t r i -  
c i t y  and i n c l i n a t i o n  impose considerable  r e s t r i c t i o n s  on t h e  use of  these  
methods when w e  r e c a l l  t h a t  c i r c u l a r  and near ly  c i r c u l a r  o r b i t s  a r e  extremely 
des i r ab le  f o r  many research purposes and f o r  a number o f  technica l  problems, 
and the  value io = 63.4O l i e s  wi th in  the  range o f  i n c l i n a t i o n s  f requent ly  

used i n  p r a c t i c e  (remember, t he  o r b i t a l  planes of  many Soviet  s a t e l l i t e s  and 
space vehic les  have roughly t h i s  same i n c l i n a t i o n ) .  

= 63.4O.l This last  r e s t i i c t i o n  a l s o  appl ies  t o  two o the r  algo- 

This chapter  br ings  toge ther  s eve ra l  algorithms which are free o f  the  
given l imi t a t ions .  
l e m  and may be used f o r  d i r e c t  ca l cu la t ions  o f  d i s turbed  satel l i te  motion. 
Presenta t ion  does not  necessa r i ly  include d e t a i l e d  exposi t ion o f  t he  method 
o f  der iv ing  t h e  computational formulas, r e p e t i t i o n  o f  t he  ca l cu la t ions  
required,  e t c .  

They reflect var ious approaches t o  s o l u t i o n  o f  t h e  prob- 

I n t h o s e c a s e s  where a l l  t h i s  i s  a l ready  ava i l ab le  i n  works publ ished by 
the  au thors ,  t h e  ensuing sec t ions  pursue only t h e  main goal--exposit ion of  
the  algorithms i n  a form s u i t a b l e  f o r  immediate p r a c t i c a l  appl ica t ion ;  here  
w e  have l imi t ed  ourselves  merely t o  a b r i e f  desc r ip t ion  of t h e  method which 
t h e  author  has created.  
u t i l i z a t i o n  were the  p r i n c i p a l  c r i t e r i a  f o r  s e l e c t i n g  the  algorithms ou t l ined  
below from among many o thers2 .  

- /147 

The f e a s i b i l i t y  and convenience of d i r e c t  p r a c t i c a l  

Since each o f  the given methods has i t s  own advantages and disadvantages 
and may obviously have optimum app l i ca t ion  only f o r  c e r t a i n  d e f i n i t e  purposes,  
the  last s e c t i o n  contains  a b r i e f  comparative ana lys i s  based c h i e f l y  on t h e  
r e s u l t s  o f  ca l cu la t ions  c a r r i e d  out  by d i g i t a l  computer. 

The s p e c i f i c  na ture  o f  t h i s  i n c l i n a t i o n  b o i l s  down t o  the  f a c t  t h a t  t he re  
are no s e c u l a r  terms i n  t h e  motion of  t h e  l i n e  of apsides  f o r  o r b i t s  with 
i& = 63.4O. The d i f f i c u l t i e s  involved i n  descr ib ing  motion i n  these  cases 
( j u s t  as i n  the  case o f  low e c c e n t r i c i t i e s )  are due only t o  t h e  form o f  t h e  
desc r ip t ion  and have nothing whatsoever t o  do with any defec t s  i n  t h e  motion 
i t s e l f .  

As a s p e c i f i c  ins tance ,  w e  do no t  t a k e  up the  method developed by L. M. 
Lakhtin [60] even though i t  gives a f a i r l y  graphic  geometric desc r ip t ion  o f  
sa te l l i te  motion. 
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111. Use o f  t h e  Small Parameter Method For Solving Equations o f  Disturbed 
Sate1 1 i te Motion 

In cases where s a t e l l i t e  motion i s  being considered over a compara- 
t i v e l y  s h o r t  time i n t e r v a l  (about 24 hours ) ,  with the  per igee  of  i ts  o r b i t  
located a t  an a l t i t u d e  o f  about 300 km and i ts  apogee a t  an a l t i t u d e  of  less 
than s i x  Earth r a d i i ,  and the  allowable e r r o r  i n  pos i t i on  (coordinates) i s  
a f e w  km, f i r s t - o r d e r  po la r  oblateness  o f  the  Earth i s  the  only d i s tu rb ing  
f a c t o r  which needs t o  be considered on t h e  b a s i s  of  t he  r e s u l t s  o f  t h e  f irst  
and second chapters .  In  o the r  words, model 6 may be  taken as t h e  model of  
the  g r a v i t a t i o n a l  f i e l d  (§5) ,  disregarding the  e f f e c t  of  a l l  remaining 
f a c t o r s  ( §  1) . 

In  t h i s  case,  t he re  a r e  a number o f  advantage: t o  the  descr ip t ion  of 
motion i n  terms of oscula t ing  elements. One of  these  advantages l i e s  i n  the  
f a c t  t h a t  these  elements change extremely slowly (which consequently makes 
i t  poss ib l e  t o  use asymptotic methods), and the  right-hand members of  t he  
d i f f e r e n t i a l  equations a r e  a l i n e a r  funct ion of  a small parameter (which, as 
w e  s h a l l  s ee  l a t e r ,  f a c i l i t a t e s  use of  the  Poincare method). Besides, s ince  
t h e  remaining d i s tu rb ing  e f f e c t s  (see 51) e n t e r  addi t ive ly  i n t o  the  r i g h t -  
hand members o f  t h e  d i f f e r e n t i a l  equations and each of  the  terms w i l l  a l s o  
contain a small parameter,  it i s  then poss ib l e  i n  p r i n c i p l e  t o  f i n d  so lu t ions  
which account f o r  the  corresponding dis turbances.  Within the  framework of 
the  first approximation ( l i n e a r  theory) of the  Poincard method considered i n  
t h i s  s ec t ion ,  they need simply be added t o  the  element per turba t ions  derived 
below1. 

- /I48 

The system o f  equation i n  oscula t ing  elements f o r  t he  case of  motion i n  
the  g r a v i t a t i o n a l  f i e l d  o f  a spheroid (model 6) may be given as follows: 

€p0 1 Rcosi sin2 u; \ 

dU P 
- d 
du 

log t an  i l  s p ~ ~ R s i n ~ c o s n ;  

dP - = 4€p0 2 R s in  2 i s i n  u oosu; 
du 

2 !%. 
du ' p2 

E R [2 k a m e  i sin2 u + (.q + cos u + 

+ Rcx>sU)sin2 i s i n  2u-R(3s in2  i sh2 u-1)sinul ;  $ 

&.,I so P 2  R [ - 2 q c o s 2 i s i n 2 ~ + + ( h + s i n u +  
au 2 p 2  

(11.1) 

Equations a r e  given i n  Appendix I X  which descr ibe  motion i n  the  f i e l d  of  
t he  spheroidal  Earth with add i t iona l  forces  ac t ing  on the  sa te l l i t e .  
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n I + R s in  U) sin2 i sin 2 ~ +  R(3sin2 i sin2 u - 1) ~ 0 s ~ : ;  

( l l . l ) *  

2 Here w e  use t h e  n o t a t i o n  E 3C2, F(i" /p,. The parameter  I E 1 decreases  with 

an inc rease  i n  t h e  geometr ic  dimensions o f  t h e  o r b i t ,  i . e .  i n  t h e  f o c a l  para-  

meter p t h e  parameter  1.1 being  small enough (when I .  D .  Zhongolovich's 
0 '  

values  are used f o r  t h e  c o e f f i c i e n t s  i n  t h e  expansion f o r  t h e  g r a v i t a t i o n a l  
p o t e n t i a l ,  I E I 
so lv ing  system (11.1). In  th.e given case, when t h e  s o l u t i o n  i s  be ing  sought 
over  a comparatively small range o f  v a r i a t i o n  i n  t h e  argument, i t  is b e t t e r  
no t  t o  use  t h e  method o f  averaging ( see  next  s e c t i o n ) ,  b u t  r a t h e r  t h e  method 
o f  expanding t h e  s o l u t i o n  i n  series which are arranged i n  powers of  t h e  small 

< 3.0. 108S86*10-2), s o  t h a t  asymptot iemethods may be used f o r  

parameter  and are a- s p e c i a l  case o f  asymptot ic  Poincard series1. /149 

The p r i n c i p a l  disadvantage o f  t h i s  method is  t h e  appearance o f  s e c u l a r  
n m i terms o f  t h e  form u 

always a simple matter t o  determine whether they  are a consequence o f  u s ing  
t h e  method o r  stem from the  phys ica l  essence o f  t h e  problem ( i n  t h e  case 
considered below, they appear during c a l c u l a t i o n  o f  t h e  second approximation) . 

s i n  u ,  u cos j  u (n ,  m ,  i ,  j = 1, 2 .... ) .  I t  i s  not  

This s i t u a t i o n  l i m i t s  t he  range ( t h e  i n t e r v a l  o f  v a r i a t i o n  i n  t h e  argu- 
ment) o f  a p p l i c a t i o n  f o r  s o l u t i o n s  found by us ing  asymptot ic  series. However, 
t h e  method g ives  f a i r l y  accu ra t e  r e s u l t s  f o r  times o f  motion o f  about 24 
hours2.  

By using t h e  components o f  t h e  Laplace v e c t o r  i n  (11.1) as t h e  para-  
meters c h a r a c t e r i z i n g  the  form o f  t h e  o r b i t  and i t s  p o s i t i o n  i n  t h e  p l ane ,  w e  
a l low f o r  examination o f  t h e  e n t i r e  range of  e c c e n t r i c i t i e s ,  whi le  w r i t i n g  
t h e  second and t h i r d  equat ions  with r e s p e c t  t o  log  t a n  i and p2 ( r a t h e r  than  

We are no t  speaking o f  t h e  Poincare  method o f  f i n d i n g  p e r i o d i c  s o l u t i o n s ,  
( s ee  f o r  i n s t a n c e  [6] ,  b u t  only of  us ing  asymptot ic  Poincare  series.  * The method o f  u s ing  series considered i n  t h i s  s e c t i o n  should be  d i s -  
t inguished  from the expansions i n  powers o f  o r b i t a l  e c c e n t r i c i t y  which are 
widely used i n  celest ia l  mech.mics ( see  f o r  i n s t a n c e  [ 2 ] ) ,  as t h e  l a t t e r  
are t r u e  only f o r  a c e r t a i n  range o f  i n i t i a l  parameters  determined by t h e  
r ad ius  o f  convergence. 
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1 Q = Q g  ++F, + E  2 F ,  + . .; 
1 2 

i log t a n  i = log tan.gi + E F ~  + E ~ F ~  + * .  . ; 
0 1 2 

1 p 2  
p 2 -  p:( 1 + E F ~  + e2F + . .).; 

q = = q o + E F q  + E  i F, + ...; 
1 2 

I 2 
k = k o + e F k  + e 2 F k  + e . .  

(11.2) 

The last equat ion s p l i t s  o f f  from system (11.1 , ant f o r  known funct ions 
p(u) ,  q ( u ) ,  k (u ) ,  i ( u )  i s  a quadrature  which is  subsequently computed inde- - /150 
pendently1. 

1 
i n i t i a l  parameters of  motion and the argument u. 

A l l  func t ions  Fn , Fn2,.  * 9 Fi l s  Fi2 ,..., etc. depend on t h e  

In  t h e  general  case, the  asymptotic property of  series of  form (11.2) 
l i e s  i n  the  f a c t  t h a t  when E = 0 they descr ibe  undisturbed motion o f  t he  
ob jec t ,  and a l s o ,  although genera l ly  speaking, similar series may diverge 
when n -+ m ( i . e . ,  wi th  an unbounded inc rease  i n  the  number of  terms of  the  
s e r i e s ) ,  they descr ibe  true motion with s u f f i c i e n t  accuracy for f ixed  n and 
E -+ 0.  

The f irst  t o  use series of t h i s  type for so lv ing  systems of  d i f f e r e n t i a l  
equat ions w a s  H.  PoincartS [6212. 

L e t  us  follow t h i s  procedure. For the sake of  s impl i c i ty ,  w e  write 
system (11.1) i n  the  general  form (without t he  last equation) : 

(11.3) 

1 

When w e  wrote the  system of  motion equations (12.1) with r e spec t  t o  an 
angular  argument r a t h e r  than t i m e ,  w e  reduced t h e  order  o f  t he  system by one. 

Actua l ly ,  i n  t h i s  work PoincartS used asymptotic series f o r  so lv ing  systems 
no h igher  than t h e  second degree.  V. V. Golubev gives  a p a r t i a l  expos i t ion  
of  h i s  method [63J (see a l s o  [2]  on t h i s  p o i n t ) .  
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In addi t ion  t o  (11.3),  l e t  us consider  the  "undisturbed" ( t r i v i a l  i n  
the  given case) system which descr ibes  Keplerian motion: 

(11.4) 

Let us expand the  func t ions  O,, O i ,  0 etc. on the  hypersurface S* = 
P 

= S*(Qo, io, po,  qo, ko, u; E. = 0)  i n  Taylor series with r e spec t  t o  the 
powers o f  small d i f f e rences :  

k - k o ,  E - 0 = E .  

2 2 52 - R o ,  l o g - t a n  i - log tan io, p - po t  q - qo 
We g e t  

* (Q, i , P ,  q, ha u; G I , =  90 (no 8 i o  , po 40 .  fro, u; E=O)+ a@., -(p 2 - p i  )+ 
J P  

( the  subsc r ip t s  p ,  q ,  k ,  etc. f o r  func t ion  O are omit ted) .  
s ions  are done on the  su r face  S*, where E = 0 ,  and s i n c e  the  parameter E 
appears as a f a c t o r  i n  the  right-hand members o f  (11.3),  t h e  expansion o f  t he  
funct ions QQ, Oi, 0 
p a r t i a l  de r iva t ives  with respec t  t o  E ( i . e .  aO,/aE, aOi/aE,<.  . . , 
a 2 0 Q / a E a i ,  a2@,/aEapr.. . , e t c . ) ,  

S ince  t h e  expan- 

e t c .  r e t a i n  only those terms with simple o r  mixed 
P 

Thus, funct ions CP w i l l  t a k e  t h e  form 

(11.5) 

The subsc r ip t  0 i n d i c a t e s  t h a t  they are considered on hypersurface S*. 

We use series (11.2) t o  e l imina te  t h e  d i f f e rences  i n  parentheses;  w e  
then d i f f e r e n t i a t e  (11.2) with respec t  t o  argument u and e l imina te  der ivat ives  
dQ/du, d/du log tan u, e t c .  from the  le f t -hand  members o f  (11.3). If  w e  now 
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s u b s t i t u t e  expansions (11.5) i n  the  right-hand members and sub t r ac t  the  cor- 
responding equations of  system (11.4) from the  equations i n  the  r e s u l t a n t  
system, then by adding t h e  coe f f i c i en t s  associated with i d e n t i c a l  powers of  
E i n  t h e  right-hand and lef t -hand members of  each equation, we g e t  an i n f i n i t e  
system of recur ren t  d i f f e r e n t i a l  equations f o r  determining the  funct ions 

F ,..., e t c .  By using these  equations,  funct ions with a 
h igher  index may be determined i n  terms of  funct ions with a lower index. In 
t h i s  way, a l l  c o e f f i c i e n t s  assoc ia ted  with powers of  E i n  (11.2) may be 
determined. 

FQl ,  F Q * ? - V  Fi l '  i 2  

According t o  Poincare 's  theorem, assuming f u l f i l l m e n t  of  the  conditions - /152 
f o r  cont inui ty  i n  the  right-hand members of equations (11.3) with respec t  t o  
the  argument ( i n  the  given case with respec t  t o  u) and a n a l y t i c i t y  o f  t hese  
equations with respec t  t o  small absolute  values o f  E ,  Q - Qo,  log tan  i - 

2 2 log tan i o, p - po, q - qo and k - ko ,  s e r i e s  (11.2) w i l l  converge ( in  the  
usual sense) f o r  s u f f i c i e n t l y  small values o f  1.1 and w i l l  be a so lu t ion  of  
the  Cauchy problem f o r  system of  equations (11.3). 
f i l l e d  i n  the  case we a r e  considering. 

This requirement is  f u l -  

By f i x i n g  a d e f i n i t e  number of  terms i n  series (11.2),  we w i l l  so lve  the  
problem with a c e r t a i n  degree of accuracy which na tu ra l ly  depends on t h e  
quant i ty  I E ~ .  We may speak of approximations ( f i r s t ,  second, e t c . )  as r e l a t e d  
t o  the  terms t o  which they a re  l imi ted  i n  the  expansions ( the  first power of  
E , the  second, e t c . ) .  Approximations h igher  than the  second a r e  not  used i n  
p r a c t i c e  . 

The fact  t h a t  t he  parameter E appears as a f a c t o r  i n  the right-hand 
members of  t h e  equations appreciably s impl i f i e s  f ind ing  the  first and second 
approximations. 
the  form 

The computational work b o i l s  down t o  so lv ing  i n t e g r a l s  o f  

By applying the  described procedure t o  system (11.1) , we g e t  the  follow- 
ing f i rs t -approximation equations f o r  determining the  funct ions F: 

dFQ z=r2)o = &sin 2 u+ko sin3u+qosin 2 ucasul; 1 
3 = ( - )  = sinu cosu-qo cos2u sinu+ k, sin 2 ucosu; 

3 = (2) = 4p,2a2(sinu C O S U + ~ ~ ~ ~ ~ U C O S  2 u+ko sin 2 ucasd; 
dit 0 

du 0 

(11.7) 
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t %= (2) = ~ R o [ s i n ~ + ( l + 2 ~ 2 ) k o s i n 2 ~ - 3 a 2 s i n  3 u - 
0 

(11.7) 

Here, w e  use  t h e  n o t a t i o n  
R, = 1 + q o c o s u  +KO s i n u ;  
a =  sirlio; 
p = c o S l 0 .  

As w e  see, t h e  system has been broken down i n t o  f i v e  independent equa- 
t i o n s  with s o l u t i o n s  which reduced t o  i n t e g r a t i n g  t h e  r igh t -hand members with 
r e spec t  t o  u. 

For computing t h e  func t ions  of t h e  second approximations,  w e  g e t  t h e  
fol lowing r e c u r r e n t  formulas:  

= 2p,[a 2 2  Fqlcos 2 lisinii+a2FI; s i n 2 u c o s ~ +  
1 

+ 2 a s R o  Fi I s inu cos u 1 ; 

C11.81 
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(11.8) 

The first approximation solutions (expansions with accuracy t o  E) show 
a fa i r  degree of accuracy a f t e r  checking. Therefore, there  is  no need for 
introducing the second approximation i n  i t s  en t i r e ty  in to  the f i n a l  formulas. 
I t  i s  su f f i c i en t  t o  include i n  these formulas only the most s ign i f icant  
terms from the second approximation, i n  pa r t i cu la r  those which appear as 
quasisecular terms i n  the equations f o r  q ,  k and a .  The advisabi l i ty  of  
wri t ing the second and t h i r d  equations of system (11.3) with respect t o  log 
tan i and p2 now becomes obvious from an examination of the second approxi- 
mation functions 

/154 

dF 
i 2  

dF 
P2 

du du and 

In the case where the equations are  wri t ten i n  form ( l l . l ) l  they a re  equal t o  

2 
d F i  
A- L(F cos2usinu+Fk sin umul;); 
du 2 Q 1  1 

- - 2p0 [F sin2 io cos2 u sin u +.FA sin2 io sin2 u -9 u + du Q 1  1 

dFp, 2 

+ 2Fi (l+qOcasu+koSinu)sinio cosio sinwc~su]. 
1 

- d i  - du - " * l  If the  same equations are  wri t ten i n  the  usual form 

, then we ge t  i n  the second approximation * = . . . du 

148 



As may be seen,  the  form o f  the  second-approximation funct ions i n  the  
f i r s t  case is  considerably s impler ,  i.e. the  g r e a t e s t  number o f  harmonics 
represent ing motion went i n t o  the  first approximation. This i s  an ind ica t ion  
t h a t  the  f irst  approximations already represent  the  unknown funct ions  f a i r l y  
wel l ,  thus providing an accura te  so lu t ion .  The f i n a l  so lu t ions  f o r  t h e  f i v e  
equations o f  system C11.1) are as follows: 

(11.9) 

t +$k0 A (sin3u) - 
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Here, w e  use t h e  nota t ion  A(u) = u - uo; A(sin u) = s i n  u = s i n  u 0’ etc. 



- 1,6062218 ap2 -0,1878664 8'. 

?'he f i v e  equat ions  obta ined  i n  form (11.9) desc r ibe  t h e  evo lu t ion  o f  
t he  o s c u l a t i n g  o r b i t  o f  an a r t i f i c i a l  s a t e l l i t e .  Descr ip t ion  o f  s a t e l l i t e  
motion r e q u i r e s  s t i l l  ano the r  equat ion  which, s p e c i f i c a l l y ,  may be t h e  
r e l a t i o n s h i p  t (u) . 

This  func t ion ,  as has i l lready been poin ted  ou t  p rev ious ly ,  is  found by 
so lv ing  t h e  last  equat ion  i n  system ( l l . l ) ,  

assuming t h a t  t h e  func t ions  p(u)  , i ( u )  , q(u) and k(u)  are known. 

/157 Thus , t h e  problem reduces t o  computing t h e  quadra tures  o f  - 

(11.10) 

i n  which p(u)  i ( u )  , q(u)  and K(u) are given by equat ions  (11.9) .  

In t h e  case where problems involv ing  s a t e l l i t e  motion are so lved  by 
d i g i t a l  computer, numerical quadra ture  o f  express ions  (11.10) with t h e  neces- 
s a r y  accuracy should no t  be d i f f i c u l t .  HowexJer, t h i s  does not  obv ia t e  t h e  



search f o r  o t h e r  methods of  determining t h e  p o s i t i o n  of  an ar t i f ic ia l  Earth 
sa te l l i t e  wi th in  the  framework of  t he  theory ou t l ined  i n  t h i s  s ec t ion .  

512 .  Solving Equations of Disturbed S a t e l l i t e  Motion by t h e  Averaging Method 
I 

This s e c t i o n  o u t l i n e s  an approximate s o l u t i o n  der ived by Yu. G .  Yevtu- 
shenko f o r  ca l cu la t ing  the  evolut ion of  sa te l l i t e  motion i n  t h e  f i e l d  of a 
tr iaxial  asymnetric e l l i p s o i d .  Equations of  d i s turbed  s a t e l l i t e  motion are 
in t eg ra t ed  by the  averaging method i n  a form developed by V.  M .  Volosov f o r  
systems with a r ap id ly  r o t a t i n g  phase [64-671. 
approach t o  so lv ing  var ious problems i n  s a t e l l i t e  dynamics was pointed out  
by N .  N .  Moiseyev 1681. Appendix X contains  a b r i e f  expos i t ion  of  t he  method. 

The f e a s i b i l i t y  of  t h i s  

The averaging method was used f o r  s tudying s a t e l l i t e  motion i n  t h e  work 
of  D.  Y e .  Okhotsimskiy, T .  M. Eneyev and G .  P .  Taratynova 1131 i n  a first- 
approximation i n v e s t i g a t i o n  of  t h e  effect  which e c c e n t r i c i t y  of t he  Ea r th ' s  
g r a v i t a t i o n a l  f i e l d  has on pe r tu rba t ion  o f  t h e  s a t e l l i t e ' s  o r b i t a l  elements. 
Kozai [54] used the averaging method f o r  a second-approximation s tudy of  t h e  
same problem. However, t he  s o l u t i o n  found by Kozai does not  g ive  a complete 
desc r ip t ion  of the  motion s i n c e  the  given s o l u t i o n  may be used f o r  examining 
only o r b i t a l  evolu t ion  i n  t h e  second approximation, while  t h e  p o s i t i o n  of  t he  
s a t e l l i t e  is  determined i n  t h e  first approximation; bes ides  t h i s ,  t he  approxi- 
mate s o l u t i o n  cannot be used i n  t h e  case of  low i n i t i a l  e c c e n t r i c i t i e s  o r  
when t h e  i n c l i n a t i o n  is  c lose  t o  63.4O. 
ten ing  of  t he  Earth has on sa te l l i t e  motion was n o t  considered. 

/158 The effect which equa to r i a l  f l a t -  - 

The asymptotic s o l u t i o n  constructed below gives  a second-approximation 
desc r ip t ion  of  s a t e l l i t e  motion i n  t h e  f i e l d  of  a t r i a x i a l  asymmetric e l l i p s -  
o id .  
t i o n s  and e c c e n t r i c i t i e s  less than un i ty .  Spec ia l  considerat ion i s  given t o  
the  case of  near ly  c i r c u l a r  o r b i t s .  

The approximate so lu t ion  is  v a l i d  f o r  o r b i t s  with a r b i t r a r y  i n c l i n a -  

This s ec t ion  w i l l  deal  ch ie f ly  with de r iva t ion  of  t he  approximate solu-  
t i o n .  Qua l i t a t ive  ana lys i s  based on t h e  r e s u l t a n t  formulas i s  taken up i n  
Appendices V I 1  and VIII. 

We s h a l l  use the  symbol A t o  designate  the  geographic longitude of  t he  
s a t e l l i t e  reckoned i n  the  plane of t he  equator  eastward from one of the  s e m i -  
major axes of  t he  equa to r i a l  e l l i p s e .  

From (6 .6 ' )  w e  g e t  t h e  following expression f o r  A :  

cos u A = Q - w 3 t + a r c c o s  
J l - s inz ,  s in t i  (12.1) 

Here, w 3  i s  t h e  angular  rate of  r o t a t i o n  of t h e  Earth around t h e  p o l a r  axis. 

We s h a l l  w r i t e  t he  p o t e n t i a l  f o r  a tr iaxial  asymmetric e l l i p s o i d  



(model E ,  see §.S) i n  t h e  form 

The f o r c e  due t o  e c c e n t r i c i t y  o f  t h e  E a r t h ' s  g r a v i t a t i o n a l  f i e l d  is consider1 
ab ly  less than the  p r i n c i p a l  fo rce  o f  Newtonian a t t r a c t i o n .  Therefore ,  w e  
t ake  as t h e  small  parameter  t h e  q u a n t i t y  

(12.3) 

which i s  p ropor t iona l  t o  t h e  r a t i o  between. a c c e l e r a t i o n  due t o  f i r s t - o r d e r  
p o l a r  ob la t eness  and a c c e l e r a t i o n  due t o  g r a v i t y  a t  a l t i t u d e  p 0 '  

The c o e f f i c i e n t s  d22 and c22 i n  g r a v i t a t i o n a l  p o t e n t i a l  

(12.2) are o f  t h e  second nega t ive  o r d e r  o f  magnitude with r e s p e c t  t o  p o l a r  
f l a t t e n i n g ,  and t h e r e f o r e ,  w e  assume 

where c,  f and b are some cons tan t s ;  c c h a r a c t e r i z e s  second p o l a r  f l a t t e n i n g ;  / I59 
t h e  c o e f f i c i e n t  b is due t o  e q u a t o r i a l  f l a t t e n i n g  o f  t h e  Ear th .  

- 

I L e t  us i n t roduce  the  fol lowing dimensionless  q u a n t i t i e s  i n t o  o u r  
a n a l y s i s :  t i m e  T ,  f o c a l  parameter  p ,  f o c a l  r ad ius  F and average angular  
v e l o c i t y  o f  o r b i t a l  motion II: 

' 

The p o t e n t i a l  of t h e  d i s t u r b i n g  f o r c e s  reduced t o  tcpp;' w e  w r i t e  i n  t h e  form 

(12.4) 
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When (12.4) is taken i n t o  considerat ion,  t he  system reduces t o  the  form 

(12.5) 

- -  
Here S ,  T and 'ij- a r e  dimensionless components reduced t o  K o f  t h e  d i s tu rb ing  
acce lera t ion  i n  t he  r a d i a l ,  t ransversa l  and normal d i r ec t ions  t o  the  plane 
of motion,respect ively.  
t o  formulas (6 .4 ' )  : 

The formulas f o r  computing ??, ?: and v a r e  analogous 

. 

J (12.5 ' ) 

In  order  t o  reduce system (12.5) t o  the  s tandard form (see Appendix X ) ,  we - -  
int roduce the  new v a k a b l e  - 

\ A 1  .", 

Formula (12.6) has no s i n e u l a r i t i e s  i n  the  case o f  near ly  c i r c u l a r  f160 
u 

o r b i t s .  Actual ly ,  by using the  formula 

we transform (12.6)  t o  the form 

( 1 2 . 6 ' )  
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By expanding t h e  r ight-hand member of (12 .6’ )  i n  a series wi th  r e s p e c t  t o  e 
and dropping small “Lerms o f  o r d e r  O(e),  we g e t  

L = u .  

Thus, on nea r ly  c i r c u l a r  o r b i t s  L co inc ides  with t h e  argument o f  l a t i t u d e .  

D i f f e r e n t i a t i n g  (12.6)  with r e spec t  t o  q and k, we g e t  

In t h e  l i g h t  o f  system (12 .5 ) :  we d i f f e r e n t i a t e  (12.6) and after t ransforma- 
t i o n s  w e  g e t  an equat ion for t h e  v a r i a b l e  L:  

The angle  of  average anomaly M is expressed i n  terms o f  t h e  e l e m e n t s  o f  
motion by t h e  formula [ l ,  21 

where 9 = u - w is t h e  t r u e  anomaly. 

Considering t h e  p o t e n t i a l  o f  t h e  d i s t u r b i n g  f o r c e s  a func t ion  o f  R, i, 
f i ,  k ,  q and M, w e  w r i t e  t h e  system of motion equat ions  i n  Lagrange’s form: 

(12.9) 
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(12.9) 

We s h a l l  no t  dwell on the  de r iva t ion  of  equations (12.9) s ince  t h e  procedure 
is  analogous t o  t h a t  presented i n  [l o r  21 .  

I f  w e  d i s regard  equa to r i a l  f l a t t e n i n g  ( i . e .  w e  assume b = 0 i n  12.4) ,  
t h e  angle R and t i m e  of  motion T w i l l  n o t  appear i n  t h e  expression f o r  t he  
p o t e n t i a l  o f  t he  d i s tu rb ing  fo rces .  
the  g r a v i t a t i o n a l  f i e l d  i s  a conservat ive va r i ab le .  
(12.9) has the  following two i n t e g r a l s :  the moment o f  momentum with respec t  
t o  the  p o l a r  ax is  

Thus, w i l l  be a c y c l i c  va r i ab le ,  while 
In  t h i s  case, system 

I I p. f lcos i  

and t h e  t o t a l  energy of t h e  s a t e l l i t e  

Actual ly ,  d i f f e r e n t i a t i n g  I and I 2  i n  conformity with (12.93, w e  g e t  1 

(12.10) I 
The d i s tu rb ing  terms i n  (12.4) due t o  equa to r i a l  f l a t t e n i n g  cause a slow 
v a r i a t i o n  i n  I and 12, 1 

L e t  us int roduce a new va r i ab le  F by t h e  r e l a t i o n s h i p  

(12.11) 



From (12.11) w e  f i n d  

'4 2, 

L q  + 2 x ( F + U o - U ) 1  . 
/162 - 

(12.12) 

Expression (12.12) may be  s i m p l i f i e d  i f  t h e  r ight-hand member i s  expanded i n  
a series with r e spec t  t o  powers o f  small parameter  K. Disregarding terms o f  
t h e  t h i r d  nega t ive  o r d e r  of  magnitude (order  O ( K ~ ) ) ,  w e  g e t  

With an e r r o r  of - O ( K ~ )  w e  f i n d  from (12.13) 

(12.13) 

(12.14) 

By d i f f e r e n t i a t i n g  (12.11) i n  t h e  l i g h t  o f  (12.5), w e  f i n d  an equat ion  f o r  F: 

The equat ion  f o r  mean anomaly has a s i n g u l a r i t y  on n e a r l y  c i r c u l a r  
o r b i t s ,  t h e r e f o r e ,  w e  s h a l l  use t h e  angle  L i n  t h e  f u t u r e .  L e t  us s u b s t i t u t e  
express ion  (12.13) f o r  n i n  t h e  r ight-hand member o f  equat ion  (12.8). 
System o f  equat ions  (12.5) ,  (12.8) reduces t o  t h e  s t anda rd  form of systems 
with a r a p i d l y  r o t a t i n g  phase (:see Appendix X ) :  

(12.15) 
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The e c c e n t r i c i t y  which appears i n  the  right-hand members of t he  equations i n  
system (12.15) is  expressed i n  terms of  the  o r b i t a l  elements by formulas 
112.3’) and (12.13). Equations (12.15) a re  found with an e r r o r  of  order  I C ~ .  

/163 - The right-hand members of the  f irst  f i v e  equations i n  system (12.15) 
a re  proport ional  t o  small  parameter K,, and therefore  the  var iab les  Q, F ,  i ,  
q ,  and p change slowly. The va r ib l e  L changes comparatively rap id ly  s ince  

When IC = 0,’ system (12.15) descr ibes  undisturbed (Keplerian) motion of 
the  s a t e l l i t e  

.., L P n , 2 .  

In t h i s  case,  the  var iab les  R ,  F, i, q and p a r e  constant .  

System (12.15) has no s i n g u l a r i t i e s  a t  any e c c e n t r i c i t i e s  l e s s  than 
un i ty .  
system. 

Therefore,  t he  method of asymptotic i n t eg ra t ion  may be used i n  t h i s  

L e t  us reduce system (12.15) t o  a simpler averaged system i n  which the  
slowly changing var iab les  and rap id ly  changing L w i l l  be separated.  
purpose we use the  s tandard s u b s t i t u t i o n  o f  va r i ab le s :  

For  t h i s  

* I  - - 
(12.16) 

Q = = Q + x Q ~ + ~ ~ Q ~  +ss ... , i P i + x i l + x 2  ... , 
- 

p ” + + x p l + x  2 ..., F = F + ~ F ~ + ~ ~  ... - 
q - q + x q l  + x 2  ..., L = L + x L 1 + x 2  ... . 

Here, R1, il, F1, q l ,  p,, L are some as y e t  unknown funct ions of  t he  1 
The var iab les  z, r, F, q ,  p,  L s a t i s f y  t h e  

- - - -  _ _ - - - -  
new var iab les  a ,  i ,  F, q ,  p ,  L.  
averaged system 
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where Alb2 9 Azo, .  . . , B B are func t i cns  o f  t h e  s lowly changing v a r i a b l e s  5, 
1' 2 - - - -  

i a  F ,  91 P.  

The phys ica l  meaning of  t r ans fo rEa t ion  (12.161 lies i n  d i s s o c i a t i o n  o f  
t h e  real motion descr ibed  by t h e  v a r i a b l e s  Q, i ,  F ,  q ,  p and L i n t o  averaged 

( s e c u l a r  and log-period)  motion 5, i ,  F a  q ,  p a  L and shor t -pe r iod  motion 
which is descr ibed  by t h e  func t ions  

- - - - -  

The a lgor i thm f o r  f i n d i n g  func t ions  R 1, i 1'"' ' A2n2 - * * 9 B 1  a B2 
i s  given i n  Appendix X .  

Averaged system (12.17) i.s found i n  t h e  f irst  approximation by averag- /164 
i n g  t h e  r ight-hand members o f  t h e  equat ions  i n  system C12.15). The r e s u l t  o f  
t h e  averaging will depend on whether o r  n o t  t h e  pe r iods  o f  o r b i t a l  motion of  
t h e  s a t e l l i t e  are commensurste wi th  t h e  pe r iod  of  t h e  Ea r th ' s  r o t a t i o n .  

We s h a l l  say  t h a t  resonance t akes  p l a c e  i f  the  frequency o f  o r b i t a i  
motion of  t h e  s a t e l l i t e  and t h e  frequency o f  t h e  E a r t h ' s  r o t a t i o n  about t he  
p o l a r  a x i s  are commensurate, i . e .  i f  there e x i s t  mutually s imple numbers m 
and s such t h a t  

p/ 
Here E z  = w 3  p; +-% - i s  t h e  dimensionless  angular  r o t a t i o n a l  v e l o c i t y  o f  t h e  

Ear th .  

L e t  us i l lus t ra te  t h e  s i n g u l a r i t y  of  computations of an averaged - system 
through t h e  example o f  f i n d i n g  t h e  mean va lue  o f  t h e  func t ion  s i n  2w3Tf(L,E, 

i ,  k, q ,  F) where f ( L , Q  , i, k ,  q ,  F) i s  some p e r i o d i c  func t ion  o f  E with 
pe r iod  2n. The mean va lue  i s  computed by t h e  formula 

- - -  - -  - - - -  

(12.18) 

I n t e g r a l  (12 .18)  is  computed along t h e  t r a j e c t o r y  of  undis turbed  motion, 
i . e .  a t  cons tan t  va lues  o f  t h e  s lowly changing v a r i a b l e s .  In  t h i s  case, 
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- 
L = n T ,  therefore ,  the  funct ion f i s  pe r iod ic  with respec t  t o  T with per iod 

0 

Functions which are independent of T may be averaged over t he  i n t e r v a l  
, o f  a s i n g l e  per iod  of  s a t e l l i t e  motion. For in s t ance ,  l e t  us compute t h e  
I mean value of  t h e  right-hand member o f  t h e  first equation i n  system (12.15) 

-1 
2 m 0  . 

Let us expand the  func t ion  f(T)  i n  a Fourier  series with respec t  t o  
c 0 s . n  j ~ ,  s i n  n j - r .  We s u b s t i t u t e  t h e  r e s u l t a n t  series i n  (12.18), and t h e  

integrand becomes a sum of terms of t h e  form 
0 0 

(12.19) 

In t eg ra t ing  (12.18) with respec t  t o  T from T = 0 t o  T = T, we g e t  a convergent 
series which c o n s i s t s  of  t r igonometr ic  func t ions  of t h e  v a r i a b l e  T and i s  
therefore  bounded as T -+ 03. 

t h e  funct ion s i n  2wg~f(E) i s  equal t o  zero. 
Le t t ing  T -+ m ,  w e  f i n d  that t h e  mean value of 

In the  resonance case, the  i n t e g r a l  (12.18) w i l l  d i f f e r  from zero i f  

(12.20) 
2a3 = ;no * 

i . e .  f o r  m = 2 and any odd s ,  s ince under these  condi t ions (12.19) contains  
a term of  the  form 

b i  s in2  n,j?;, 

with .a mean value equal t o  b . /2  and, genera l ly  speaking, d i f f e r i n g  from zero.  

Thus, add i t iona l  terms may appear i n  t h e  averaged system i n  the  resonance case. 
We s h a l l  say t h a t  resonance effects  are observed i n  t h i s  case. 

/165 
J 
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- 
L e t  us s u b s t i t u t e  t h e  express ion  f o r  W i n  (12.21).  According t o  (12 ,5 ’ ) ,  w e  
have 

L e t  us t a k e  L as t h e  v a r i a b l e  o f  i n t e g r a t i o n  i n  (12.21). S ince  (12.21) 
i s  averaged along t h e  t r a j e c ’ t o r i e s  o f  undis turbed  (Keplerian) motion, i t  
fol lows from system (12.15) , tha t  

The in t eg rand  i n  (12.21) i s  a p e r i o d i c  func t ion  o f  L w i th  pe r iod  2 v ,  and 
t h e r e f o r e  averaging over  a s i n g l e  interv’al  o f  sa te l l i t e  r evo lu t ion  around t h e  
Ear th  may b e  s u b s t i t u t e d  f o r  averaging ove r  an i n f i n i t e  i n t e r v a l  of  motion. 
I n t e g r a l  (12.21) i s  transformed t o  

(12.23) 

D i f f e r e n t i a t i n g  r e l a t i o n s h i p  (12.6) ,  w e  g e t  

I n t e g r a l s  
t urb a t  ion  
t h a t  as a 
t h e  g r a v i t  

/166 - 
o f  type  (12.18) ar ise  dur ing  computation o f  mean va lues  from pe r -  
due t o  e q u a t o r i a l  f l a t t e n i n g .  We have a l ready  po in ted  ou t  above 
consequence o f  r o t a t i o n  o f  t h e  Ear th  and e l l i p t i c i t y  o f  t h e  equa to r  
Lational f i e l d  becomes nonconservat ive and the i n t e g r a l  o f  t o t a l  
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(12.24) 

(12.25) 

With regard  t o  (12.24),  i n t e g r a l  (12.23) assumes t h e  form 

I n t e g r a t i n g  (12.25) and us ing  (12.11) , w e  g e t  



energy does n o t  occur .  I t  may be  shown by cons idera t ions  similar t o  those  
which were used i n  c a l c u l a t i n g  i n t e g r a l  (12.18) t h a t  F remains cons tan t  i n  
t h e  nonresonance case. Hence, t h e  energy i n t e g r a l  remains cons tan t  on t h e  . 
average. In  t h e  resonance case, assuming f u l f i l l m e n t  o f  condi t ion  (12.20),  
t h e  t o t a l  energy of  t h e  s a t e l l i t e  changes. 

Since w3 i s  t h e  dimensi.onless angular  v e l o c i t y  o f  t h e  Ea r th ’ s  r o t a t i o n ,  
it fol lows from (12.20) t h a t  resonance effects appear  i f  t h e  mean pe r iod  o f  
r evo lu t ion  o f  t he  s a t e l l i t e  i s  equal  t o  o r  close t o  1 2  hours ,  24 hours ,  36 
hours ,  e tc .  

For a s a t e l l i t e  with a pe r iod  o f  36 hours o r  more, d i s turbance  due t o  
t h e  sun and moon i s  considerably g r e a t e r  than  pe r tu rba t ions  caused by t h e  
e l l i p t i c i t y  o f  t h e  equator  (see § l ) ,  and the re fo re ,  w e  s h a l l  no t  d i scuss  such 
o r b i t s .  

The mean value o f  t h e  r ight-hand members o f  system (12.15) is  ca l cu la t ed  
analogously t o  (12.15) and (12.21).  We s h a l l  g ive  t h e  f i n a l  form of  the  
averaged system i n  t h e  first approximation for t h e  nonresonance case:  

Solving the Cauchy problem f o r  Cl2.26) &.th 2nZtZ:al condi t ions  

w e  g e t  

- CI 

T X  no COS io . L a o -  2 , ~ = C ~ C O S W ~  i - i , ,  

F a ,  L - L o  +.c[i io+e+3xn,%Uo1. 
- 

Here w e  use  t h e  no ta t ion  

(12.26) 

(12.27) 

(12.28) - / I 6 7  

162 



Having determined t h e  elements of  the t r a j e c t o r y  fi-om (12.2?) ,  w e  f i n d  
t h e  argument o f  t h e  l a t i t u d e  from equat ion  (12.6).  
t h i s  way approximates t h e  exact s o l u t i o n  o f  (12.15) wi th  an e r r o r  o f  o r d e r  
K over  t h e  t i m e  i n t e r v a l  T -- IC-’. 

The s o l u t i o n  found i n  

L e t  us go on t o  c a l c u l a t i o n  o f  t h e  resonance case. Let us s tudy  t h e  
case o f  p r i n c i p a l  resonance s = m = 1, where t h e  mean angu la r  v e l o c i t y  of  t he  
s a t e l l i t e  is  equal  t o  o r  c l o s e  t o  the  angu la r  v e l o c i t y  o f  t h e  Ea r th ’ s  r o t a t i o n  
Calcula t ion  o f  t h e  averaged system i n  t h i s  case p r e s e n t s  cons iderable  mathe- 
matical d i f f i c u l t i e s .  Therefore ,  w e  s h a l l  l i m i t  ourse lves  t o  cons idsr ing  
only o r b i t s  o f  low e c c e n t r i c i t y .  

With an e r r o r  of  o r d e r  -e3, t h e  t r u e  anomaly 6 i s  expressed i n  terms 
o f  t h e  mean anomaly M by t h e  formula [ l ,  2 1 .  

(12.29) 

Going i n  (12 .29 )  from t r u e  anomaly and mean anomaly t o  t h e  angles  u and L 
according t o  t h e  formulas 

we g e t  

(12.30) 

(12.31) 

In  p l a c e  o f  c, l e t  LE in t roduce  a new v a r i a b l e  CL -- t h e  phase s h i f t  between 
t h e  mean longi tude  f; + 5 o f  t h e  s a t e l l i t e  and t h e  longi tude  o f  t h e  semiminor 
axis o f  t h e  e q u a t o r i a l  e l l i p s e :  

7 - c - -  a 5 5 c L +zd - t;, ‘t . 

From system (12.15) w e  g e t  

(12.32) 

i12.332 
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(12.34) 

The angles L and u which appear i n  the  right-hand members of  equations /168 - 
(12.33) and (12.34) are expressed i n  terms of  a ,  R and T by formulas (12.31) 
and (12.32). 

- 
I n  t h e  resonance case, w e  assume t h a t  the  d i f f e rence  A - w3 is  a small 

Therefore,  Er - IC and the  angle a, j u s t  as t h e  va r i ab le s  
0 

quan t i ty  of  order  K. 

a ,  i ,  F, q ,  k i n  system (12.15) a r e  slowly varying funct ions of  t i m e .  The 
right-hand members o f  equations (12.33) and (12.34) contain r ap id ly  changing 
terms which are func t ions  o f  T. First-approximation equations are der ived 
by averaging equations (12.33) and (12.34) with respec t  t o  T a t  f ixed  values 
of t h e  slowly changing va r i ab le s .  By averaging equations (12.29) and (12.30), 
w e  get t h e  f i rs t -approximation system 

- -  - -  

- 2  
(12.35) = i i 0 - W 3 + 3 x n ,  (F+Uo)+  

d.r: 4p 

d 7  8 F 3  
d 2  = - % b % o  - [ ( 2 - 1 1 e , ) ( l + c o s i O )  2 2 sin20: + 

Terms of  order  k e 3  are dropped i n  (12.32).  The averaged equations f o r  z, r, 
q and 5 coincide with equations (12.26) f o r  t he  nonresonance case. Differen-  
t i a t i n g  (12.35) and using (12.26) and (12.36),  w e  g e t  an equation f o r  phase 
s h i f t  

I - 

(12.37) 

2 
For o r b i t s  of  low eccentr ic i ty  (e - O(K)), equations (12.37) axe s impl i f i ed :  

(12.38) 

- 
Solving equat ions (12.37) and (12.38), w e  f i n d  t h e  f-unction a ( ~ 1 ,  and 

from formula (12.32) w e  then f i n d  t h e  angle L ( T ) .  
p :  i n  the  resonance case coincide with s o l u t i o n  (12.27). Finding the functim 

F(T) reduces t o  computing a quadrature .  An analyti-1 s o l u t i o n  f o r  (12.38) is  8 

I given i n  Appendix VIII. Equation (12.37) may a l s o  b e  i n t e g r a t e d  exac t ly ,  

The so lu t ions  f o r  a,- r, s, 

- -___ lll_l 
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j u s t  as (12.38),  i f  i = i* = 63.4O, 

(12.37) should be so lved  numtxical ly  . 
wg= 0 .  In  t h e  genera l  case, equa 0 ion 

L e t  us formulate  t h e  f i n a l  r e s u l t  o f  computing s a t e l l i t e  motion i n  the  /169 - 
first  approximation. In  the  nonresonance case, the  change i n  elements o f  t h e  
o r b i t  i s  computed from formulas (12.27) , and t h e  va lue  of  t h e  argument of  
l a t i t u d e  is  found from equat ion  (12.6).  I f  t h e  pe r iod  o f  s a t e l l i t e  motion i s  
c l o s e  t o  24 hours ,  and t h e  o r b i t a l  e c c e n t r i c i t y  i s  o f  o r d e r  O(e3) ,  then t h e  
s o l u t i o n s  f o r  R ,  i ,  q and p are taken from (12.27) , whi le  t h e  s o l u t i o n s  f o r  

a ,  F, and u are d e t e r r i n e d  from (12.31),  (12.32),  (12.33) and (12.6).  

The s o l u t i o n  f o r  equat ion  (12.6) may be  sought by t h e  method o f  i tera-  
I f  t h e  e c c e n t r i c i t y  i s  small (e - O C ,  3)), then t h e  argument o f  l a t i -  t i o n s .  

tude is determined from (12.31).  

L e t  us go on t o  cons t ruc t ion  o f  t h e  second approximation. S u b s i t u t i n g  
the  s o l u t i o n  o f  (12.27) i n  (12.13),  w e  g e t  a' s o l u t i o n  f o r  t h e  mean angu la r  
v e l o c i t y  

(12.39) 

The €unctions F ,  u ,  q ,  'k and p appearing i n  (12.39) are m u l t i p l i e d  by 
the small parameter  IC. Since t h e  s o l u t i o n s  f o r  F, u ,  q ,  k and p are found 
with an e r r o r  o f  - K ,  so lu t ion ( l2 .39 )  f o r  fl has an e r r o r  of ~ 2 .  I n  t h e  non- 
resonance case  F = 0 ,  i t  fol lows from (12.39) t h a t  ii then has  no secular  o r  
long-period p e r t u r b a t i o n s .  This  fac t  w,2s proved p rev ious ly  by Kozai C.54). 

Let us  first examine t h e  nonresonance case. The de termina t ion  o f  func- 
t i o n s  C1, i l ,  F1, q l ,  p1 and I, is ambiguous, they  are determined t o  an 1 
accuracy which depends on t h e  s lowly changing v a r i a b l e s  R ,  i ,  F ,  q ,  E. 
o r d e r  t o  e l i m i n a t e  ambiguity,  w e  r e q u i r e  t h a t  t h e  average va lues  of t h e  
func t ions  R1, i ly  F1, q l ,  p1 and L 1 
the  angle  L .  

- - - -  
I n  

must be  equal  t o  zero wi th  r e spec t  to 

We then  g e t  

p,-  2 t g i o +  i , ;  

(12.40) 

(12.41) 

(12.42) 
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Here 

166 

cos 3u 
5 

(12.43) 

3q 3k - -- sin%+ - cos 4u+ - sin 44 + - 10 10 10 20 

+ kcos io  ~ ~ + ~ ( 1 - 3 c o s ~ i ~ ) ( u - ~ ) - ~ , ;  

 cosio io + qsinu - k cos 1; + 

2u + 3 k COS u - q sin u + 5 sin 3 u - 3 k cos 3 3 )  + 

- 
(12.44) JG (3 cos2 i o  -1) 

(u - L) .+ L,; 4 + 

(12.45) 

(12.45 * )  



eo 2 c o s i O s i n 2 . w  1+ 2 ,/- . 
12 ( l + J q )  ’ 

P -  -. 

e,  2 sin zi, cos  2 w  1+2,,/-’ 

(X+ Jzg I- * 
24 

- -  
The func t ions  q L and E are c a l c u l a t e d  analogously t o  func t ions  5 and 

i For s p e c i f i c a l l y ,  we f i n d  t h e  fo l lowing  express ion:  
- 1’ 1 1 1 

1’ 1 

1, R1, p ly  q1 and L Functions i con ta in  sho r t -pe r iod  d i s tu rbances  with 1 
e r i o d s  with respect t o  u equal  t o  277, 2n/3 ,  n / 2 ,  2 n / 5  and long-period pe r -  

f u r b a t i  ons with pe r iods  2z/ 0 ,  n/ e .  

Before going on t o  cons , t ruc t ion  o f  t h e  averaged second-approximation 
system, l e t  us make a number of t ransformat ions .  The express ions  f o r  t h e  
square  o f  e c c e n t r i c i t y  and mean angular  v e l o c i t y  are convenient ly  r ep resen ted  
as 

From (12.42) and (12.43) ,  w e  f i n d  
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(12.47) 

/172 - - 2 n  - We t h e n  have 
E, '1 j' E l d L  =-2(1-E)tgi0il .  

2n  0 

I n  o r d e r  t o  compute t h e  averaged second-approximation system, it i s  neces-  
s a r y  t o  f i n d  the f u n c t i o n s  

- 
According t o  (12.27) ,  p = 1 + O(K)  , and t h e r e f o r e  

(12.48) 

(12.49) 

(12.50) 

S u b s t i t u t i n g  formulas (12.7) ,  (12.42) , (12.43) and (12.44) i n  (12.49) and 
(12 .SO) , we g e t  
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(12.51) 

(12.52) 

Here i = io, e = eo, w = 0.r + w 0 '  /173 

Let us i l l u s t r a t e  some s i n g u l a r i t i e s  i n  computing t h e  averaged system 
by example of t h e  i n t e g r a l  

(12.53) 

We use  t h e  n o t a t i o n  I t o  des igna te  t h e  i n t e g r a l  4 

We represen t  i n t e g r a l  (12.53) i n  t h e  form 

I n t e g r a t i n g  (12.55) by p a r t s ,  w e  g e t  

2-n 2.rr e 
I, = - -  2.K I&+ & .f I& 

0 

(12.54) 

(12.55) 

(12.56) 

I t  fo l lows  from t h e  form of  t h e  in t eg rand  i n  I (12.54) t h a t  t h e  first i n t e -  
g r a l  i n  (12.56) i s  equal  t o  zero .  The second 
t h e  form 

i n t e g r a l  may b e  w r i t t e n  i n  

e * - a a ,  - j- 1 4 i i L - - =  al- I3 2.n 0 
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Omitting in t e rmed ia t e  computations, w e  g ive  
system i n  t h e  second approximation: 

t h e  f i n a l  form of t h e  averaged 

(12.57) 

(12.58) 

(12.59) 

Here 

(12.60) 

(12.61) 

(12.62) 

G =  i i O C O Q i O  [? 3 + + -+ sin' i o  (- + & E - F E )  + 
$ 4  
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.., 
DI: ' o c o o i o  E - 5 s . i n 2 i O + 6 c ( ? s i n 2 i O -  16 L3 

,- &[14+E-2sin2io i 2 - E s i n 2  5 io - & i n 4 i o  - 
 sin* 8 id -%@6-7sin2 i o ~ 2 + 5 ~ ) s i n 2 i o  - 
-4(4+3E)(1-5sin2 i o  + 

2 
-l 

1 35 

7 iio E &E s i n 2  ic, M -  19 2 [ 1 5 s i n 2 i o  - I ~ + 1 8 c ( 6  -?sin2 i o ) ] .  

With regard  t o  (12.16) and (12.27) ,  we write t h e  i n i t i a l  condi t ions  f o r  
( 1 2  .5 7) - ( 1 2 .6 1) : 

We s u b s t i t u t e  - - - -  s o l u t i o n s  (12.27) from t h e  f i r s t - approx ima t ion  equat ions  
f o r  t h e  func t ions  q, k, i ,  p and i n  t h e  r igh t -hand members o f  equat ions  
(12.57) ,  (12.59) and (12.62). S ince  t h e  r ight-hand members o f  equat ions  
(12.57),  (12.59) and (12.62) are p ropor t iona l  t o  K~ and approximate s o l u t i o n  
(12.27) i s  found wi th  an e r r o r  o f  -K, t h e  equat ions  obta ined  a f t e r  s u b s t i -  
t u t i n g  s o l u t i o n s  (12.27) i n  p l a c e  o f  F, K, i, and F w i l l  be  computed with 
an e r r o r  o f  - K ~ ,  b u t  i n i t i a l  condi t ions  (12.15) were cons t ruc ted  with t h i s  
same e r r o r .  Therefore ,  s u b s t i t u t i o n  (12.27) is  v a l i d .  Cc.1culation o f  T, 
and E now reduces t o  quadra tu res .  We have f i n a l l y  
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We write t h e  s o l u t i o n  f o r  equation (12.60) i n  the form 

where 

(12.64) 

(12.65) 

(12.66) 

(12.67) 

Di f f e ren t i a t ing  (12.67) i n  the  l i g h t  o f  system (12.57)-(12.61), w e  g e t  an 

the  right-hand members o f  t h e  system of  equations f o r  E, f; and & , and expand 

I 
I 

equation f o r  t he  new va r i ab le  cp. We s u b s t i t u t e  so lu t ions  [12.64)-(12.66) i n  

them i n  a series w i t h  
t h e  equations f o r  E a 

I r e g e c t  t o  powers o f  K .  

md L .  and r e t a i n  only terms of  the first 
We drop terms o Nf order  t c 3  

negat ive o 
i n  

lrder - 
of magnitude i n  t h e  equations f o r  cp. We then g e t  

dn I aT -- xn", cosio+gnn"osinio(  5 -r t - i o ) + n @  ]. ; 
2 

- x n o  tg i o  
2 @ 2 +  (2 - 1 5 ~ 0 s ~  io ) (  i - i o ) +  

dE 
a2 -I .6 8) 

- 
x smio(sinw-sinw0)+4~utgiOJ1-t~(il0 + i , ,  J 

Determination of  t h e  func t ions  and has now been reduced t o  quadra- 
t u r e s .  The function'cp s a t i s f i e s  a l i n e a r  d i f f e r e n t i a l  equat ion.  Solving 
(12.68) with i n i t i a l  condi t ions (12.63), w e  g e t  

1 7 2  



x fsin2w - sin200 - ~ 8 ~ c 0 s 2 u , ~ ) ;  
(12.69) 

(12.70) /177 - 

The components of the Laplace vector are computed from the formulas 

(12.72) 



Let us give  the  f i n a l  r u l e  f o r  c a l c u l a t i n g  s a t e l l i t e  motion i n  the  
second approximation. - - - -  A f t e r  f i r s t -approximat ion  s o l u t i o n s  have been Eound 
f o r  t he  func t ions  R, L ,  p ,  F,  T, and u ,  we s u b s t i t u t e  t h e i r  va lues  i n  

(12.40)-(12.44) and determine r, p ,  52, E ,  q ,  k and r b y  formulas (12.64) 
(12.66) and (12.69)-(12.71).  Returning then t o  the  i n i t i a l  v a r i a b l e s ,  w e  
f i n d  t h e  func t ions  i ,  p ,  52 and L .  The argument o f  l a t i t u d e  i n  t h e  second 
approximation is  found from equat ion (12.6) .  The f i n a l  r e s u l t  i s  independent 

- -  

- - - - -  - 
of  func t ions  R1, i,, p l ,  q l ,  kl and L . 

1 

The cons t ruc ted  s o l u t i o n  approximates t h e  exac t  s o l u t i o n  o f  system /178 
(12.5) with an e r r o r  o f  m K 2  on t h e  i n t e r v a l  T - K - l .  

accuracy holds  i f  il - 1. For o r b i t s  o f  g r e a t e r  e c c e n t r i c i t y ,  il i s  small, and 

t h e  approximate s o l u t i o n  i n  t h i s  case has an e r r o r  of  +i K on t h e  i n t e r v a l  

This  estimate of  

- 2  2 

-1 
T k K  . 

The s o l u t i o n  found f o r  i, coinc ides  with Kozai 's  s o l u t i o n  [54]. 
The s o l u t i o n s  f o r  R, q ,  k and L d i f f e r  from t h e  s o l u t i o n s  i n  [54]. 

In  t h e  case o f  e q u a t o r i a l  o r b i t s ,  t h e  angles  + w, L + w should be 
s u b s t i t u t e d  f o r  t h e  angles  R, L.  The effect  o f  t h e  t h i r d  zonal harmonic on 
t h e  motion of  an e q u a t o r i a l  s a t e l l i t e  r equ i r e s  s p e c i a l  cons idera t ion ,  and w e  
s h a l l  no t  t a k e  up t h i s  problem. 

Calcu la t ion  of  sa te l l i t e  motion by approximate formulas involves  two 
d i f f i c u l t i e s :  first t h e  s o l u t i o n  o f  equat ion (12.6),  and secondly calcu-  

However, s i n c e  s o l u t i o n  of  (12.6) is equiva len t  l a t i o n  o f  t h e  q u a n t i t y  F 

t o  s o l u t i o n  o f  Kepler ' s  equat ion ,  methods may be appl ied  he re  which are 
o r d i n a r i l y  used i n  celest ia l  mechanics (method o f  i t e r a t i o n s ,  g rad ien t  method, 
expansion i n  s e r i e s ) .  I n  the  case o f  o r b i t s  with low e c c e n t r i c i t y ,  t h e  argu- 
ment of  l a t i t u d e  i s  computed by t h e  e x p l i c i t  formula 

10 

+ - e  13 3 s i n 3 ( L - w ) +  - e o s i n 4 ( L - - w ) + . . .  103 4 . 
12 0 96 

F o r  computing F w e  use  i n t e g r a t i o n  by p a r t s  t o  t ransform formula 10' (12.45) t o  t h e  form 

T F,, = Iirn[+ I + r - d - c - , f $ d z ] .  dU 
T+w 0 0 

(12.73) 



Taking t h e  argument o f  l a t i t u d e  as t h e  v a r i a b l e  o f  i n t e g r a t i o n ]  w e  g e t  

(12.74) 

Thus, t h e  de te rmina t ion  o f  F reduces t o  quadra tures  which may be 10 
done numerical ly ,  o r  i n  t h e  'case of o r b i t s  o f  s u f f i c i e n t l y  low e c c e n t r i c i t y ,  
may be  found a n a l y t i c a l l y  by series expansions.  
i n t e r v a l  u i n  (12.74) should be  chosen so  t h a t  t h e  e r r o r  i n  computing F 

does no t  exceed K .  

The e x t e n t  o f  t h e  i n t e g r a t i o n  /179 

10 1 

In formulas (12.45),  ( l2 .73)  and (12.74),  t h e  symbol a/a.r  denotes  d i f -  
f e r e n t i a t i o n  wi th  r e s p e c t  t o  t i m e  given e x p l i c i t l y  a t  a f i x e d  va lue  o f  u. 
I n t e g r a t i o n  i n  (12.45),  (12.73) and (12.74) i s  based on t h e  assumption t h a t  
u i s  a func t ion  o f  t. The r e l a t i o n s h i p  ~ ( u )  is  found from (12.6) ,  assuming 
q = qo,  k = k o y  L = ?I 0 '* 

+ L 0 

In t h e  express ion  f o r  the  p o t e n t i a l  o f  d i s t u r b i n g  f o r c e s  (12.2) ,  two 
tesseral harmonics-were p rev ious ly  r e t a i n e d ]  b u t  s i n c e  only t h e  q u a n t i t y  F 

depends on tesseral harmonics i n  t h e  second approximation, t h e  effect  o f  
t hese  harmonics may be e a s i l y  accounted f o r  i f  t h e  remaining tesseral h a r -  
monics are included i n  i n t e g r a l s  (12.74) i n  t he  express ion  f o r  U .  

10 

When a computer is used i n  c a l c u l a t i n g  s a t e l l i t e  motion, it i s  con- 

and F 1 O  venien t  t o  use t h e  method o f  i t e r a t i o n s  f o r  s o l v i n g  equat ion  (12.6) ,  

should be  c a l c u l a t e d  from the  known quadra ture  formulas.  
mate formulas r e s u l t s  i n  a sha rp  r educ t ion  o f  machine t i m e  i n  c a l c u l a t i n g  
s a t e l l i t e  o r b i t s .  

The use o f  approxi-  

Computation may be s i m p l i f i e d  somewhat by us ing  the  formulas 

(12.75) 

(12.76) 

Formula (12.75) fol lows from (12.46) and (12.65).  The second-approxi- 
mation s o l u t i o n  i s  now cons t ruc ted  as fo l lows:  After c a l c u l a t i n g  t h e  f irst  
approximation from formulas (12.40) - (12.43),  (12.64) - (12.67),  (12.69) - (12.73) 
and (12.16) ,  w e  determine R ,  i ,  p ,  q and e ;  w e  then f i n d  k from (12.76).  We 
compute k from t h e  formula 1 
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(12.77) 

We then f i n d  L from (12.44), (12.71) and (12.16). While t h i s  procedure 
e l imina tes  the  use of  (12.45') i n  c a l c u l a t i n g  k it is no t  appl icable  i f  k 

2 is  small, s i n c e  i n  t h i s  case the  d i f f e rence  between c lose  q u a n t i t i e s  q2  - k 
i n  (12.77) has a l a rge  re la t ive  e r r o r ,  Therefore,  i n  order  t o  avoid lo s s  of  
accuracy i n  determining q and k ,  they should be ca lcu la ted  by formulas (12.72). 

1' 

Besides using the  r e s u l t a n t  so lu t ion  f o r  the  pure ly  computational 
purpose of p red ic t ing  s a t e l l i t e  motion, it may be used f o r  q u a l i t a t i v e  analy- 
sis  of t he  effect  which the  E a r t h ' s  oblateness  has on s a t e l l i t e  motion. I t  /180 
i s  extremely convenient t h a t  va r i ab le s  o r d i n a r i l y  used i n  celest ia l  mechanics 
are used i n  t h e  r e s u l t a n t  so lu t ion .  For t h i s  reason, d i s turbed  motion may be 
q u a l i t a t i v e l y  s tud ied  d i r e c t l y  on the  b a s i s  of  t h e  approximate so lu t ion  with- 
out  prel iminary t ransformations.  

- 

I t  i s  obvious from the  so lu t ion  t h a t  t h e  dis turbance of  Keplerian 
motion is  extremely complex i n  the  general  case. Out of a l l  t h e  elements, w e  
should i s o l a t e  i n c l i n a t i o n ,  t he  square o f  e c c e n t r i c i t y ,  mean angular v e l o c i t y  
and the  f o c a l  parameter. The s o l u t i o n  f o r  t hese  may be w r i t t e n  i n  t h e  form 

2 Hence, it follows thax long-period pe r tu rba t ions  of  t h e  funct ions p ,  i ,  e , 
2 M-2 - ?J?i ( f i  -5,) d i f f e r  only by constant  mul t ip les .  The short-per iod 

pe r tu rba t ions  of t hese  func t ions  a r e  s i m i l a r l y  r e l a t e d .  
e and fi do 'no t  undergo any s e c u l a r  v a r i a t i o n s .  
are much more complex. 

The elements p ,  i ,  
Disturbances of  R ,  L and w 

I t  follows from the  r e s u l t a n t  s o l u t i o n  t h a t  t h e  t e s s e r a l  harmonics of 
t h e  Earth ' s g r a v i t a t i o n a l  p o t e n t i a l  i n  t he  second approximation have no 
effect  on o r b i t a l  elements Q ,  i ,  p ,  q and k ;  however, a s e c u l a r  dis turbance 
of  t h e  angle  L shows up, which changes t h e  p o s i t i o n  of  t h e  s a t e l l i t e  i n  t h e  
o r b i t .  Therefore,  i f  it i s  necessary t o  c a l c u l a t e  only the  evolut ion of  t h e  
s a t e l l i t e ' s  o r b i t ,  whi le  i t s  p o s i t i o n  i n  t h e  o r b i t  i s  not  consequent ia l ,  t h e n  
t e s s e r a l  harmonics may be disregarded i n  t h e  nonresonance case.  

The approximate s o l u t i o n  is s impl i f i ed  i n  the  case o f  near ly  c i r c u l a r  
o r b i t s ,  where e - O(#). In  t h i s  case, by dropping terms -c from (12.40)- 
(12.45),  w e  f i n 8  an expression f o r  shor t -per iod  dis turbances 
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- I 

From (12.64)-(12.66) and (12.69)-(12.71),  w e  g e t  t h e  express ions  f o r  
s e c u l a r  and long-period d is turbances  o f  o r b i t a l  elements:  

Here 

N = 3 ( U , - x F l O )  31 + 

E s i n 4 i 0  ; 
8 11 

g2  = 4[E, +3xfs in io (  xk10 - k l o  11; 

(12.79) 
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The approximate so lu t ion  found from formulas (12.16), (12.78) and 
(12.79) i s  a s o l u t i o n  of t he  second approximation: it approximates t h e  
exac t  so lu t ion  of (12.5) with error-K.2 over t he  i n t e r v a l  T -  K , i f  e - O k ) .  0 

Using s o l u t i o n  (12.7&), (12.79) and assuming f = 0 ,  w e  f i n d  the  formula 
f o r  t he  dimensionless foca l  rad ius  of  t h e  o r b i t  

sin* i + 7 s i n 2 i o ~ s ( e ~ + 3 u o - u ) + -  coszu - sin2 io COS 2u0 + 12 6 

1 + 3 sin2 io + - 1 sin2 io sin2 uo sin(e?: - u )  . 2 

/182 - 
(12.80) 

2 
The s l u t i o n  for t h e  problem i s  s impl i f i ed  i f  t h e  o r b i t a l  i n  l i n a t i o n  

i s  c lose  t o  i *  = 63.4". In  t h i s  case, assuming t h a t  t h e  d i f f e rence  5 cos 

io - 1 is a quan t i ty  of  t h e  f i rs t  negat ive order  of  magnitude, from (12.64)- 

(12.66) and (12.69) - (12.71) w e  ge t  formulas f o r  long-period and s e c u l a r  
dis turbances o f  t h e  o r b i t a l  elements: 

' 2 2 2  - 
i iO'-xilO*--x, 5 e o T H s i n 2 w O ;  p a  1 + 4 ( ? - i 0 ) ;  

2 3 n - Q~ -%a -%'E cosio +xG+xDto CDS 2 w 0  - 2xfi'oe0fsin oo + 

+ ~ x j i o s i n i o ( i l o + T l ~  2 -$ ei.T2iio ~ s i n i ~ s i n 2 w ~  ; 

'p I - 7 x e o { A + G m s i o - e ~ D c o s i o  i $ k o i i o f c o s i o - R  

We s u b s t i t u t e  q = qo, k = k 0 i n  t h e  expressions f o r  i 1' 521' P1' q l '  k l  L1' 

The formulas der ived above may be used f o r  approximate ca l cu la t ion  of 
An important advantage o f  t h e  r e s u l t a n t  t he  evolut ion of s a t e l l i t e  motion. 

so lu t ions  is  the  fact  t h a t  t h e  s o l u t i o n  i s  found i n  e x p l i c i t  form for 
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o s c u l a t i n g  v a r i a b l e s  o r d i n a r i l y  used i n  celest ia l  mechanics a Therefore ,  i t  
may b e  used f o r  q u a l i t a t i v e  i n v e s t i g a t i o n  of d i s tu rbed  s a t e l l i t e  motion with- 
out  addi  ti ona 1 t r a n s  format i ons . 

/183 - s l 3 .  Hyperel 1 i p t i c  Theory o f  Sate l  1 i te Motion 

A form o f  p o t e n t i a l  func t ion  may be  found which approximates t h e  E a r t h ' s  
g r a v i t a t i o n a l  f i e l d  f a i r l y  well ,  and a system of  coord ina tes  may be  found f o r  
which t h e  equat ions  o f  d i s tu rbed  motion are i n t e g r a t e d  i n  quadra tu res .  The 
problem o f  motion of an a r t i f i c i a l  Ear th  s a t e l l i t e  i s  so lved  i n  t h i s  formu- 
l a t i o n  by M .  D. K i s l i k l  i n  [69, 791,  ( s i c ) .  

According t o  t h e s e  works, a system o f  c u r v i l i n e a r  coord ina tes  i s  
q2, q3 i s  given by t h e  i n t e r s e c t i o n  1' s e l e c t e d  i n  which any p o i n t  M o f  space q 

of  t h r e e  su r faces :  an el1ip:;oid o f  r evo lu t ion ,  a hyperboldid of  one s h e e t  
which i s  confocal  wi th  t h i s  e l l i p s o i d  and has semi t ransverse  a x i s  a and t h e  

meridian p lane  pass ing  through t h e i r  common axis ( t h e  minor a x i s  of  t h e  
e l l i p s o i d  and t h e  conjugate  axis of  t h e  hyperbolo id) .  
hyperboloid are confocal  wi th  some b i a x i a l  e l l i p s o i d  (with e c c e n t r i c i t y  e = 

"/a2 - b2/b) 

V o f  t h e  homogeneous body bounded by i t s  s u r f a c e  coir ,cides wi th  t h e  g rav i -  
t a t i o n a l  p o t e n t i a l  of  t h e  terrestr ia l  sphero id  ( see  SS) : 

2' 

The e l l i p s o i d  and 

which i s  s e l e c t e d  i n  such a way t h a t  t h e  g r a v i t a t i o n a l  po te r t t i a l  - 

I n  t h i s  case ,  

o f  t h e  meridi 

(13 

coord ina tes  q and q2 (coord ina te  q is  t h e  s p h e r i c a l  long 

n p lane)  are determined by the  r e l a t i o n s h i p s  
1 3 tude 

while t h e  f o r c e  func t ion  v which sats i f ies  t h e  condi t ions  - V = 0 (V being 
given by equat ion  (13.1))  i s  equal  t o  

(13.1 ' )  

A similar problem was so lved  somewhat l a te r  by J .  Vin t i  1721. 

179 



However, t h e  func t ion  so  s e l e c t e d  co inc ides  only wi th  t h e  f irst  two 
terms o f  t h e  f o r c e  func t ion  o f  t h e  b i a x i a l  terrestr ia l  e l l i p s o i d  

The r e s u l t a n t  e r r o r  i s  equal  t o  

Given c e r t a i n  assumptions, t h e  first term o f  t h i s  express ion  a lone  may 
According t o  M. D .  K i s l i k ' s  estimates, t h e  b e  used f o r  eva lua t ing  e r r o r  AT. 

e r r o r  i n  determining the  a c c e l e r a t i o n  o f  a s a t e l l i t e  when t h e  p o t e n t i a l  i s  
s e l e c t e d  i n  t h e  form of model (13.1 ' )  w i l l  b e  no g r e a t e r  than 7 mgal through- 
ou t  a l l  o u t e r  space.  

I n  [69], p o t e n t i a l  (13.1) i s  c a l l e d  t h e  normal g r a v i t a t i o n a l  f i e l d  of 
t h e  Ear th .  
t a t i o n a l  anomalies.  

In  t h i s  case, t h e  q u a n t i t y  AT appears i n  t h e  p o t e n t i a l  o f  g rav i -  

The equat ions are w r i t t e n  i n  canonical  form t o  f i n d  t h e  i n t e g r a l s  o f  
t h e  motion equat ions f o r  t h e  s a t e l l i t e .  i n  t h e  normal g r a v i t a t i o n a l  f i e l d .  
I n t e g r a t i o n  o f  t h e  r e s u l t a n t  system, fol lowing Yakobi's method [72] [sic]., i s  
replaced by f ind ing  t h e  complete i n t e g r a l  o f  some d i f f e r e n t i a l  equat ion i n  
p a r t i a l  d e r i v a t i v e s .  In  t h i s  way, M .  D. K i s l ik  f i n d s  s i x  i n t e g r a l s  o f  canon- 
i ca l  equat ions o f  motion which are expressed i n  quadra tures ,  and a f t e r  c e r t a i n  
t ransformat ions  may be  w r i t t e n  i n  t h e  form: 



Here w e  use the  nota t ion :  

e ( < >  i s  a PolYnomial 

11, 12’ 13, 14, Is and I 

of t he  four th  decree; 

a r e  e l l i p t i c  i n t e g r a l s ;  6 

D i s  a constant ;  

the  subsc r ip t  0 corresponds t o  t h e  i n i t i a l  values .  

2 

Actual ly ,  t he  de r iva t ion  of i n t e g r a l s  (13.2) c o n s t i t u t e s  cons t ruc t ion  
o f  an a n a l y t i c a l  theory o f  s a t e l l i t e  motion, c a l l e d  the  h y p e r e l l i p t i c  theory 
by M. D.  K i s l i k ;  s i nce  the  e l l i p t i c  i n t e g r a l s  w r i t t e n  t h e r e  a re  not t r ans -  
formed [73] ? equations (13.2) may not  y e t  be used i n  computational p r a c t i c e .  
M. 5. K i s l i k  manages t o  reduce them t o  a form convenient f o r  ca l cu la t ions  by 
a c e r t a i n  t ransformation o f  i n t e g r a l s  I1? 12’ IgY I q Y  I5 

expandins the  integrands i n  se . r ies  with respec t  t o  powers o f  the  small  para-  
meters k 

and I6 and by 

A l y  A 2  and B y  which are approximately equal t o  
5 ’  
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After t h e s e  ope ra t ions ,  t h e  i n t e g r a l s  are w r i t t e n  i n  terms o f  t h e  series 
S(p) ,  F ( p I y  M(P),  n(C> and L(C) follows:. 

where A,  B ,  C ,  K ,  N and P are cons tan ts .  The s u b s c r i p t  0 des igna tes  values  
at t h e  i n i t i a l  p o i n t .  The argument i n  these  expressions i s  t h e  angle  5, 
which i s  approximately equal  t o  t h e  argument o f  l a t i t u d e  u i n  t h e  correspond- 
i n g  Keplerian motion o f  t h e  s a t e l l i t e .  The exac t  va lue  of  5 is found from 
t h e  expression 

where q2 0 i s  t h e  lowest r o o t  o f  t h e  polynomial P ( n )  = -mn4  + nq2 - s ;  m ,  n 

and s are cons t an t s .  The angle  cp i s  a l s o  expressed i n  terms of t h e  angle  5. 
In  p o i n t  of  f ac t ,  however, ( s ince  n = J - m ,  it i s  obvious from ( 1 3 . 2 )  t h a t  

t he  argument i n  t h i s  cons t ruc t ion  of  t h e  a n a l y t i c a l  theory is t h e  c u r v i l i n e a r  
coord ina te  q 2 ’  
represented  by t h e  angular  q u a n t i t y p  
t r u e  anomaly 6 i n  Keplerian motion) o r  by t h e  t i m e  o f  motion t .  
t h e r e  i s  a change i n  t h e  o rde r  o f  t h e  c a l c u l a t i o n s  o u t l i n e d  below [70]. 

I t  should be noted t h a t  t h e  independent v a r i a b l e  may a l s o  be  

( which i s  approximately equal t o  the  
In  t h i s  case - /I 

L e t  us azsume t h a t  at any i n s t a n t  t t h e  given i n i t i a l  condi t ions are 

t h e  s p h e r i c a l  coord ina tes  of  the s a t e l l i t e  r J I  and A and t h e  correspond- 

i n g  components of  v e l o c i t y  

0’ 

0’ 0 0 

Then t h e  algori thm f o r  determining s a t e l l i t e  motion is  cons t ruc ted  ac- 
cording t o  h y p e r e l l i p t i c  theory as fol lows [9, l o ] .  

1 .  The i n i t i a l  values  o f  e n o >  ql0 and qz0 are found: 
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(13.3) 

( 1 3 . 4 )  

Here t h e  q u a n t i t y  r i s  t h e  i n i t i a l  f o c a l  r ad ius  o f  t he  sa te l l i t e ' s  p o s i t i o n ;  

d is found from (13.1).  
0 

2 .  The values  o f  t he  cons tan ts  D D 2 ,  D g r  m, n and s are ca l cu la t ed :  1' 

0 
The fol lowing approximate r e l a t i o n s h i p s  may be used f o r  a check (p and e 

are t h e  i n i t i a l  va lues  o f  t h e  f o c a l  parameter  and e c c e n t r i c i t y ) :  
0 

3 .  The method o f  success ive  approximations i s  used f o r  f i n d i n g  t h e  
real roo t s  5 and 5, o f  t h e  polynomial 1 
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The values  

are taken as t h e  first approximation. The fol lowing approximate r e l a t i o n s h i p s  
may be used f o r  checking: 

In  t h e  case o f  an o r b i t  o f  a nea r ly  c i r c u l a r  s a t e l l i t e  (e  = s2),  roo t s  5, 
and 5, d i f f e r  from each o t h e r  by a q u a n t i t y  approximately equal t o  1. In  

t h i s  case, t h e  values  

are taken as t h e  first approximation. 

4. 

r a t i c  equat ion 

The q u a n t i t i e s  x and x2 are determined as the  roots  o f  t he  quad- 
1 

5. The cons tan ts  6, Ea k:, TS, A l ,  A2 andplo are found: 
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Deriva t ive  q is determined from the  formula 10 

6 .  The q u a n t i t i e s  r) and rl  are found as r o o t s  o f  t h e  polynomial 
1 2 

To avoid loss of accuracy dur ing  t h e  c a l c u l a t i o n s ,  it i s  recommended 
t h a t  r o o t  n2 b e  computed from the  formula 

7. The values  of cons tan ts  k2 T and angle  T o  are ca l cu la t ed :  n' rl 
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If 170 = 

equator)  , the1 

when v20 < 0 .  

8. The 

ca l cu la t ed :  

where 

0 ( the  i n i t i a l  p o s i t i o n  of  t h e  s a t e l l i t e  i s  i n  

n t h e  value c o  = 0 is taken a t  vz0 > 0 ,  and t h e  

ky(SI; + 2 E S ; + E 2 S ; I . j r  

I 

186 

t h e  plane of  t h e  

value c o  = IT 

I 1 and L ( c o )  a r e  

1189 - 

(13.5) 

(13.6) 



(13.7) 
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(13.8) 

Where 

2 
The angle x(<) = a rc t an  ( A‘ - ‘12 t a n  5) lies i n  t h e  same quadrant as the  
angle  5. 

The sum F(6)  i s  found from r e l a t i o n s h i p  (13.6),  bu t  with s u b s t i t u t i o n  
of t he  va r i ab le  

f o r  the  constant  k2 
f o r  t he  va r i ab le  a ,  and s u b s t i t u t i o n  o f  t h e  constant  k2 

5 .  
n 

(13.9) 

/191 In  a l l  groups of formulas (13.5),  (13.6), (13.7),  (13.8) and (13.9),  t he  - 
sums S(cp,>, FGo,), nC<,>, F(To) 
i n i t i a l  values ‘PO and < Q  are taken as arguments cp and i n  ca l cu la t ing  the  

L(5 , ) .  

This completes determination of  the  constants  and o f  the  q u a n t i t i e s  
which depend on the  i n i t i a l  condi t ions of motion. Subsequent computations 
are done f o r  each given instantaneous value of  t he  argument 3 .  

9.  F o r  each given value of .5, t he  following precedure i s  used f o r  
ca l cu la t ing  the  corresponding value ofcp: 

-- F ( < )  i s  ca l cu la t ed  from formula (13.6) , t he  va r i ab le  3 being sub- 
s t i t u t e d  f o r  c p ,  and the  constant  k2 being s u b s t i t u t e d  f o r  k2’ 

r\ 5’ 

-- the  func t ion  F(cp) i s  found from t he  equation 

-- t h e  angle  cp i s  found by the  formula 
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i n  which t h e  func t ion  K(k ) is  t h e  series 5 

Actua l ly ,  t h e  i n t e g r a l  13(5) = II.+(~I) from equat ions  (13.2) i s  us 
given case. 

d i n  t h e  

10. The ins tan taneous  values  are c a l c u l a t e d  f o r  t he  i n t e g r a l s :  

After t h i s ,  q3,  t l ,  p l ,  pa 
(13.2) .  

t h e  argument) are determined as fo l lows:  

and p3 may b e  found according t o  r e l a t i o n s h i p s  

Coordinates  q1 and q,, ( t h e  l a t te r ,  as has  a l r eady  been s t a t e d ,  is 
u 

The cons t an t s  B and E were found p rev ious ly  (see s t e p  5 ) .  

Reverse t ransformat ion  to  coord ina tes  and v e l o c i t i e s  ( i n  t h e  s p h e r i c a l  
coord ina te  system) is  done by t h e  formulas 
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( the  symbol I) coincides with the  symbol q): 

.. 

This completes ca lcu la t ion  of  the  coordinates and v e l o c i t i e s  a t  each 
instantaneous poin t  of the  t r a j e c t o r y .  

S14. Solution o f  Equations o f  D i s t u r b e d  S a t e l l i t e  Motion i n  Rectangular 
Coord i nates  

Equations of  d i s turbed  motion of  a s a t e l l i t e  i n  a rec tangular  coordinate 
system with regard t o  terms of  the  second negat ive order  of magnitude with 
respect  t o  p o l a r  f l a t t e n i n g  of  t he  Earth were solved by A .  A. Orlov i n  1960 
[76, 771. These papers a re  a cont inuat ion of [75], where the  same so lu t ion  
was found only with regard t o  terms o f  the  first order  with respec t  t o  f l a t -  
tening a. 
(1953). 

The ideas  developed i n  these works were already present  i n  [74]  

The p r a c t i c a l  value of A .  A .  Orlovts  papers (and p a r t i c u l a r l y  of  t h e  
so lu t ions  published i n  [ 7 7 ]  which w i l l  be  taken up i n  t h i s  s ec t ion )  lies i n  
the  fact  t h a t  the  r e l a t ionsh ips  which descr ibe  the  motion of  an a r t i f i c i a l  
Earth s a t e l l i t e  a r e  derived without imposing any l imi t a t ions  on the  i n i t i a l  
o r b i t a l  parameters.  Thus, they a r e  v a l i d  f o r  any i n i t i a l  values of  eccen t r i -  
c i t y  and i n c l i n a t i o n .  

/193 

The Earth i s  represented as an e l l i p s o i d  of  revolu t ion  with a gravi-  
t a t i o n a l  p o t e n t i a l  which contains  even zonal harmonics : 

(14.1) 
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Since A .  A.  Orlov cons iders  only second-order p o l a r  ob la t eness ,  (14.1) con- 
t a i n s  t h r e e  terms corresponding t o  P 00' p20 and p40* 

The d i f f e r e n t i a l  equat ions o f  d i s t u r b e d  motion 

(14.2) 

are w r i t t e n  i n  t h e  gene ra l ly  accepted geocen t r i c  i n e r t i a l  coord ina te  system 
(axes ox and oy l i e  i n  t h e  eq ,ua tor ia l  p l ane  of t h e  Ea r th ,  oz  i s  d i r e c t e d  
along t h e  Ea r th ' s  a x i s  o f  r o t a t i o n ) .  

The problem is  formulated as fo l lows:  t o  f i n d  t h e  d i s tu rbed  s a t e l l i t e  
motion descr ibed  by system of equat ions  (14.2) (assuming t h e  form o f  func t ion  
(13.1) given above) which would co inc ide  with t h e  Kepler ian motion given a t  
t h e  i n i t i a l  i n s t a n t  when czo = c40 = 0, 
t o  a new argument--undisturbed t r u e  anomaly 6 given by t h e  formula 

The s o l u t i o n  is  found by t r a n s i t i o n  

k 

Four t ransformat ions  o f  t h e  coord ina te  system are then performed t o  r ep resen t  
t h e  motion o f  t h e  ascending node and o f  t he  pe r igee  o f  t h e  d i s tu rbed  o r b i t  i n  
t r i gonomet r i c  form. 

1. Conversion from coord ina tes  x ,  y ,  z t o  coord ina tes  x*, y*, z* by 
r o t a t i o n  wi th  r e s p e c t  t o  t h e  oz axis through t h e  angle  

n =  a , + p Q k ;  p,=const ;  

x = X *  cos R - y *  s in  R ;  
y = X *  s i n  R + y '  CQSQ; 

z = z * .  

2.  Conversion t o  the  5 ,  rl ,  5 coord ina te  system by t h e  t ransformat ion  
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In t h i s  way the  coordinate  system 5, n ,  c is  t i e d  t o  t h e  plane of motion ( i n  
which t h e  5-  and n-axes l i e )  and r o t a t e s  i n  absolu te  space a t  a va r i ab le  
ve loc i ty .  

1’ nl’ 51 3 .  Transformation of coordinates 5, T-I, 5 t o  coordinates  5 

where u = w o  + (1  + A )  ak; A = cons t ,  represents  a t r a n s i t i o n  t o  a system I 
r o t a t i n g  a t  a va r i ab le  ve loc i ty  with r e spec t  t o  ax i s  0 5  As w e  see, t h e  

motion o f  system 5 
1 ’  

< is complex. 1’ 9 9  1 

A .  A .  Orlov does not  undertake t o  f i n d  pure ly  p e r i o d i c  motion; however, 
t he  constants  1-1 and X are chosen i n  the  d iscuss ion  which follows so  as t o  
e l imina te  c e r t a i n  nonperiodic terms i n  t h e  s o l u t i o n  ( i n  order  t o  s impl i fy  i t s  
form). 

4 .  The f i n a l  t ransformation,  which i s  used i n  [16], i s  t o  change the  I scale of t h e  coordinates  

I k’ which v a r i e s  toge ther  with r 

The s o l u t i o n  f o r  the  equations s a t i s f i e d  by the  func t ions  ~p , $J, 8 i s  
sought i n  t h e  form of s e r i e s  i n  s i n e s  and cosines of t he  angles which are 
mul t ip les  of u .  

S u b s t i t u t i o n  of  these  so lu t ions  i n  d i f f e r e n t i a l  equations r e s u l t s  i n  an 
i n f i n i t e  system of equations of  r e l a t i v e l y  va r i ab le  coe f f i c i en t s  (assoc ia ted  
with p e r i o d i c  func t ions ) ;  t hese  c o e f f i c i e n t s  are a l s o  sought i n  t h e  form of  
ser ies  i n  powers of  t he  small parameter a: 

where r 
t he  o r b i t .  

is t h e  equa to r i a l  rad ius  o f  t h e  Earth;  p 0 0 is  t h e  foca l  parameter of 
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En i t s  f i n a l  form (with regard t o  c o e f f i c i e n t s  o f  the  p o t e n t i a l  expan- 

20’ 20’ ‘40 C2 ) ,  the  s o l u t i o n  obtained by A. A .  Orlov reduces t o  the  s ion  c 

f o l  lowing algorithm. 

The argument f o r  desc r ip t ion  o f  motion, as has al ready been pointed ou t ,  - /195 
is the  undisturbed value of  t r u e  anomaly 8 The c o e f f i c i e n t s  assoc ia ted  

with the  funct ions of  t h i s  va r i ab le  i n  the  formulas given below are constant  
which depend only on t h e  i n i t i a l  condi t ions and should be computed before-  
hand. 

k ’  

The q u a n t i t i e s  q2, q4 (A. A .  Orlov’s nota t ion)  are equal t o  

- - -  
The i n i t i a l  parameters p a e which Figure i n  t h e  formulas given below 

are some constants  (constants  o f  i n t e g r a t i o n )  and d i f f e r  from the  correspond- 
ing  Keplerian elements found f o r  t hese  same ‘ i n i t i a l  coordinates  and velo- 
c i t i e s .  

0’ 0’ 0 

Relat ive t o  t h e  p o s s i b i l i t i e s  of determining these parameters with 
respec t  t o  i n i t i a l  condi t ions ,  everything holds t h a t  i s  s t a t e d  concerning 
t h i s  po in t  a t  the  end of  115,. 
ca l cu la t ion  o f  t he  constants  a e by means o f  i t e r a t i o n  using the  pro- 

cedure descr ibed i n  515. 

The - s ip l e s t  method i n  the given ins tance  i s  
0’ 0’ 0 

The subsequent opera t iona l  o rde r  with A. A.  Orlov’s a lgori thm i s  as 
follows: 

1. The constants  a LI and X are ca lcu la ted :  0’ 
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/196 , u and are  calculated f o r  each given - drk 
2 .  The var iables  M, rk, 

value of the argumentOk: 

A l l  subsequent computations a re  a l so  done f o r  the same values o f e k .  

3 .  R*, u* and r* are found: 
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x e~siniOcosiO~i!kcos2~+q2siniooosio 2 [ 131 16 +Kc+ 27 (953 64 
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The a lgor i thm allows f o r  considerable  s i m p l i f i c a t i o n s  i f  orders  o f  
ob la teness  above t h e  first are d is regarded  ( i t  i s  assumed t h a t  q4 = 0 ,  q2 2 = 0), 

or i f  h ighe r  powers o f  eo are d is regarded  when the  i n i t i a l  o r b i t a l  e c c e n t r i -  
c i t i e s  are low. 

In  p a r t i c u l a r ,  when q4 = 0, q$ = 0 ,  t h e  q u a n t i t i e s  x, y ,  z , as may be 

algori thm €or determining t h e  ins tan taneous  coordinates  o f  motion i s  limited 
t o  t h e  f i rs t  f o u r  p o i n t s  descr ibed  above. 

i /200 
r e a d i l y  seen ,  are simply equal  t o  x = x ( ~ ) ,  y = y ( 2 )  ,. z = z(~), and t h e  e n t i r e  

515. U t i l i z i n g  t h e  Model o f  Two A t t r a c t i n g  Centers f o r  Solving t h e  Problem 
o f  D i s t u r b e d  Sa te l  1 i te Motion 

I n  t h i s  vers ion  of  seeking  t h e  s o l u t i o n  f o r  equat ions of  d i s tu rbed  
motion, cons idera t ion  is  given t o  t h e  force  func t ion  represented  i n  t h e  form 

(15.1) 

where f is  the  g r a v i t a t i o n a l  cons tan t ,  m is  m a s s ,  R i s  t h e  e q u a t o r i a l  r ad ius  

o f  t h e  Ea r th ,  Pk are Legendre’s polynomials,  Jk are cons tan ts  which charac- 

t e r i ze  t h e  f i g u r e  o f  t h e  Ear th  and r i s  t h e  d i s t ance  o f  t h e  s a t e l l i t e  from 
t h e  Ear th’s  c e n t e r .  The rec t angu la r  coord ina te  system wi th  t h e  o r i g i n  a t  
the  E a r t h ’ s  c e n t e r  of g r a v i t y  is s e l e c t e d  s o  t h a t  axes x and y l i e  i n  t h e  
p lane  of t h e  equator ,  t h e  axis z i s  po in ted  toward t h e  verna l  equinox and t h e  
t r i p l e t  x, y ,  z is  right-handed. 

0 

Let us in t roduce  t h e  new cons tan t  

and examine the  f o r c e  func t ion  
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I t  is  r e a d i l y  seen  t h a t  t h e  express ions  f o r  V and U from (15.1) and (15.2) 
have d i f f e r e n t  terms beginning wi th  k = 3 .  This  means t h a t  t h e  f o r c e  func- 
t i o n s  V and U d i f f e r  from one ano the r  by a q u a n t i t y  of  t h e  second negat ive  
o r d e r  o f  magnitude with r e spec t  t o  f l a t t e n i n g  of t h e  Ear th .  Therefore ,  i f  an 
a n a l y t i c a l  s o l u t i o n  can be found for  the  problem o f  s a t e l l i t e  motion i n  t h e  
f i e l d  of  a body with f o r c e  func t ion  U, then  it i s  obvious t h a t  t h i s  s o l u t i o n  
w i l l  be  c l o s e r  t o  t h e  exac t  s o l u t i o n  (corresponding t o  f o r c e  func t ion  V) than 
f o r  i n s t ance  motion along a Keplerian e l l i p s e  ( t h i s  motion i s  def ined  by t h e  
f o r c e  func t ion  W = fm/r) .  

As shown i n  [ 7 8 ,  79, SO], t he  c o e f f i c i e n t s  o f  t h e  expansion from (15.2) - / 201  
are i d e n t i c a l l y  co inc ident  with t h e  c o e f f i c i e n t s  o f  t h e  expansion i n  Legendre's 
polynomials wi th  r e s p e c t  t o  t h e  argument z / r  o f  t h e  a u x i l i a r y  func t ion  

Here 

And so  w e  f i n a l l y  t a k e  

The equat ions  o f  sa te l l i t e  motion i n  f i e l d  (15.3) have t h e  form 

(15.3) 

(15.4) 

System o f  equat ions  (15.4) may be  i n t e g r a t e d  i n  quadra tu res ,  i t s  s o l u t i o n  
being expressed i n  terms o f  t h e  e l l i p t i c a l  func t ions  o f  some in t e rmed ia t e  
v a r i a b l e .  The r e l a t i o n s h i p  between t h i s  i n t e rmed ia t e  v a r i a b l e  and t h e -  t i m e  
o f  motion may a l s o  be  e s t a b l i s h e d .  

However, i t  i s  n o t  always convenient t o  use  the s o l u t i o n  d i r e c t l y  i n  
e l l i p t i c a l  func t ions .  
t h a t  t h e  abso lu te  va lues  o f  t h e  e l l i p t i c a l  func t ions  which r ep resen t  t he  
s o l u t i o n  o f  system (15.4) are small. These abso lu te  va lues  are o f  o r d e r  
E = c / r * ,  where r* i s  some mean r ad ius  o f  t h e  s a t e l l i t e ' s  o r b i t .  S u b s t i t u t i n g  

To s impl i fy  i t s  use ,  w e  t ake  advantage o f  the  f a c t  
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c =Rod=&. , we f ind  t h a t  

Since r* i s  always g r e a t e r  than Ro, we have E < 

E < 1/30. 
of  the  moduli. 
ing  t o  f l a t t e n i n g  o f  the  Earth.  

, and f o r  t he  Earth,  

Thus, t he  r e s u l t a n t  e l l i p t i c a l  funct ions may be expanded i n  powers 
These s e r i e s  quickly converge f o r  absolute  values correspond- 

The f i n a l  r e s u l t s  a r e  given below with r e t en t ion  of  terms t o  c 4  i nc lu -  
s i v e ,  taken from [SO]. The so lu t ion  depends on s i x  a r b i t r a r y  constants :  

which general ly  speaking may be expressed i n  terms o f  the  i n i t i a l  values of  
the  Keplerian elements. 
a t  E = 0 ,  with the  exception of  the  constant  w* which i s  expressed i n  t h i s  
case i n  terms o f  the  Keplerian value of  the  angular d i s tance  of t he  per igee  
(wg) i n  the  form 

/202 
We note  t h a t  a l l  elements (15.5) become Keplerian 

0' 

The method f o r  determining these  elements from the  Keplerian elements w i l l  be 
shown. 

And so ,  i f  q u a n t i t i e s  (15.5) are known f o r  the  s a t e l l i t e  a t  time to, 

then the  coordinates of the  s a t e l l i t e ,  x ,  y ,  z ,  and i t s  v e l o c i t i e s  k, 9, k 
may be determined a t  t i m e  t by successive appl ica t ion  of  the  following 
formulas : 

1. The constant  parameters which charac te r ize  the  o r b i t  a r e  given 
( these ca l cu la t ions  are performed once f o r  a given o r b i t ) :  

{ I  -$. E2(1-eeo* 2 )(1-s;2)+B 3 4  E (1-4;  2 )(I -sq, 
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4 1  
1; 

- e: 2 (l44-t 288s2 - 515s4)1 ;  

*2 4 2 %  
x [ l + l i s 2 - t ,  ( 1 - 5 s 2 ) I -  %+e', ) (24-98s2+75s ) 

16 
2 4 

4 64 
v - %( 12 - 1 5 ~ ~ )  + 5 E288 - 1 2 9 6 ~ ~  + 1 8 3 5 ~ ~  - 

p = -3  e2 1 + s2(S - 17s2 - 24e', s 2 )  w s f o ;  2 1  - 
2 c 

;J= v / o +  v); k =  w / 6 +  VI. 

2 .  For each given t i m e  t ,  we c a l c u l a t e  

b)  by t h e  method of  success ive  s u b s t i t u t i o n s ,  w e  f i n d  E from t h e  
equat ion 

E = Iw + e s i n E ,  

E = M may be taken as a first approximation f o r  E ;  

c) w e  f i n d  the  q u a n t i t y  0 by us ing  the  equat ion 

The r e l a t i o n s h i p s  

may be  used f o r  determining t h e  quadrant  i n  which 0 i s  loca ted .  
t h e  angle  e makes as many t u r n s  as E .  Therefore ,  p roper  determinat ion o f  0 
r equ i r e s  r e f e r r i n g  t h e  va lue  found from formulas (15.6) t o  t h e  i n i t i a l  revo- 
l u t i o n  and adding [ E / 2 ~ r ]  Z I T  t o  t h e  r e s u l t ;  

We no te  t h a t  

d) w e  determine W, ma u, v a  Q ,  5 ,  Q'. (PI k ' a  + a  si', N: 

/ 2 0 3  

(15.6) 

201 

I 



I l l  I l l l l l l l l I  I I I 

e l  we determine the  s a t e l l i t e ' s  coordinates x ,  y ,  z and ve loc i ty  /204 
components x ,  y ,  i: 

Arbi t ra ry  constants  (15.5) on which the  general  so lu t ion  o f  . t h e  problem 
depends, a r e  r e l a t e d  i n  a complex way t o  the  i n i t i a l  values of the  coordinates 
and v e l o c i t i e s  o f  t he  s a t e l l i t e .  F o r  i n s t ance ,  l e t  us assume t h a t  it is 

202 



t h e  Keplerian elements o f  t h e  o r b i t  t o  be computed , known t h a t  when t = 
are (g iv ing  t h e  Kepler ian elements i s  equ iva len t  t o  g iv ing  t h e  phase co- 
o rd ina te s  and v i c e  versa) 

(15.7) 

The values  of  parameters (15.5) must be determined with r e spec t  t o  elements 
(15.7).  

The inve r se  problem i s  so lved  by t h e  formulas presented  i n  s t e p s  1 and 
2 o f  t h i s  s e c t i o n .  Here, by g iv ing  the  a r b i t r a r y  values  of parameters (15.5) 
when t = to ,  w e  determine t h e  phase v a r i a b l e s  

I f  q u a n t i t i e s  (15.8) are known, t h e  i n i t i a l  values  o f  t he  Keplerian elements 

may be determined. 

However, we a r e  always i n t e r e s t e d  i n  t he  reverse .  I n  fac t ,  t he  i n i t i a l  
values of  the  Keplerian o r b i t a l  elements (15.7) are usua l ly  known f o r  t h e  
o r b i t  which must be computed, and i t  i s  necessary t o  use t h e s e  elements i n  
determining cons tan ts  (15.5) . 

Our problem would be so lved  i f  w e  could reverse  the  formulas given 
above, i . e .  i f  w e  could wr i te  r e l a t i o n s h i p s  of t h e  form 

where a i s  a v e c t o r  from (15.5) and x is a v e c t o r  i n  phase coord ina te  space.  /205 

This i s  r a t h e r  d i f f i c u l t  t o  accomplish, and bes ides  t h e  reversed  form- 
u l a s  f o r  determining t h e  i n i t i a l  condi t ions  w i l l ,  g ene ra l ly  speaking,  be 
j u s t  as complex as t h e  d i r e c t  formulas used f o r  p r e d i c t i n g  s a t e l l i t e  motion. 

We s h a l l  o u t l i n e  below the  method proposed by I .  A .  Krylov and F .  L .  
Chernous’ko f o r  determining elements (15.5) wi th  r e s p e c t  t o  (15.7)  u s ing  
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I l l 1  l l l l l l l I l I l l  I I I 1  

only d i r e c t  formulas. 
than t h e  one t r e a t e d  i n  t h i s  s ec t ion ,  we s h a l l  examine the  procedure i n  
general  form. 

Since t h i s  method may be appl ied  t o  o the r  problems 

Let us assume t h a t  w e  know t h e  r e l a t ionsh ips  

P n = f ( l l * O ,  E ) .  (15.10) 

Here a and a* a r e  understood t o  i n d i c a t e  one-dimensional vec to r s ,  and E is  0 0 

some small  parameter.  I t  i s  known t h a t  vec tors  a and a* d i f f e r  l i t t l e  from 

one another ,  and when E = 0 ,  
0 0 

a 0  = a g  . (15.11) 

From (15.10) and (15.11) we ge t  

"0 = f ( a , ,  0) .  

Hence, i t  follows t h a t  

( the ex is tence  and cont inui ty  of  p a r t i a l .  de r iva t ives  

the  given E ) .  Here, E is a un i t a ry  matr ix .  
de r iva t ives  af/aa; are continuous with r e spec t  t o  E ,  then we have 

a f /  aa* i s  assumed a t  

If i t  i s  assumed t h a t  p a r t i a l  
0 

Let us consider  the i t e r a t i o n  process 

(15.12) 

(15.13) 
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I t  may be assumed t h a t  

(15.14) 

I t e r a t i o n  process  (15.13) wi th  i n i t i a l  approximation (15.14) should converge,. 
s i n c e  i t  fol lows from (15.12) t h a t  a l l  elements o f  t h e  matrix o f  d e r i v a t i v e s  

- 4 0  as E + O ,  and i n i t i a l  approximation (15.14) i s  f a i r l y  c lose  /206 
ak( t l ; ,  4 

- d a; 

t o  t h e  s o l u t i o n  of  equat ion  (15.10). Let us remember that the formulas 

a r e  ou r  i n i t i a l  d i r e c t  formulas.  

And s o ,  assuming a*(’) = a w e  g e t  
0 0’ 

* ( 2 )  
a ,  = a ,  - f ( a , ,  E )  + a,; 

The i t e r a t i o n  process  may be  concluded when la* , (n)  - G O  t i s  less 
than  the  appropr i a t e ly  small number €1 > 0 which we se lec t .  The descr ibed  
i t e r a t i o n  method was used i n  the  computations. 

* ( n  - 1) 

When the  given method i s  used f o r  determining parameters (15.5) which 
appear i n  the  formulas o f  515, it must be remembered t k a t - t h e  d i r e c t  formulas 
determine t h e  values  o f  t h e  phase v a r i a b l e s ,  x, y ,  z ,  x ,  y ,  z. Therefore ,  
when these  v a r i a b l e s  have been found from t h e  d i r e c t  formulas,  they must be  
used t o  compute t h e  corresponding va lues  o f  t he  Keplerian elements.  
a d d i t i o n ,  when E = 0 ,  t h e  parameter  WB i s  r e l a t e d  t o  w o  by t h e  express ion  

In 

In  t h e  case where t h e  Kepler ian elements cannot be  determined from t h e  
i n i t i a l  values  of  t he  phase coord ina tes ,  t h e  i t e r a t i o n  process n a t u r a l l y  w i l l  
no t  converge. For in s t ance ,  i f  t h e  i n i t i a l  phase coord ina tes  from (15.8) 
correspond t o  a c i r c u l a r  o r b i t ,  then  a s i n g u l a r i t y  appears i n  t h e  formulas 
f o r  determining t h e  i n i t i a l  angular  p o s i t i o n  o f  t h e  pe r igee .  
i t e r a t i o n  process  cannot converge. 

Therefore ,  t h e  
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Let us no te  that  Ye. P .  Aksenov [81] [sic] reversed  t h e  formulas 
given i n  s t e p s  1 and 2 o f  t h i s  s e c t i o n  and g o t  r e l a t i o n s h i p s  (15.9).  Thus, 
when q u a n t i t i e s  (15.8) a r e  known, (15.9) may be  used t o  determine elements 
(15.5) .  I n  t h i s  case, t h e  va lue  of t h e  parameter  n from s t e p  1 may be  
determined with h igh  p r e c i s i o n  from the  i n i t i a l  coord ina tes  and v e l o c i t i e s  
of  t h e  s a t e l l i t e  (15.8) .  

A s  has  been shown by c a l c u l a t i o n s  made a t  t h e  Shternberg S t a t e  Astro-  
nomical I n s t i t u t e ,  us ing  reversed  formulas and t h e  exac t  va lue  of  n g ives  
considerably g r e a t e r  p r e c i s i o n  t o  th-e approximate formulas i n  s t e p s  1 and 2 .  

§16.  Comparative Analysis 

A p r a c t i c a l l y  usable  a l g o r i t h n  which desc r ibes  t h e  motion o f  an a r t i -  
f i c i a l  Ear th  s a t e l l i t e ,  should s a t i s f y  t h e  fo l lowing  b a s i c  requirements : 

--optimum correspondence ( i n  t h e  sense  o f  s e l e c t i n g  t h e  coord ina te  
system, computational argument and make-up o f  t h e  i n p u t  information)  t o  t h e  
p r i n c i p a l  problem t o  be  solved and a d a p t a b i l i t y  t o  r e l a t e d  problems; 

- - i ts  sys t ema t i c  e r r o r  should be no g r e a t e r  than  t h e  pe rmis s ib l e  e r r o r ;  

--it should be f a i r l y  e a s i l y  c a r r i e d  out  by a v a i l a b l e  means of  compu- 
t a t i o n ;  

--it should permi t  modi f ica t ion  t o  inc lude  a d d i t i o n a l  d i s t u r b i n g  
f a c t o r s  in t roduced  through t h e  improvement o f  p r a c t i c a l  techniques ( f o r  
i n s t ance  t h e  d i s s i p a t i v e  e f f e c t  of t h e  atmosphere as t h e  s t r o n g e s t  f a c t o r  
which in f luences  t h e  t r a j e c t o r i e s  o f  low-orbi t  s a t e l l i t e s )  . 

The f i rs t  of  t hese  requirements can be  considered only i n  each s p e c i f i c  
case. For  i n s t a n c e ,  where t o t a l  information on motion i s  requi red  ( i . e .  a l l  
seven motion parameters ) ,  t h e  method descr ibed  i n  §15 which provides  f o r  
d i r e c t  computation (without numerical i n t e g r a t i o n )  of  t h e  coordinates  a lone 
cannot be used. If t h e  s p e c i f i c  na tu re  o f  t h e  given problem o r  t he  computa- 
t i o n a l  process  makes it d i f f i c u l t  t o  use r a p i d l y  changing func t ions ,  then 
o s c u l a t i n g  elements are t h e  most convenient system of  parameters .  This  i s  
exemplif ied t o  a c e r t a i n  ex ten t  by t h e  s o l u t i o n  of  problems i n  p r e d i c t i o n  
given i n  517. I t  i s  a l s o  shown i n  t h i s  s e c t i o n  how t h e  appropr i a t e  s e l e c t i o n  
of  a system o f  parameters  f a c i l i t a t e s  t h e  s o l u t i o n  of  a d d i t i o n a l  problems 
a s soc ia t ed  with t h e  need f o r  p r e d i c t i n g  t h e  motion o f  a r t i f i c i a l  Ear th  
sa te l l i t es .  

/2@7 

The l a s t  requirement given above f o r  a lgori thms stems from the  unavoid- 
a b l e  process  o f  i nc reas ing  complication i n  p r a c t i c a l  problems and improvement 
of  t h e  t echn ica l  systems i n  which these  algori thms are used. S p e c i f i c a l l y ,  
it may be  askumed t h a t  t h e  pe rmis s ib l e  sys t ema t i c  e r r o r  ( i . e .  t h e  maximum 
value  o f  t h e  sys t ema t i c  e r ror .which  permi ts  s o l v i n g  t h e  given problem) w i l l  
decrease i n  t h e  course o f  t i m e  i n  many engineer ing  problems, and more and 
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more r i g i d  demands w i l l  b e  imposed on t h e  accuracy of  desc r ib ing  s a t e l l i t e  
motion. This r equ i r e s  accounting f o r  e f f e c t s  o f  t h e  second and h ighe r  nega- 
t i v e  orders  o f  magnitude i n  t h e  fu ture1 .  I n  t h e  algori thms descr ibed  i n  
5 5 1 2 ,  14 and 15, t h i s  problem has a l ready  been so lved .  Apparently , t h e  
h y p e r e l l i p t i c  theory (513) may a l s o  be  used as a b a s i s  f o r  cons t ruc t ing  a 
theory o f  motion which reflects the  effects o f  h ighe r  harmonics i n  t h e  poten- 
t i a l  expansion. 
accounted f o r  by t h e  method of  expansion i n  powers of  a s m a l l  parameter 
(511). O f  course,  as may be seen  from t h e  examples i n  5 5 1 2 ,  14 and 15, t hese  
add i t ions  e n t a i l  complication of t h e  algori thms.  

/208 

In  p r i n c i p l e ,  t h e  e f f e c t  o f  t h e s e  harmonics may a l s o  be  

In  add i t ion  t o  account ing f o r  q u a n t i t i e s  o f  h ighe r  nega t ive  o rde r s  o f  
magnitude i n  the  g r a v i t a t i o n a l  effect  o f  t h e  Ea r th ,  it becomes necessary  t o  
account f o r  o t h e r  effects commensurate with them ( they are enumerated i n  51). 
Chief among these  i s  t h e  effect  of  t h e  atmosphere i n  t h e  case o f  s a t e l l i t e s  
with a comparatively low pe r igee  ( in  t h i s  case ,  t h i s  effect  qay have a q u i t e  
apprec iab le  magnitude). The in t roduc t ion  of  f a c t o r s  o f  t h i s  type i n t o  t h e  
problem may make i t  necessary  t o  d i s c a r d  t h e  given algori thm and work ou t  a 
new one. In  some cases ,  however, (where t h e  added e f f e c t  is no t  g r e a t  and 
allows us ing  a l i n e a r  theory ,  as f o r . i n s t a n c e ,  i n  cons ider ing  t h e  e f f e c t  of 
t h e  atmosphere), an at tempt  may be made t o  t a k e  a d d i t i o n a l  account of  the 
new e f f e c t  without  r econs t ruc t ing  t h e  a v a i l a b l e  a lgor i thm.  This i s  obviously 
most simply accomplished when t h e  algori thms descr ibed  i n  §§ll  and 1 2  are 
used.  

O f  dec i s ive  importance i n  eva lua t ing  an a lgor i thm a r e  t h e  s i m p l i c i t y  
with which i t  i s  c a r r i e d  ou t  and t h e  magnitude of  t h e  sys temat ic  e r r o r .  
Since a l l  a lgori thms r ep resen t  a more o r  l e s s  approximate s o l u t i o n  of  t h e  
Cauchy problem t h e  magnitude of  t h e  sys temat ic  e r r o r  i s  inf luenced  by two 
f a c t o r s :  t he  accuracy of  t h e  mathematical model o f  motion and t h e  e r r o r  
inherent  i n  t h e  method used f o r  so lv ing  t h i s  problem. 

The model of  motion i n  t h e  given case (where t h e  d i s t u r b i n g  e f f e c t  o f  
t h e  E a r t h ' s  e c c e n t r i c i t y  a lone i s  considered)  i s  determined by -the model f o r  
t h e  p o t e n t i a l  o f  t e r r e s t r i a l  a t t r a c t i o n .  In  t h e  case taken up by A .  A .  Orlov 
(§14) ,  the  Ear th  i s  represented  i n  t h e  form of  an e l l i p s o i d  of  r evo lu t ion  
with regard t o  the  square o f  p o l a r  f l a t t e n i n g  (a'). 
second power of  a y i e l d s  apprec iab le  r e s u l t s  only f o r  a p r o t r a c t e d  i n t e r v a l  
of  s a t e l l i t e  motion ( see  Chapter Two). In  the  h y p e r e l l i p t i c  theory (§13) ,  
only a c e r t a i n  p a r t  o f  t he  e f f e c t  o f  a2 i s  taken i n t o  account,  while  i n  t h e  
method of  expansion i n  powers of  a small parameter  (911) i t  i s  completely 
d is regarded .  Since t h e  e f f e c t  o f  t he  square of  ob la teness  ( p a r t i c u l a r l y  /209 

Accounting f o r  t he  

. .  
O f  course t h i s  app l i e s  p r i m a r i l y  t o  long i n t e r v a l s  of  t ime of motion o f  

t h e  s a t e l l i t e .  
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s h o r t  t i m e  i n t e r v a l 1  ) i s  n o t  g r e a t ,  a l l  methods examined i n  t h i s  chapter  
iwith t h e  except ion o f  t h e  asymptot ic  method descr ibed  i n .  512) are approxi- 
mately on an equal  l e v e l  from t h e  s tandpoin t  o f  accuracy of t h e  mathematical 
model o f  motion. 
be  determined on t h e  b a s i s  o f  t h e  f irst  and second chapters .  

The e r r o r s  introduced i n t o  c a l c u l a t i o n s  by t h i s  model may 

The model o f  s a t e l l i t e  motion found by Yu. G .  Yevtushenko by t h e  
asymptot ic  averaging method (512) i s  e s s e n t i a l l y  d i f f e r e n t .  This model i s  
more accu ra t e  than those  i n  t h e  o t h e r  a lgori thms descr ibed  he re .  The 
approximate s o l u t i o n  given i n  512 makes it p o s s i b l e  t o  c a l c u l a t e  t h e  evolu- 
t i o n  o f  s a t e l l i t e  motion f a i r l y  r e a d i l y  and wi th  a h igh  degree o f  p r e c i s i o n  
over  a cons iderable  i n t e r v a l  o f  motion; t h e  algori thm i s  e s p e c i a l l y  simple 
i n  t h e  case of  n e a r l y  c i r c u l a r  s a t e l l i t e  o r b i t s .  I t  i s  important t h a t  t h e  
approximate s o l u t i o n  makes i t  p o s s i b l e  t o  account f o r  t h e  e f f e c t  o f  t e s s e r a l  
harmonics . 

The e r r o r  i n h e r e n t  i n  t h e  method is due t o  t h e  suppos i t ions  and assump- 
t i o n s  made i n  s o l v i n g  t h e  Cauchy problem. 
t h i s  chapter  g ive  an approximate s o l u t i o n  o f  t h e  problem, s i n c e  even when 
t h e  s o l u t i o n  i s  determined wi th in  t h e  framework o f  t h e  h y p e r e l l i p t i c  theory,  
a numerical r e s u l t  can only be  obtained by use o f  expansion i n  s e r i e s  with 
r e s p e c t  t o  powers of  t h e  small parameter .  

Al.1 t h e  a lgor i thms descr ibed i n  

The most e f f e c t i v e  procedure f o r  eva lua t ing  , the e r r o r  i nhe ren t  i n  the 
method i s  numerical comparison of  the s o l u t i o n  obta ined  b y  some theory wi th  
t h e  r e s u l t s  o f  numerical  i n t e g r a t i o n  o f  d i f f e r e n t i a l  equat ions  of motion. 

The system o f  d i f f e r e n t i a l  equat ions  should p r e f e r a b l y  be w r i t t e n  i n  
t h e  same system of  parameters i n  which t h e  s o l u t i o n  is found; t he  mathe- 
matical model o f  motion i n  both  cases  should n a t u r a l l y  a l s o  be  the  same. /210 

In  t h i s  type o f  comparison, i t  is  important t o  have a c e r t a i n  general-  
i z e d  e r r o r ,  o r  more p r e c i s e l y  t h e  modulus o f  t h i s  e r r o r  which shows the  
t o t a l  dev ia t ion  o f  t h e  c a l c u l a t e d  motion due t o  t h e  e f f e c t  which t h e  method- 
o l o g i c a l  e r r o r  has  on a l l  t he  motion parameters t o  be  determined by the  
algori thm. Therefore ,  i t  i s  convenient t o  c h a r a c t e r i z e  the e r r o r  inherent  i n  
t h e  method by the  moduli o f  vec to r  d i f f e rences :  

I t  i s  t h e  i n t e r v a l  o f  time over  which motion i s  considered which determines 
t h e  a d v i s a b i l i t y  o f  account ing f o r  such d i s t u r b i n g  g r a v i t a t i o n a l  e f f e c t s  
as t h e  square of  p o l a r  f l a t t e n i n g  o f  t h e  Ear th .  
i n t e r v a l s ,  t h i s  e f f e c t  i s  s o  small t h a t  i t  should no t  be taken i n t o  account.  
Over apprec iab le  i n t e r v a l s ,  o t h e r  effects such as t h e  atmosphere must be 
considered a l s o .  
l i t t l e  e f f e c t ,  t h e  in f luence  o f  t h e  square o f  f l a t t e n i n g  w i l l  a l s o  be low, 
even over  a long i n t e r v a l  o f  time. 

Ac tua l ly ,  over  s h o r t  

A t  g r e a t  d i s t ances  from t h e  Ea r th ,  where t h e  atmosphere has 

20 8 

I 



(16.1) 

300 
1000 
IO00 

36000 

Here t h e  s u b s c r i p t  M des igna tes  a q u a n t i t y  determined by i n t e g r a t i n g  t h e  d i f -  
f e r e n t i a l  equat ions on a d i g i t a l  computer, while  t h e  s u b s c r i p t  A des igna tes  
a q u a n t i t y  obta ined  by c a l c u l a t i o n  according t o  t h e  3 n a l y t i c a l  r e l a t i o n s h i p s  
o f  t h e  algori thm be ing  considered.  
only on t h e  coord ina tes ,  whi le  t h e  v e l o c i t i e s  0 = 3 (;,y,z) depend only on 
t h e  d e r i v a t i v e s .  

The f o c a l  r a d i i  r =,?.(x,y,z) depend 

300 
1000 
300 
300 

In  view o f  t h e  n o n l i n e a r i t y  of  t ne  system o f  equat ions which desc r ibe  
s a t e l l i t e  motion, t h e  sys t ema t i c  e r r o r  must be  eva lua ted  by c a l c u l a t i n g  
d i f f e rences  o f  form (16.1) a t  var ious  p o i n t s  i n  t h e  proposed range of  i n i t i a l  
condi t ions .  

- 0  
- 0  
0 
0 

By way of  example, graphs are given below f o r  t h e  change i n  sys t ema t i c  
e r r o r s  of some algori thms as a func t ion  of t h e  i n t e r v a l  o f  s o l u t i o n  o f  t h e  
Cauchy problem. 

Shown i n  F igures  107-109 i s  the  change i n  e r r o r s  A r  f o r  the algori thm 
descr ibed  i n  § l l ( t h e  corresponding v a r i a n t s  o f  i n i t i a l  condi t ions  a r e  given 
i n  Table 35) .  The func t ion  A r  i n  t he  given case i s  t h a t  used i n  56 (6. l o ) ,  
and t h e  e r r o r  i nhe ren t  i n  t h e  method is1 cha rac t e r i zed  by t h e  tube shown i n  
Figure 3. 

.. . 

0,0499 
0,7552 

Variant  
Number 

. .. - 
1 

1 
2 
3 
.4 
5 
8 
7 

- 

. .  - 

.. .. 

TABLE 35* 
- .  - . .- 

I n i t i a l  Conditions 

_ -  

5 T r .  Note: Commas i n d i c a t e  decimal p o i n t s .  
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TABLE 35 (Cont'inued) * 

45O 
0 
0 
0 
0 
0 
0 

/ 2 1 1  

1 

8 
3 
10 
1 1  
1% 
13 
14 
15 

J 

45O 
0 

eoo 
45O 
O0 
0" 
O0 

$ 5  1 -  . .  ... 
0,0489 
0,0499 
0,0489 
0,0499 
0,8870 
0,0498 
0,0499 
0,0498 

_I.=- I - .- 
1 om 
1 GOO 
-1 000 
1000 

1000 
1000 
1000 

4 m 5  

7 

300 
300 
300 
300 
300 
300 
300 
30 0 

.. -- _ _  

3 3 
Figs.  110 - 113 show t h e  change i n  e r r o r s  A r  = Irn - r 1 and A r n  = A -+ 3 3 

= lrA - rnl 
t h e  s a t e l l i t e  determined from t h e  abbrevia ted  r e l a t i o n s h i p s  i n  s t e p  6 514, 

while  rn i s  t h e  same q u a n t i t y  ca l cu la t ed  from t h e  complete r e l a t i o n s h i p s  i n  
914. 

f o r  t h e  a lgor i thm descr ibed  i n  §14. Here rA i s  t h e  p o s i t i o n  of 

3 

The e r r o r s  of  Ye. P .  Aksenov's method (Sl5) are cha rac t e r i zed  by t h e  
quan t i ty  A r ( t ) ,  graphs o f  which a r e  shown i n  F igs .  114 and 115. 

To determine t h e  e r r o r  i n  t h e  averaging method o f  5 1 2 ,  s a t e l l i t e  
motions were computed by numerical i n t e g r a t i o n  o f  system (12.5) on a d i g i t a l  
computer f o r  t h e  fo l lowing  f o u r  cases 

1 )  i = 4 5 O ,  P =  E = 4 k 0, p = 8683,553 km;. 
2 j  i - 4s0, Q = L = k = 0, 4 = 0,0495033799; p = 

3) i = 45O, Q = L =.. k = 0, q = 0.21602838, p = 

4) i = 45', LE = L = k = 0, q = 0.7281693, p = 

2 6986.08881 km ; 

= 8126,&12431u,i ; 

= l1515,7477km., 

For the  first t h r e e  examples, 100 r evo lu t ions  of the s a t e l l i t e  around 
t h e  Ear th  were c a l c u l a t e d ,  while 40 r evo lu t ions  were taken f o r  t h e  f o u r t h  
v a r i a n t .  The second and fou r th  zonal harmonics were taken i n t o  cons idera t ion  
i n  t h e  g r a v i t a t i o n a l  p o t e n t i a l .  
t a t i o n s  o f  t h e  evo lu t ion  of  s a t e l l i t e  motion according t o  t h e  approximate 
formulas i n  512 and t h e  numerical ly  obtained exac t  s o l u t i o n s  (N i s  t h e  number 

Given i n  Table 36 are t h e  r e s u l t s  o f  compu- 

--_ _- - -~ _ _  
J. 
'Tr. Note: Commas i n d i c a t e  decimal p o i n t s .  
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Var iant  Solution I 

'L I- I 7' I L k L - 3 6 0 ' N  t,Hours A r , h  52 i Pa km 4 Number 

I I 
1 

Exact 3 8" 2 0 ' 3 2 '> 8 8 4 5' 6 663,5542 ~ ~ 0 0 0 2 4 1  -0,000663 -4'29" 
1 i 149,978314 
I 

38"20'23",2 45" 6 663,5526 0,000241 -0,000661 -4'43" Appropr ia te 

Exact 34'46'38",5 44"59'58",9 6 996,0096 0,040144 0,029337 3'15'46'' 

1 
, 

2 
' App rop r  i a te ,  

Appropr ia te 

161,967653 

237,198162 

422,05249 

0,27715 

0,41809 

-- 
0,62300 

7,05845 

;: T r .  Note: Commas i n d i c a t e  decimal p o i n t s .  tu 
P 
w 



of revolu t ions  o f  t h e  s a t e l l i t e  around t h e  Ea r th ) .  
motion i s  ind ica t ed  i n  t h e  next  t o  last column o f  t h e  t a b l e ,  and t h e  e r r o r  
A r  i n  determining t h e  rad ius-vec tor  of  the  s a t e l l i t e  is  given i n  t h e  las t  
column . 

The dimensional t i m e  o f  

The approximate formulas approach t h e  exac t  s o l u t i o n s  with a high 
degree of  accuracy. 
c i r c u l a r  o r b i t s .  The e r r o r  i n  determining the  p o s i t i o n  o f  a s a t e l l i t e  after 
100 revolu t ions  around t h e  Earth i s  277 meters. As t he  o r b i t a l  e c c e n t r i c i t y  
inc reases ,  accuracy fa l l s  o f f ,  and f o r  e 0 .2 ,  t he  e r r o r  i n  s a t e l l i t e  

p o s i t i o n  i s  x 7  km af te r  only 40 revolu t ions .  
foca l  parameter i s  no g r e a t e r  than 20 meters i n  any case.  
determination of  the angular  elements il, i and L i s  less than 20". 

The p rec i s ion  is  e spec ia l ly  high i n  t h e  case of  nea r ly  

0 
The e r r o r  i n  determining the 

The e r r o r  i n  

/ 2 1 2  

F i g .  107 

The important c h a r a c t e r i s t i c s  which determine the  p r a c t i c a l  value of 
t h e  algorithm are the  s i z e  of  t he  sys temat ic  e r r o r ,  t he  
opera t ions  and the  s to rage  volume necessary f o r  carrying out the  computation 
on a d i g i t a l  computer. 

number o f  elementary 

These d a t a  f o r  t h e  algorithms considered above are summarized i n  
Table 37 ( the  sys temat ic  e r r o r  i n  the  given case i s  what was previously 
c a l l e d  the  e r r o r  inherent  i n  t h e  method). Ind ica ted  i n  t h i s  t a b l e  are t h e  

2 1 2  

I 
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Fig. 109 
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sec  

$0 180 270 $60 

Fig. 110 

F i g .  1 1 1  

m a x i m u m  sys temat ic  e r r o r s  obtained wi th  a change i n  parameters over  t he  
ranges 

o<i,<_9'Jo, o < ~ , < _ g o O ,  3mkm<hA536 000b, 3 0 0 ~ , < h , i l O O o  
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F i g .  113 

S685.55 km. I P o  I 11 695.23 km , 02 ec < 0,73s2). (which corresponds t o  - 
In cases where the  algorithm permits accounting f o r  both first and second 
powers of f l a t t e n i n g ,  f i gu res  a re  given which charac te r ize  each of  these  
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TABLE 37 " 

- A lgo r i t hm A lgo r i t hm ' A lgo r i t hm 
No. 1 1  No. 12 ' No. 13 

c------------- 

/. 
hl 

a, 
K 

i, d 
a, ', 
+-, 

L 
0 
LL 

0 

VI 
0 

Q2 

VI 
0 

E 
1 
4J 

I 
0 
0) 

.- 
c 

a 

Algo r i t hm ' A l g o r i t h m  
No. 14 I NO. 15 

E E 
a l r ' a l r  

a, .- a, .- 
A r  n o  

i 2 %  E D  
0 -  0 -  u a  u a  

w w  w w  
- I  - I  

Note: The number of the a l g o r i t h m  corresponds t o  the number of the s e c t i o n  i n  which 
i t  i s  described. 

N 
P 

Tl-: Note: Commas i n d i c a t e  decimal points. 



v a r i a n t s  s e p a r a t e l y .  Also,  i n  a s e p a r a t e  column are t h e  f i g u r e s  correspond- 
i n g  t o  abbrevia ted  algori thms (where such abbrev ia t ion  i s  poss ib l e )  i n  which 
q u a n t i t i e s  p ropor t iona l  t o  powers of  e c c e n t r i c i t y  above t h e  f irst  are omit ted.  

1 2 1 5  -~ 

In  c a l c u l a t i n g  t h e  necessary  number o f  opera t ions  and t h e  requi red  
s t o r a g e  volume, no cons idera t ion  was given t o  t h e  c a l c u l a t i o n s  involved i n  
conver t ing  the  inpu t  q u a n t i t i e s  t o  t h e  system o f  parameters  which is  used i n  
a given algori thm o r  t o  those  a s soc ia t ed  wi th  r eve r se  conversion of t h e  quan- 
t i t i e s  determined according t o  the  a lgor i thm i n t o  some o t h e r  system o f  co- 
ord ina te s  o r  parameters .  
( f o r  example i n  the  algori thm from §§14 and 15) t h e  machine time requi red  €or 
car ry ing  ou t  t hese  computations may be  n e a r l y  the  same as t h a t  f o r  car ry ing  
out  c a l c u l a t i o n s  by t h e  a lgor i thm i t s e l f .  

I t  should be  borne i n  mind t h a t  i n  c e r t a i n  in s t ances  
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"In studying the sciences, 
e x q Z e s  are no Zess instruct ive  than 
rules.  ' I  

I'. Newton 

Chapter Four 

SOME EXAMPLES O F  APPLICATION O F  THE ANALYTICAL THEORIES 
O F  MOTION O F  AN ARTIFICIAL EARTH SATELLITE 

The a n a l y t i c a l  t h e o r i e s  of motion of  an a r t i f ic ia l  Ear th  s a t e l l i t e  may 
be most ex tens ive ly  used i n  so lv ing  var ious  p r a c t i c a l  problems a s soc ia t ed  with 
t h e  i n v e s t i g a t i o n  o f  space and space f l i g h t s .  

Poss ib l e  s o l u t i o n s  f o r  t h r e e  such problems a r e  given by way o f  example 
i n  t h i s  chapter .  O f  course i n  t h i s  regard ,  any a n a l y t i c a l  theory  may be  used 
( the  one given i n  t h e  Third Chapter o r  any o t h e r ) ;  however, t h e  system 
s e l e c t e d  i n  9 1 7  has  c e r t a i n  advantages f o r  so lv ing  the  problem of  p r e d i c t i o n  
(and r e l a t e d  problems).  

517. Predicting the Motion o f  Artificial Earth Satellites 

The problem of  p r e d i c t i n g  s a t e l l i t e  motion a r i s e s  i n  connection with 
planning the  t r a j e c t o r i e s  of  s p a c e c r a f t  [ 3 ] ,  i n  connection with t r ack ing  a 
s a t e l l i t e  from ground-based observa t ion  p o i n t s  f o r  purposes o f  research  o r  
con t ro l ,  recognizing ( iden t i fy ing )  i t  among a h o s t  o f  o t h e r s  o f  no i n t e r e s t  
a t  t h e  given t ime,  and i n  o t h e r  s imilar  problems. 

Let us formulate  the  problem o f  p r e d i c t i o n  i n  a given i n s t a n c e .  Let us 
0 0 assume we a r e  given t h e  s e t  o f  parameters F = {to, x l ,  ..., 

a c t e r i z e  motion of  a space veh ic l e  when one of  t h e  v a r i a b l e s  t = t 

Appl ica t ion  o f  t h e  ope ra to r  S t o  t h e  s e t  F 

. .., x N ( t ) l  , which cha rac t e r i zes  motion o f  t he  veh ic l e  a t  any value of t :  

which char- 

i s  known. 
0 

O i  
/ 2 2 1  

t ransforms F = {t ,  x1 ( t )  , . . . , ti O i  t i  

(17.1) 

t 
In  t h i s  regard  a l l  F (accordingly F ) are elements o f  t h e  se t  F ti O i  
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(accordingly o f  F ) : F = YEti, Fo = YFoi. Thus, we a l s o  have Sti E St - - 
O t  

= us 
1 t i '  

Let us c a l l  t h e  process  o f  applying o p e r a t o r  S p r e d i c t i o n  o f  motion, ti 
t h e  v a r i a b l e  t w e  s h a l l  c a l l  t h e  argument o f  p r e d i c t i o n ,  and t h e  i n t e r v a l  of  
v a r i a t i o n  o f  the argument ( i n  t h e  given case  t - t o )  w i l l  be  t h e  i n t e r v a l  o f  
p r e d i c t i o n .  

I t  i s  assumed t h a t  t h e  s e t  F i s  given i n  t h e  case o f  p r e d i c t i o n ,  and t h e  0 

ti ' problem reduces t o  merely determining t h e  s p e c i f i c  form o f  t h e  ope ra to r  S 

although t h e  manner of  recording t h i s  o p e r a t o r  depends on t h e  type of  s e l e c t e d  
subse t  o f  Fo. 

complicated formal n o t a t i o n  f o r  t h e  ope ra to r  of  p r e d i c t i o n .  

The s e l e c t i o n  o f  F i n  p a r t i c u l a r ,  d i c t a t e s  a more o r  l e s s  t i  

The motion of  t h e  c e n t e r  o f  g r a v i t y  o f  t h e  s a t e l l i t e  i s  determined by 
s i x  independent parameters given a t  a known moment o f  time. The general  form 
of  t h e  ope ra to r  of  p r e d i c t i o n  S i n  t h i s  case, i s  a system of nonl inear  d i f -  

f e r e n t i a l  equat ions of  t h e  s i x t h  o rde r .  P red ic t ion  a c t u a l l y  reduces t o  so lv -  
i n g  t h e  Cauchy problem, and F r ep resen t s  t h e  s e t  of i n i t i a l  condi t ions .  This  O i  
system o f  equat ions ,  as has  a l ready  been po in ted  ou t  above, may be solved only 
by numerical o r  o t h e r  approximate methods. 
ope ra to r  unavoidably in t roduces  sys t ema t i c  e r r o r s  i n t o  t h e  q u a n t i t i e s  F 

t i  

Thus, t h e  use of  t h e  p r e d i c t i o n  

t '  

In  f ind ing  t h e  form of  S we should s t r i v e  t o  s a t i s f y  t h e  requirements t '  
formulated i n  §16 and, i n  p a r t i c u l a r ,  t h e  fol lowing two condi t ions :  

-- t h e  e r r o r s  i n  determining F should not  exceed the  permiss ib le  value; 

-- t h e  formula f o r  t h e  p r e d i c t i o n  ope ra to r  should be as simple as poss ib le .  
t 

I n  the  case where p r e d i c t i o n  i s  t o  be  used i n  t r ack ing  a s e l e c t e d  sa te l -  
l i t e  o r  i s  a s soc ia t ed  with i d e n t i f i c a t i o n  of  t h e  given s a t e l l i t e ,  a d d i t i o n a l  
requirements arise out  of  the  need f o r  s o l v i n g  r e l a t e d  problems. 

In  p r a c t i c e ,  s e t s  F may be  determined only i n  t h e  s ta t i s t ica l  sense  and -- /2; O i  
a r e  t h e r e f o r e  , cha rac t e r i zed  by t h e  d i s t r i b u t i o n  func t ions  f o r  t he  parameters 

Doi = Di(to, xl,. . . , xN) .  Applicat ion o f  t h e  ope ra to r  S rep laces  D with 

some o t h e r  d i s t r i b u t i o n  func t ion  D = D .  ( t ,  xl,.. . , %) , which i s  def ined  as 

0 0 
ti O i  

t i  1 

(17.2)  
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Consequently, t h e  r e s u l t  o f  p r e d i c t i o n ,  even i n  t h e  case o f  a r e g u l a r  
ope ra to r  S i s  s t a t i s t i ca l ,  and i t  i s  d i f f i c u l t  t o  f i n d  t h e  form o f  d i s t r i -  ti ' 
but ion  funct ion D i n  view o f  t he  n o n l i n e a r i t y  of  t he  p r e d i c t i o n  ope ra to r .  t i  

The problem i s  complicated s t i l l  f u r t h e r  by t h e  fact  t h a t  t h e  ope ra to r  
i s  no t  r e g u l a r  even i n  t h e  case of  s t r i c t  formulat ion.  Actua l ly ,  i f  w e  'ti 

recal l  f o r  i n s t ance ,  t h a t  t h e  parameters of  t h e  E a r t h ' s  g r a v i t a t i o n a l  f i e l d  
are known with a random e r r o r  ( s ince  they are determined s t a t i s t i c a l l y  from a 
number o f  measurements) o r  t h a t  t he  parameters of  t h e  upper atmosphere may 
f l u c t u a t e  i n  a random manner, then t h e  c o e f f i c i e n t s  i n  the  system o f  d i f f e r -  
e n t i a l  equat ions (which comprise t h e  ope ra to r  S ) must a l s o  b e  s t a t i s t i c a l  

i n  na tu re .  
ti 

A t  t he  p re sen t  t ime, t h e r e  i s  no knowa a n a l y t i c a l  method f o r  s o l v i n g  t h e  
Cauchy problem f o r  a system o f  nonl inear  equat ions wi th  random c o e f f i c i e n t s ,  
Therefore ,  t h e  fol lowing two methods may be  mentioned f o r  so lv ing  t h e  pre-  
d i c t i o n  problem. 

One of them c o n s i s t s  o f  determining the  parameters (which are random 
q u a n t i t i e s )  from observa t ions  o f  motion toge the r  with t h e  i n i t i a l  condi t ions  
necessary f o r  s o l v i n g  t h e  Cauchy problem. Therefore ,  they are included i n  t h e  
s t a t i s t i c a l  se t  F and t h e  ope ra to r  S i t s e l f  becomes r e g u l a r .  

O i  t i  

In t h i s  way w e  may account ,  f o r  i n s t a n c e ,  f o r  the  random na tu re  of  var -  
i a t i o n  i n  t h e  dens i ty  of  t h e  upper atmosphere and i n  t h e  aerodynamic charac- 
t e r i s t i c s  of  t h e  space veh ic l e  under cons idera t ion .  In  t h i s  case,  some gen- 
e r a l i z e d  parameter,  which u n i t e s  both the  above-mentioned q u a n t i t i e s ,  may be 
s t a t i s t i c a l l y  determined toge the r  with t h e  motion parameters from information 
obtained on the  b a s i s  of  observa t ions  and may be inc luded  i n  t h e  s e t  F which 

now becomes more than j u s t  t h e  s e t  o f  i n i t i a l  condi t ions .  
O i  ' 

A p r i o r i  d a t a  on random parameters i n  many ins t ances  may car ry  consider-  
ably more s t a t i s t i c a l  information than a p o s t e r i o r i  d a t a  determined dur ing  
t h e  l imi t ed  time o f  observa t ion  of  t he  space veh ic l e  ( i n  p a r t i c u l a r ,  t h i s  w i l l  / 2 2 3  
t ake  p l a c e  i f  an attempt i s  made t o  r e f i n e  t h e  parameters of t he  geoid from 
information obtained over  s e v e r a l  s e s s ions  o f  observing an a r t i f i c i a l  Ear th  
s a t e l l i t e ) .  When t h e  a p r i o r i  s ta t i s t ics  are s u f f i c i e n t l y  g r e a t ,  w e  may use  
t h e  second method f o r  s o l v i n g  t h e  p r e d i c t i o n  problem, i n  which we u t i l i z e  only 

I n  a p r i o r i  information on t h e  random parameters appearing i n  ope ra to r  S 

t h i s  ,method, mathematical expec ta t ions  f o r  t h e  random q u a n t i t i e s  are i n t r o -  
duced i n t o  t h e  p r e d i c t i o n  ope ra to r ,  and then one o f  t h e  methods is  used f o r  
e s t ima t ing  t h e  e r r o r s  i n  determining parameters F .ti 
o f  t h e  c o e f f i c i e n t s  o f  ope ra to r  S from t h e i r  mathematical expec ta t ion .  

ti ' 

due t o  random dev ia t ions  

ti 
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Although t h e  first method f o r  s o l v i n g  t h e  problem i s  mathematically more 
r e f i n e d  and s t r i c t e r ,  i t  complicates considerably t h e  process  of  determining 
t h e  elements o f  s e t  F 

s o l v i n g  t h e  p r e d i c t i o n  problem, b u t  under condi t ion  t h a t  t h e  e r r o r s  i n  F 

which arise i n  this  case are wi th in  l i m i t s  which a r e  s a t i s f a c t o r y  f o r  us .  
t h i s  case, the  ope ra to r  S may b e  s i m p l i f i e d  by d i s r ega rd ing  some of t h e  

fo rces  which a c t  on t h e  space veh ic l e  and e s t ima t ing  t h e  r e s u l t a n t  e r r o r  i n  
t h e  elements o f  Fti t oge the r  wi th  t h e  e r r o r s  due t o  s u b s t i t u t i n g  r e g u l a r  para-  

meters f o r  t he  random parameters  of t h e  d i f f e r e n t i a l  equat ions .  Thus, w e  may 
a r r i v e  a t  a compromise s o l u t i o n  i n  which the  ope.rator i s  comparatively simple 
i n  form, while  p r e d i c t i o n  e r r o r s  are no g r e a t e r  than  t h e  predetermined va lues .  
For in s t ance ,  i f  we assume t h a t  t h e  p r e d i c t i o n  ope ra to r  desc r ibes  Keplerian 
motion o f  an a r t i f i c i a l  Earth s a t e l l i t e ,  we g e t  t h e  s imples t  form of S 

however, i n  t h i s  case, e r r o r s  are in t roduced  i n t o  t h e  p o s i t i o n  of t h e  satel-  
l i t e  as determined, r e s u l t i n g  no t  only from d i s rega rd ing  t h e  random values  of  
t h e  parameters ,  ( e .g .  t he  e r r o r  i n  a c c e l e r a t i o n  due t o  g r a v i t y  on the  s u r f a c e  
of t he  s p h e r i c a l  Earth)  b u t  a l s o  from d i s rega rd ing  a number o f  e f f e c t s  which 
d i s t u r b  Keplerian motion o f  t h e  s a t e l l i t e .  

The second method may b e  used f o r  f a i r l y  r e a d i l y  

ti 

O i  * 

I n  

ti 

* 

ti ' 

By us ing  t h e  estimates der ived  i n  t h e  preceding chapters  and t h e  method 
f o r  numerical  s o l u t i o n  o f  t h e  Cauchy problem i n  t h e  case of  motion i n  t h e  
f i e l d  of  var ious  g r a v i t a t i o n a l  models, w e  may use  t h i s  p a r t i c u l a r  method f o r  
cons t ruc t ing  t h e  p r e d i c t i o n  ope ra to r .  Thus, s e l e c t i o n  of  t h e  appropr ia te  
model of  t he  E a r t h ' s  f i e l d  i s  determined by t h e  pe rmis s ib l e  va lue  of t h e  
sys temat ic  e r r o r .  The p r e d i c t i o n  problem may be  more quick ly  solved by us ing  
an algori thm based on any o f  t he  a n a l y t i c a l  t h e o r i e s  as t h e  ope ra to r  S t  
Again, however, t h i s  i s  p o s s i b l e  only when t h e  sys t ema t i c  e r r o r  i s  wi th in  the  
pe rmis s ib l e  va lue .  

/ 2 2 4  

In  so lv ing  problems involv ing  i d e n t i f i c a t i o n  o f  t h e  s a t e l l i t e  as w e l l  as 
p r e d i c t i o n ,  i t  may be  advisable  t o  use an algori thm cons t ruc ted  i n  a system 
o f  oscu la t ing  parameters .  Since the  o r b i t s  o f  a r t i f i c i a l  s a t e l l i t e s  designed 
f o r  so lv ing  s p e c i a l  s c i e n t i f i c  problems may have t h e  most d ive r se  e c c e n t r i -  
c i t i e s  ( inc luding  those  nea r ly  equal  t o  zero) , pre fe rence  should be  given i n  

t (with argument u) o r  R ,  i ,  p ,  q ,  k ,  u (with argument t )  o r  similar systems 
o f  parameters ( i . e .  without  s i n g u l a r i t i e s  over  t h e  e n t i r e  range o f  e c c e n t r i -  
c i t i e s ) .  

so lv ing  such problems t o  us ing  a system o f  parameters such as R ,  i , p ,  q ,  k ,  

The number of  a r t i f i c i a l  s a t e l l i t e s  and var ious  o b j e c t s  (such as t h e  
f i n a l  s t a g e s  of rocke ts )  revolv ing  i n  s a t e l l i t e  o r b i t s  i nc reases  continuously 
wi th  t i m e .  I n  t h i s  s i t u a t i o n ,  t he  n e c e s s i t y  f o r  sys , tematic  observa t ion  o f  
s a t e l l i t e s  designed f o r  some s c i e n t i f i c  research  o r  n a t i o n a l  
ment w i l l  involve t h e  n e c e s s i t y  f o r  d i s t i n g u i s h i n g  them from 
i n t e r e s t  a t  t h e  given t ime,  i . e .  f o r  checking t h e  parameters 

economic assign-  
o t h e r  of  less 
o f  s a t e l l i t e s  
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under observa t ion  (or  t h e i r  t r a j e c t o r i e s )  aga ins t  known va lues1  . The l a r g e  
number of  space o b j e c t s  may r e q u i r e  nea r ly  continuous comparison and r e fe rence  
t o  t h e  ca t a log ,  Since t h e  parameters  o f  t he  observed s a t e l l i t e  are determined 
i n  some s i n g l e  i n s t a n t  o f  time, while  t h e  parameters of o t h e r  s a t e l l i t e s  
(recorded i n  t h e  ca ta log)  with which the  comparison i s  be ing  made are r e f e r r e d  
t o  o t h e r  moments o f  time, t h e  process  of  i d e n t i f i c a t i o n  w i l l  i n e v i t a b l y  i n -  
volve t h e  n e c e s s i t y  f o r  nea r ly  incessan t  r e p e t i t i o n  of  motion p r e d i c t i o n  
(determinat ion o f  t he  o r b i t a l  parameters ) .  Therefore ,  i t  is  advisable  i n  
s e l e c t i n g  t h e  ope ra to r  S i  i n  a given in s t ance  t o  look toward s i m p l i f i c a t i o n  
of  ca ta loging  and i d e n t i f y i n g  t h e  s a t e l l i t e s  as wel l  as s i m p l i f i c a t i o n  o f  t h e  
s o l u t i o n  o f  p r e d i c t i o n  problems. For in s t ance ,  t he  use  o f  o s c u l a t i n g  para-  
meters may permit  ca r ry ing  ou t  i d e n t i f i c a t i o n  and p r e d i c t i o n  i n  s e v e r a l  s t a g e s ,  
which i n  t u r n  may save  t i m e  and s impl i fy  t h e  genera l  a lgor i thm f o r  s o l v i n g  
t h e  e n t i r e  problen  as a whole. 

A s  an example, l e t  us examine t h e  manner i n  which such a complex problem 
might be so lved  us ing  the  r e s u l t s  descr ibed  above. In  t h i s  ca se ,  t h e  values  
o f  t h e  o r b i t a l  parameters of  cataloged s a t e l l i t e s  could be  arranged i n  inc reas -  
i n g  o rde r  i n  each o f  t he  corresponding seven groups: 

(17.3) 

In  t h i s  case ,  t h e  s a t e l l i t e  under observa t ion  may be i d e n t i f i e d  with one o f  
those  cataloged i n  s e v e r a l  s t ages  with success ive ly  inc reas ing  accuracy. 

In  the  f i r s t  s t a g e ,  elements (17.3) are assumed t o  be  cons tan t  (with t h e  
except ion o f  t and u). In  o t h e r  words t h e  p r e d i c t i o n  ope ra to r  corresponds t o  
Keplerian motion i n  t h e  given case.  

By success ive  comparison (with r e spec t  t o  the  groups o f  parameters i n -  
d i ca t ed  i n  (17.3))between t h e  o r b i t a l  elements of  t h e  s a t e l l i t e  under i n v e s t i -  
ga t ion  and those  recorded i n  t h e  ca t a log  and by e1iminatin.g s a t e l l i t e s  wi th  
"unsui table"  values  o f  t hese  q u a n t i t i e s ,  a c e r t a i n  number o f  s a t e l l i t e s  may 
be i s o l a t e d  which are l i s t e d  i n  the  ca t a log  and which have o r b i t a l  parameters 
c l o s e  t o  those o f  t he  given s a t e l l i t e .  The algori thm f o r  s o r t i n g  parameters 
i n  t h e  f irst  s t a g e  of  comparison may be most advantageously arranged t o  save  
time by t ak ing  account of  experimental  entropy.  

P a r t i c i p a t i n g  i n  the  second s t a g e  of  comparison are only  those  s a t e l l i t e s  
which were r e t a i n e d  a f t e r  t h e  f irst  s t a g e  ( i t  may be  assumed t h a t  t h e r e  w'ill 
be comparatively few of  them). The p r e d i c t i o n  ope ra to r  S i n  t h i s  case may 

be cons t ruc ted  on t h e  b a s i s  of  one of  t h e  algorithms given i n  t h e  t h i r d  
chapter .  A s  a r e s u l t  o f  t h e  second comparison, t he  s a t e l l i t e  under 

t i  

These parameters may be  summarized i n  ca ta logs  s t o r e d  i n  t h e  memory u n i t s  
o f  information machines. 
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i n v e s t i g a t i o n  may b e  i d e n t i f i e d  wi th  one o f  those  contained i n  t h e  ca t a log  
( if  the  o r b i t a l  parameters  p red ic t ed  by o p e r a t o r  S ti 
l i t e  i n  t h e  ca t a log  agree  wi th  t h e  r equ i r ed  accuracy) ,  or it may be  found t h a t  
t h i s  s a t e l l i t e  has no t  been previous ly  ca ta loged .  
t h e  p r e d i c t e d  parameters  of  t h e  o r b i t s  of  s e v e r a l  sa te l l i t es  w i l l  be  c lose  t o  
t h e  given parameters  af ter  completion o f  comparison i n  t h e  second s t a g e .  

and those  o f  t he  sa te l -  

I t  i s  a l s o  p o s s i b l e  t h a t  

In  t h e  l a t t e r  case, a t h i r d  checking s t a g e  i s  u t i l i z e d  ( t h e  number of  
s a t e l l i t e s  t o  be compared i n  t h i s  case w i l l  obviously be  fewer than i n  t h e  
second s t a g e )  i n  which an ope ra to r  S which accounts f o r  a l l  p o s s i b l e  d i s -  t i  t u r b m c e s  i s  used f o r  p r e d i c t i o n .  I n  t h i s  case, u t i l i z a t i o n  o f  t h e  ope ra to r  
reduces t o  numerical  s o l u t i o n  (on a d i g i t a l  computer) o f  t h e  Cauchy problem 
f o r  t h e  system o f  d i f f e r e n t i a l  equat ions of  t h e  given type.  

- /226 

The given example of  p o s s i b l e  j o i n t  s o l u t i o n  o f  t h e  problems of p re -  
d i c t i o n  and i d e n t i f i c a t i o n  shows how t h e  form o f  t h e  ope ra to r  S and the  

system of  parameters  i n  which t h e  p r e d i c t i o n  problem i s  so lved  may be  s e l e c t e d  
f o r  s impl i fy ing  t h e  a lgor i thm and reducing machine t ime. 

ti 

918. Effec t  of inaccuracy i n  t h e  Values of Geophysical Constants 

The p r e s e n t l y  e x i s t i n g  p o s s i b i l i t i e s  and methods f o r  determining the  
cons tan ts  which c h a r a c t e r i z e  t h e  fo rce  f i e l d  and f i g u r e  of  t he  Earth i n e v i t -  
ab ly  e n t a i l  e r r o r s  i n  t h e  determinat ion of  t hese  cons tan ts .  I t  i s  of i n t e r e s t  
t o  eva lua te  t h e  u n c e r t a i n t y  con t r ibu ted  by these  e r r o r s  t o  t h e  c a l c u l a t e d  
s a t e l l i t e  motion. 

An ana lys i s  o f  t h i s  type has a l ready  been given by I .  M.  Yatsunskiy [81]. 
In  t h i s  s e c t i o n  w e  s h a l l  g ive  r e l a t i o n s h i p s  der ived  i n  another  way which are 
f a i r l y  simple and convenient f o r  q u a l i t a t i v e  a n a l y s i s  and approximate com- 
p u t a t i o n s .  

Basing o u r  d i scuss ion  on t h e  e s t ima te  of t h e  effect  of h ighe r  terms i n  
t h e  p o t e n t i a l  expansion (which, as has a l ready  been poin ted  o u t ,  depend on 
such comparatively '7 f ine"  shades of  d i f f e rence  as h ighe r  orders  of p o l a r  
ob la t eness ,  e q u a t o r i a l  f l a t t e n i n g ,  hemispheric  asymmetry, i r r e g u l a r  d i s t r i -  
bu t ion  of  t h e  E a r t h ' s  mass, e t c . ) ,  we s h a l l  l i m i t  ourse lves  i n  the  given case 
t o  cons idera t ion  of  model 6.. And,so we s h a l l  f i n d  out  how e r r o r s  i n  de t e r -  
mining t h e  e q u a t o r i a l  r ad ius  of  t he  Earth (ro),  p o l a r  f l a t t e n i n g  (a) and t h e  
c o m t a n t  u = fM affect  s a t e l l i t e  motion i n  the  f i e l d  o f  a sphero id  which 
i s  descr ibed  by t h e  zero th  and second zonal harmonics i n  the  expansion of  the  
p o t e n t i a l  

~ ~ - , ~  - .- ~ - ~ . 

1 The angular  v e l o c i t y  of t he  E a r t h ' s  r o t a t i o n  i s  now known f a i r l y  accu ra t e ly  
( t o  s i x  s i g n i f i c a n t  decimal ? l a c e s ) ,  and t h e r e f o r e  t h e  e r r o r  i n  t h i s  cons tan t  
may be  d is regarded .  
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L e t  us use  f o r  t h i s  purpose the  s o l u t i o n s  der ived  i n  S l l  (from t h e  
r e s u l t s  of  516, w e  know t h e  p r e c i s i o n  with which t r u e  motion i s  represented  
by t h e s e  s o l u t i o n s ) .  
an estimate, w e  s h a l l  assume t h a t  t h e  second and t h i r d  equat ions o f  (11.1) are / 227  
w r i t t e n  as usua l  wi th  r e s p e c t  t o  t h e  func t ions  i and p .  
ab le  adverse effect  on t h e  accuracy o f  our  r e s u l t s .  
t i o n s  i n  t h i s  case der ived  i n  p l a c e  o f  t h e  second and t h i r d  equat ions i n  
(11.9))  w i l l  t ake  t h e  form 

For  t h e  sake of  s i m p l i c i t y  and uniformity i n  ob ta in ing  

This has no apprec i -  
The corresponding so lu-  

= p o + 2 p o ~ s i n 2 i , ~ ~ A ( s i n 2 U ) - ~ q  3 0  A(cas3u)+.Lk 3 0  A(sin 

Now the  equat ions with r e spec t  t o  a l l  f i v e  $unctions L!(u), i (u) , p(u)  , q(u)  
and k(u) may be w r i t t e n  i n  the  i d e n t i c a l  form 

(18.1) 

Here, Fo = cons t ,  while  F*(u) i s  cond i t iona l ly  assumed t o  be deperident only on 

the  angular  argument u .  A l l  t h e  geophysical cons tan ts  named above appear  only 

2 
' 0  i n  t he  parameter E = 3c 20 7 

On the  b a s i s  of  (5.9) 

while  m, on t h e  b a s i s  o f  95 (with an accuracy t o  q u a n t i t i e s  o f  t h e  first 
o r d e r  wi th  r e spec t  t o  a), is  equal  t o  
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Thus 

P a r t i a l  d i f f e r e n t i a t i o n  with r e spec t  t o  a, r and p gives us 0 

The logari thmic de r iva t ives  of  expressions (18.1) a r e  equal t o  

(18.2) 

and from t h e  s tandpoin t  of l i n e a r  theory (which i s  v a l i d  i n  view of the small-  
ness  of  e r r o r s  Sa, S r o ,  SLI) w e  may wri te  

(18.3) 

/228 

226 



- 
The q u a n t i t i e s  6F 6F and @ as w e l l  as t h e  p o s t - o r b i t a l  re la t ive  e r r o r s  

a' r o  U Y  

i n  t h e  o r b i t a l  elements,  r ep resen t  t h e  e r r o r  i n  t h e  element due t o  uncer ta in ty  
i n  the  corresponding geophysical cons tan t  r e f e r r e d  t o  t h e  d is turbance  o f  t h i s  
element by t h e  second zonal harmonic of  t h e  p o t e n t i a l .  

S u b s t i t u t i n g  (18.2) i n  (18.3) w e  g e t  (with regard t o  t h e  fac t  t h a t  c20 < 

< 01 

The expressions 
- 2 6a 

6F, n --; 
520 1 

(18.4) 
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so lve  the  given problem ( t h e  cons tan t  c i s  taken he re  with a p o s i t i v e  s i g n ) .  

A s  may be seen  from these  express ions ,  t h e  r e l a t i o n s h i p s  f o r  e r r o r s  i n  o r b i t a l  
elements (as a func t ion  o f  the  angular  argument u) behave s i m i l a r l y  t o  the  
r e l a t i o n s h i p s  f o r  t h e  pe r tu rba t ions  of  t hese  elements.  
be concluded on the  b a s i s  of  t h e  r e s u l t s  o f  57 t h a t  e r r o r s  i n  t he  values  o f  
t he  geophysical cons tan ts  w i l l  have a maximum e f f e c t  on the  foca l  
and i n c l i n a t i o n  f o r  values  o f  t he  argument u = 90' and u = 270' (assuming 
u 

u = 36OoY e t c .  

20 

Consequently, i t  may 

parameter 

= 0 ) ;  t he  e f f e c t  on the  longi tude  of  the  ascending node i s  g r e a t e s t  when 0 

Since a E m  ( see  55; t he  d i f f e r e n c e  between them i s  equal  t o  approximately 
3% of  a ) ,  i f  w e  assume a = m w e  g e t  
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Therefore,  from (18.4) w e  have 

(18.5) 

with an accuracy completely wi th in  t h e  to l e rance  f o r  t h e  given e s t ima tes .  
Rela t ionships  (18.5) show t h a t  t h e  r e l a t i v e  e r r o r s  i n  t h e  values  o f  r and 

have an i d e n t i c a l  e f f e c t  (with r e s p e c t  t o  numerical  value)  on t h e  r e l a t i v e  
e r r o r s  i n  t h e  o r b i t a l  elements;  t h e  effect  o f  t h e  e r r o r  i n  obla teness  (a) i s  
twice as g r e a t .  I t  fol lows from t h e  second r e l a t i o n s h i p  i n  (18.5) t h a t  6 F  

0 
and 6 r  vary with oppos i t e  s i g n s .  The reason f o r  t h i s  becomes c l e a r  i f  i t  i s  

remembered t h a t  a p o s i t i v e  va lue  of  6 r  0 
r and when t h e  va lues  o f  a and p a r e  the  same, t h i s  should r e s u l t  i n  a 

reduct ion  i n  Ic201 , which i n  the  given case c h a r a c t e r i z e s  t h e  e n t i r e  d i s t u r b -  

i n g  e f f e c t  o f  t h e  a sphe r i ca l  Ear th .  

0 

r 

0 
i s  equ iva len t  t o  an inc rease  i n  r ad ius  

0'  

The maximum r e l a t i v e  e r r o r s  6 a / a ,  6 r  / r  and 6p/p  may p r e s e n t l y  be  given 
0 0  

t he  fol lowing approximate values  

(15.6) 

Given i n  Table 38 are the  maximum values  of  t h e  abso lu te  e r r o r s  i n  t h e  /230 
elements S R ,  6 i ,  6p, S q  and 6k ca lcu la t ed  over  t h e  i n t e r v a l  of  a s i n g l e  revo- 
l u t i o n  f o r  an o r b i t  with parameters :  R = 0 ,  i = 45", po = 6,996,086.8 m 
and eo = 0.04990338, wo = 0 ,  u = 0 ( v a r i a n t  7 from Table 10) assuming t h e  

e r r o r s  i n  t h e  cons tan ts  given i n  (18.6) .  Also given i n  t h i s  t a b l e  i s  t h e  
value of  A r  c a l c u l a t e d  from formula (6.10) .  

0 0 

0 

In  the  given case ,  t h e  values  o f  6 R 0 ,  & i o ,  6p0,  640 and 6ko were a l l  taken 
as maximum , which i n  r e a l i t y  cannot t ake  p l ace .  Therefore ,  A r  i s  a f i v e -  
dimensional sphere  wi th in  which the parameters of t h e  o r b i t  w i l l  always be  

-__-----___..________---_I_ - _ _  __. 
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l oca t ed  f o r  the given e r r o r s  i n  the  geophysical cons tan ts .  

-I- 

'T r 

-1. 

TABLE 38 I' 

The f i g u r e s  i n  t h e  last  column show t h a t  e r r o r s  i n  the  geophysical 
cons tan ts  have very l i t t l e  e f f e c t  on t h e  t i -a jectory of t h e  s a t e l l i t e  over  t h e  
i n t e r v a l  of a s i n g l e  r eov lu t ion .  

Slg. Dispersion o f  Ball i s t i c  T r a j e c t o r i e s  

The unce r t a in ty  o f  a number o f  f a c t o r s  which a f f e c t  rocke t  motion (aero- 
dynamic c h a r a c t e r i s t i c s  of  t he  rocke t  atmospheric dens i ty  parameters of  t h e  
gas i n  t h e  combustion chamber, e t c . ) ,  and t h e  i m p o s s i b i l i t y  of  abso lu t e  ac- 
curacy i n  maintaining con t ro l l ed  q u a n t i t i e s  ( f o r  i n s t ance  e r r o r s  i n  t h e  
p o s i t i o n  o f  the t h r u s t  vec to r  and the  engine cu to f f  t i m e )  l e ad  t o  e r r o r s  i n  
the  phase coordinatesA - a t  the  end of  t h e  powered segment. 
r e s u l t s  i n  d i spe r s ion  o f  b a l l i s t i c  t r a j e c t o r i e s ,  i .e .  t he  t r a j e c t o r i e s  o f  
rocke ts  and s a t e l l i t e s  over  f l i g h t  segments unaffected by a c t i v e  f o r c e s .  The 
va lue  of  t h i s  d i spe r s ion  gives  information necessary f o r  eva lua t ing  zhe pos- 
s i b i l i t y  o f  car ry ing  out  a pl-anned s tudy  program with a p p l i c a t i o n  t o  t h e  
given space veh ic l e .  

This i n  t u rn  

In  t h e  mathematical sense,. determinat ion o f  the dispers2un of b a l l i s t l c  
t r a j e c t o r i e s  is no d i f f e r e n t  from t h e  problem descr ibed  by  r e l a t i o n s h i p s  
(17.2) and (17 .1)>  assuming a s t a t i s t i c a l l y  given se t  F and a l s o  ( s t r i c t l y  /231 

speaking) a s t a t i s t i c a l  ope ra to r  Sti .  Disregarding unce r t a in ty  as t o  t h e  

f o r c e s  a c t i n g  over  t h e  segment of b a l l i s t i c  motion, i t  may b e  assumed t h a t  
t he  ope ra to r  S is  r egu la r .  

O i  

ti 

The computation involved i n  t h i s  problem may be  c a r r i e d  o u t  wi th  adequate 
r i g o r  only on a d i g i t a l  computer, and i s  based on t h e  theory of  s t a t i s t i c a l  
s o l u t i o n s .  The diagrammatic s t r u c t u r e  o f  t h e  algori thm may be  represented  

. .  

That is i n  the coord ina tes  and v e l o c i t l e s  of tke rocketks  center of 
g rav i ty .  



as fol lows:  

Solu t ion  

Cauchy 
Problem 

Character i  s- 
t i c s  o f  t h e  
Er rors  i n  t h e  
I n i t i a l  
Condi ti  ons 

S t a t  i s t i ca l  
Analysis  o f  
t h e  Results 

F i g .  116 

The s t a t i s t i c a l  law which governs d i s t r i b u t i o n  of  t h e  e r r o r s  a t  t he  end 
of t h e  powered segment (Gaussian d i s t r i b u t i o n  is  assumed as a r u l e )  and t h e  
numerical c h a r a c t e r i s t i c s  o f  t h i s  law ( the  mat r ix  of  t h e  second moments) s e rve  
as t h e  i n i t i a l  d z t a  f o r  t h e  random number u n i t .  On the  b a s i s  o f  t h i s  informa- 
t i o n ,  t h i s  u n i t  genera tes  t he  values  o f  e r r o r s  i n  t h e  i n i t i a l  condi t ions which 
conforrn t o  the  d i s t r i b u t i o n  law with predetermined c h a r a c t e r i s t i c s .  The e r r o r s  
a r e  added t o  t h e  nominal values  of  t h e  i n i t i a l  condi t ions  and f ed  t o  the  u n i t  
f o r  s o l u t i o n  of  t h e  Cauchy problem. Thus, each s o l u t i o n  i s  a random realiza- 
t i o n .  

Another p o s s i b i l i t y  i s  t o  feed  t h e  mat r ix  f o r  t h e  second moments of  t h e  
i n i t i a l  condi t ions  ( r a t h e r  than the  e r r o r s )  t o  the  random number u n i t .  

By g iv ing  t h e  r e l i a b i l i t y  o f  t h e  r e s u l t s  i n  terms of a numerical charac- 
t e r i s t i c  (confidence l i m i t s ,  see f o r  i n s t a n c e  C82, 83] ) ,  w e  f i n d  the  neces- 
s a r y  number of  ra.ndom r e a l i z a t i o n s  ( so lu t ions  of  t h e  Cauchy problem) which 
s a t i s f y  the  i n i t i a l  condi t ions  as given by the  random number u n i t .  S t a t i s t i c a l  
ana lys i s  of  t hese  so lu t ions ’  provides  us with a b a s i s  f o r  determining t h e  
mathematic expec ta t ion  f o r  t he  p o s i t i o n  of t h e  terminal  p o i n t  i n  t h e  space of  
t h e  given. parameters ,  and f o r  f ind ing  t h e  mat r ix  o f  t h e  second moments. 

- / 2 3 2  

This method of  s o l u t i o n  involves  a r a t h e r  l a r g e  expendi ture  of  machine 
time ( e .g .  more than 50 r e a l i z a t i o n s  a r e  needed t o  ob ta in  a r e s u l t  with a 

- ___ ~ .- - . .. -~ ___ - 
1 I t  i s  a r b i t r a r i l y  assumed t h a t  t h e  s o l u t i o n s  a l s o  conform t o  Gaussian law, 
even though t h i s  l a w ,  s t r i c t l y  speaking, is deformed af ter  s o l u t i o n  of t h e  
Cauchy problem due t o  n o n l i n e a r i t y  o f  t h e  ope ra to r  S,. 
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r e l i a b i l i t y  of  approximately 0 .9 ) .  In  a number o f  c a l c u l a t i o n s ,  p a r t i c u l a r l y  
those  o f  a pre l iminary  na tu re ,  it i s  important t o  have a procedure f o r  accu- 
rate b u t  f a i r l y  simple de te rmina t ion  of  t h e  boundaries o f  t h e  maximum region  
i n  which t h e  multidimensional tube  of t he  t r a j e c t o r i e s  w i l l  b e  loca t ed  f o r  a 
given d i spe r s ion  o f  t h e  i n i t i a l  cond i t ions .  
t h e  s t a t i s t i c a l  v a r i a b l e  conforms t o  Gaussian d i s t r i b u t i o n  law with s tandard  
dev ia t ion  u2, t h e  d i f f e r e n c e  between t h i s  v a r i a b l e  and t h e  mathematical expec- 
t a t i o n  i s  no g r e a t e r  than 30 wi th  a p r o b a b i l i t y  o f  0.9973. 
t o  30 i s  o r d i n a r i l y  c a l l e d  maximum. 

I t  i s  known t h a t  i n  t h e  case where 

A dev ia t ion  equal  

Assuming t h a t  t he  s tandard  dev ia t ion  (and consequently t h e  maximum 
dev ia t ions )  o f  t h e  i n i t i a l  condi t ions  i s  low, we may wri te  wi th in  t h e  l imita- 
t i o n s  of  l i n e a r  theory 

sFi =a& s F , .  (19.1) 

The symbol aSt/aF des igna tes  t h e  ope ra to r  ob ta ined  a f t e r  d i f f e r e n t i a t i n g  
0 

S with r e spec t  t o  t h e  elements of  t he  s e t  F ;  a F  and aF  are t h e  f i n a l  and 

i n i t i a l  maximum dev ia t ions  r e s p e c t i v e l y  f o r  t he  elements o f  s e t  F .  
t t 0 

Thus, w e  may use any of  the  a n a l y t i c a l  t h e o r i e s  descr ibed  i n  t h e  t h i r d  
chapter  f o r  f i nd ing  the  d i spe r s ion  of t r a j e c t o r i e s  over t h e  b a l l i s t i c  segment 
with regard  t o  t h e  e f f e c t  o f  e c c e n t r i c i t y  of  the  E a r t h ' s  g r a v i t a t i o n a l  f i e l d .  
In t h i s  connection, i t  i s  advisable  t o  s e l e c t  a s impler  a lgor i thm (a p e r f e c t l y  
n a t u r a l  d e s i r e ) ,  and t o  r e s t r i c t  ourse lves  wi th in  t h i s  a lgori thm t o  the  most 
apprec iab le  e f f e c t  o f  e c c e n t r i c i t y ,  i . e .  t he  e f f e c t  o f  t h e  second zonal har -  
monic. Actua l ly ,  t he  con t r ibu t ions  t o  the  r e s u l t  a r e  vanish ingly  small when 
the  p a r t  of ope ra to r  S which accounts f o r  t h e  e f f e c t  o f  t h e  h ighe r  harmonics 

of  t h e  p o t e n t i a l  expansion ( these  p a r t s  e n t e r  S a d d i t i v e l y ;  s e e  Chapter Three) 

i s  appl ied  t o  the  devia t ions  i n  t h e  i n i t i a l  condi t ions .  

t 

t 

Assuming f o r  i n s t a n c e ,  t h a t  t h e  p r e d i c t i o n  ope ra to r  i s  cons t ruc ted  accord- 
i n g  t o  t h e  algori thm descr ibed  i n  9 1 1 ,  we may expand express ion  (19.1) i n t o  
the  fol lowing se t  of  equat ions :  

1 si = -sso+-si a i  a i  +--ssp a i  +--sqo+--~k0+-6uO; a i  a i  a i  
ai, aPo O aqo ak, duo 

(19.2) 
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sk = ak. -sQ0+-si dk +-sp a k  +-6q ak + -sk ak 
JQ, aa, O dp, 0 a q ,  0 ak, 0 

(19.2) 

A l l  p a r t i a l  d e r i v a t i v e s  i n  (19.2) are obta ined  by d i f f e r e n t i a t i n g  equa- 
t i o n s  (11.9) wi th  r e s p e c t  t o  t h e  i n i t i a l  va lues  of  the parameters;  t h e  quan- 
t i t i e s  6 Q o ,  A i o ,  6p0, . . .  a r e  t h e  e r r o r s  i n  t h e  i n i t i a l  condi t ions  ( the  se t  

Since t h e  p a r t i a l  d e r i v a t i v e s  are func t ions  of t h e  angular  q u a n t i t y  u, 

t h e  func t ions  6Cl, 6 i ,  6p, ... descr ibe  d i spe r s ion  o f  t he  b a l l i s t i c  t r a j e c t o r i e s  

( the  s e t  6Ft).  

6 Fo).  

I f  t h e  set  6F i s  given i n  t h e  form o f  maximum e r r o r s ,  then t h e  tube 6Ft 

i s  a l s o  a maximum. The awkwardness of t h e  express ions  f o r  an/an,, a n / a i o ,  ..., 
a i l a n , ,  a i / a i o ,  ..., e tc .  i s  o f f s e t  by t h e  fac t  t h a t  equat ions  (19.2) may be 

used without  recourse t o  so lv ing  t h e  Cauchy problem f o r  determining d i spe r s ion  
a t  any p o i n t  of  the tube  wi th  regard t o  e c c e n t r i c i t y  o f  t h e  E a r t h ' s  g r a v i t a -  
t i o n a l  f i e l d .  

0 

Equations (19.2) desc r ibe  the  d i spe r s ion  of o r b i t s ;  i n  o r d e r  t o  f i n d  t h e  
d i spe r s ion  i n  the  p o s i t i o n  of  the  s a t e l l i t e  i t s e l f ,  equat ions  (19.2) must be  
supplemented by an express ion  of t h e  form 

(19.3) 

o r  

In  case (19.3) t h e  argument i s  an angle  (e .g .  t h e  argument of  l a t i t u d e  
u ) ,  while  i n  t h e  second case t h e  argument i s  t i m e  t .  

Rela t ionship  (19.3) may be represented  i n  t h e  form o f  t he  equat ion 
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where 
t i  a t - i  a t  i a t  i a t  

= - 1  +*P + a q 4  + - k i ;  
ai a k  

tPP--1 a t  . P  + - p  a t   at P +gp. 
a i  aP G 4  a k  ' . . . . . . . . . . . . . . .  

. . . . . . . . . . . . . . .  

(19.6) /234 

The p a r t i a l  d e r i v a t i v e s  i n  (19.6) a r e  obta ined  by d i f f e r e n t i a t i n g  the  
known expression (11.10) : 

a t  1 s i n 2 i s i n 2 u  ( a u ;  S -  L e - - _  

a i  fi uo d F R  

(19.7) 

Here E i s  a small parameter ( see  §11) ,  R = 1 + q cos u + k s i n  u ,  and t h e  
func t ions  i ,  p ,  q and k i n  t h e  in tegrands  a r e  t o  be  subs t i t u t , ed  from (11.9) .  

The symbols i i i  . p ..... ip, p P ..... e t c .  denote p a r t i a l  d e r i v a t i v e s  a i / a i  
0' 

ap/aio, . . ' . ,  a i / ap  ap/apo ..... e tc .  which a l s o  appear i n  r e l a t i o n s h i p s  (19.2) .  
0'  

In  computing expressions (19.6) ,  they should be  p laced  under t h e  i n t e g r a l  
s i g n s  i n  (19.7) ,  al though i n  (19.6) they  are a r b i t r a r i l y  represented  as t h e  
products  
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Thus, t h e  computation of  d i spers ion  6 t  from formula (19.5) reduces t o  
numerical quadrature  o f  r e l a t ionsh ips  (19.7); t h e  in tegrands  of these  r e l a t i o n -  
sh ips  being mul t ip l i ed  by the  p a r t i a l  der iva t ives .  a i / a i  a i /apo , . .  . , while 

funct ions i , p ,  q and k are given by equat ions (11.9). 
doubtedly awkward, and it may be p re fe rab le  t o  compute 6 t  as the  d i f f e rence  
between i n t e g r a l s  (11.10) taken f o r  t he  nominal values  of  the  i n i t i a l  para- 
meters and t h e  same i n t e g r a l s  taken f o r  t he  "divergent"va1ues (with regard t o  

- /235 0'  
This method i s  un- 

e r r o r s  6 i  o '  &PO' - - 1 .  
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Appendices to  Chapter O n e  

I .  EXPANSION OF THE G R A V I T A T I O N A L  POTENTIAL OF THE EARTH 
I N  A SERIES WITH RESPECT TO S P H E R I C A L  FUNCTIONS 

An i n f i n i t e  s e r i e s  r ep resen t ing  t h e  g r a v i t a t i o n a l  p o t e n t i a l  o f  t h e  Ear th  
may be der ived  most n a t u r a l l y  by f i n d i n g  t h e  expansion with r e spec t  t o  c e r t a i n  
func t ions  d i r e c t l y  r e l a t e d  t o  every p a r t i c u l a r  problem t o  b e  considered and 
t o  what might be  c a l l e d  t h e  s p e c i f i c  essence o f  t h e  process  being s tud ied .  
These func t ions  are c a l l e d  t h e  e igenfunct ions  o f  t h e  problem. 

F i r s t ,  l e t  us a s su re  ourse lves  t h a t  p o t e n t i a l  (2.4) i s  a harmonic func- 
t i o n ,  i .  e .  t h a t  i t  sa t i s f i e s  t h e  'Laplace equat ion  

a2v  a 2 v + a z v  o. 
ax2 ay2 dZ2 

A V = -  +- 

I t  i s  s u f f i c i e n t  f o r  t h i s  purpose t o  d i f f e r e n t i a t e  (2 .4 )  with r e spec t  t o  x ,  y 
and z as parameters ,  and t o  s u b s t i t u t e  t h e  r e s u l t a n t  expressions 

Hx,dy,dz, i 'I & = - f  1, s P[rj-- r5 
1 3(Y -Y,) 

X Y Z  
JY 

i n  ( 1 . 1 ) ~  
._ . -~ 

In  the  case where (x ,y ,z )  i s  t h e  i n t e r n a l  p o i n t  o f  a reg ion ,  t he  func t ion  
V satisfies the .Poisson  equat ion AV = -4~r fp .  I n  t h i s  case the  func t ion  

p(x,,ym,zm) i s  r equ i r ed  t o  be  piecewise-cont inuously d i f f e r e n t i a b l e  i n  t h e  

given reg ion .  
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In  t h i s  way, w e  a r e  convinced t h a t  ( 2 . 4 )  i s  t h e  s o l u t i o n  of t h e  Laplace 
equation1. 

Let us now p resen t  t h i s  s o l u t i o n  as a series i n  e igenfunct ions .  For 
t h i s  purpose w e  t a k e  t h e  r e l a t i o n s h i p s  

X = t sin cg cos h; 
y = r sin sin h; 

z = r c o s y >  

and convert  t o  s p h e r i c a l  coord ina tes :  r ad ius  r, s p h e r i c a l  l a t i t u d e  I$ and 
longi tude A ,  i n  which t h e  Laplace equat ion i s  w r i t t e n  as 

( I .  1 ' )  

The problem i n  which we a r e  i n t e r e s t e d  ( the  s o - c a l l e d  f i r s t  e x t e r n a l  
boundary problem o r  t h e  e x t e r n a l  D i r i c h l e t  problem f o r  equat ion ( 1 . 2 ) )  may be 
formulated as t h e  problem of f ind ing  t h e  func t ion  which s a t i s f i e s  equat ion 
( 1 . 2 )  i n  t h e  space o u t s i d e  some c losed  s u r f a c e  (while s imultaneously s a t i s f y -  
i ng  t h e  prev ious ly  mentioned condi t ion  a t  i n f i n i t y )  and t akes  on given va lues  
a t  t h e  boundary. 
f ace.  

We s h a l l  t ake  sphere C with  r ad ius  ro as t h e  boundary su r -  

In determining t h e  form of  t h e  t e r r e s t r i a l  p o t e n t i a l ,  t h e  func t ion  V i s  
sought ou t s ide  t h e  volume bounded by t h e  s u r f a c e  of t h e  Ear th ,  which i s  no t  
s p h e r i c a l ,  b u t  i s  n e a r l y  s p h e r i c a l .  Therefore ,  ro may be understood t o  mean 
t h e  g r e a t e s t  r ad ius  of  t h e  Earth (roughly--the semimajor a x i s  of t h e  equato- 
r i a l  e l l i p s e ) .  The boundary condi t ions  are given on t h i s  sphere ,  and a s o l u -  
t i o n  i s  sought which sat isf ies  t h e  boundary condi t ions  given on t h e  su r face  
o f  t h e  Earth.  

The v a l i d i t y  of  t h i s  approach i s  explained by t h e  s t a b i l i t y  of  t h e  so lu -  
t i o n s  t h e  boundary of t h e  reg ion  v a r i e s  ( t h i s  p o i n t  i s  taken up i n  d e t a i l  i n  
[84] ;  t h e  i n t u i t i v e  premises f o r  t h e  given approach are not  only i n  t h e  s i m i -  
l a r i t y  between t h e  s e l e c t e d  sphere and t h e  E a r t h ' s  s u r f a c e ,  bu t  a l s o  i n  t h e  
fact  t h a t  t h e  cons t an t s  appearing i n  t h e  s o l u t i o n  are a c t u a l l y  determined by 
measurements made on t h e  real  s u r f a c e  of t h e  Ear th .  

The condi t ion  f o r  func t ion  V on t h e  s u r f a c e  of  C i s  /2  

/23 ueness of  t h e  s o l u t i o n  f o r  t h e  ex te rna l  
D i r i c h l e t  problem t h a t  t he  func t ion  V must s a t i s f y  t h e  condi t ion a t  i n f i n i t y  

-f 

r + m  

sphere satisfies t h i s  requirement.  The same may be  shown f o r  p o t e n t i a l  ( 2 . 4 )  
(see 

. 

[31, 4 4 ,  45, 1, 21. 

I t  i s  immediately c l e a r  from ( 2 . 2 )  t h a t  t h e  p o t e n t i a l  o f  a uniform 
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The remaining boundary condi t ions  reduce t o  requirements f o r  t he  con t inu i ty  
and d i f f e r e n t i a b i l i t y  of  t h e  func t ion  V on t h e  sphere .  

Actua l ly ,  s i n c e  t h e  su r face  C i s  c losed ,  we cannot speak of t h e  values  
of V a t  some 9 and X s i n g l e d  ou t  as boundary values;  w e  should only apply t h e  
condi t ions  of con t inu i ty  and d i f f e r e n t i a b i l i t y  of t he  s o l u t i o n  a t  t h e  ends o f  
t h e  i n t e r v a l  

i . e .  w e  should r e q u i r e  f u l f i l l m e n t  of 

V ( x  = 0) = V(x = Z n )  ; 

1 and 

the  condi t ions  

Rela t ionship  (1.3) s e t s  t h e  condi t ion  o f  p e r i o d i c i t y  f o r  func t ion  V ,  whi le  
(1.4) sets t h e  condi t ion  of  boundedness. 

In seeking t h e  s o l u t i o n  f o r  equat ion (1 .2) ,  we assume t h a t  

After  s u b s t i t u t i n g  (1.5) i n  ( 1 . 2 ) ,  t h e  va r i ab le s  s e p a r a t e  and (1.2) may 
be  w r i t t e n  as two equal  r e l a t i o n s h i p s ,  one o f  which depends.only on r, and 
t h e  o t h e r  only on #I and A .  Therefore ,  they may be set  equal  t o  some cons tan t  

1The Laplace ope ra to r  i s  i n v a r i a n t  t o  or thogonal  t ransformat ions  o f  t h e  
coord ina te  system. Therefore ,  t h e  s i n g u l a r i t y  o f  equat ion (1.2) a t  t h e  p o i n t s  
9 = 0 ,  
Inequa l i ty  (1.4) r equ i r e s  t h e  func t ion  V t o  behave a t  t h e  po le s  as it does on 
t h e  rest o f  t h e  sphere .  

. .- _. 

= IT i s  due only t o  s e l e c t i o n  o f  t h e  given coord ina te  system. 
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Hence we g e t  f o r  determining R(r)  ( t he  equat ion o f  Euler )  

(1.6) 
p 2  R ” + 2 r R ’  - x R =  0 

and f o r  determining Y ( + , X )  t h e  equat ion i n  p a r t i a l  d e r i v a t i v e s  o f  e l l i p t i c a l  
type 

The genera l  s o l u t i o n  o f  t h e  f irst  equat ion  i s  w r i t t e n  i n  t h e  form 

where C1 and C 2  a r e  a r b i t r a r y  cons t an t s ,  whi le  c1 

determined as t h e  r o o t s  of  t h e  q u a d r a t i c  equat ion  

and c1 w i l l  subsequent ly  be  1 2 

cL(a+l) - x = 0. (1 a91 

We s h a l l  now seek the  values  o f  parameter  K f o r  which equa t ion .  (1.7) has 
s o l u t i o n s  which a r e  n o t  i d e n t i c a l l y  equal  t o  zero and which s a t i s f y  boundary 
condi t ions  (1.3) and (1 .4) .  These s o l u t i o n s  a r e  c a l l e d  e igenfunct ions  o r  
fundamental func t ions ,  while  t h e  corresponding values  o f  K a r e  c a l l e d  t h e  
eignevalues  of t h e  given d i f f e r e n t i a l  equat ion.  

L e t  us again use  t h e  method o f  s e p a r a t i n g  v a r i a b l e s ,  r ep resen t ing  Y 
(+,XI as 

( I .  10) 
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We may then wri te  
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where x is  a parameter  

As a r e s u l t  o f  s epa ra t ion ,  w e  g e t  t h e  two equat ions 

and 

(1.11) 

( I .  12) 

The genera l  p e r i o d i c  s o l u t i o n  ( s a t i s f y i n g  condi t ions  ( I .  3 ) )  of  equat ion 
( I  . 11 ) ,  w r i t t e n  i n  t h e  form 

( I  .13) 

2 may be found only when x = m . 
c and d shows t h a t  they depend on the  value o f  t h i s  parameter.  

The s u b s c r i p t  m a s soc ia t ed  with t h e  cons tan ts  /240 

m m 

Since x may t ake  on any va lues  x 2 0 ,  l e t  us assume x = 0 and go i n  

equat ion (1.2) from s i n  $ t o  cos 4 , and then t o  the  new argument x = cos 4 .  

We then g e t  (without changing the  former no ta t ion  f o r  the  unknown func- 
t i o n  Q) t h e  Legendre equat ion  

( I .  14) 

With a t r a n s i t i o n  t o  the  argument x ,  t h e  region of  v a r i a t i o n  i n  @ 
0 < @ < TC corresponds t o  the  i n t e r v a l  -1 < x < 1, and boundary condi t ions  (1.4) are eqLivalent  t o  s e t t i n g  t h e  unknown f u n c t i o n  equal t o  zero a t  t h e  ends o f  
t h i s  range.  

Since t h e  s o l u t i o n  of  equat ion  (1.14) a t  y # 0 i s  n o t  expressed i n  
elementary func t ions ,  w e  s h a l l  seek @ i n  t h e  form of  a polynomial o f  degree n:  
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Q n W  = x n +  alxn- l+  u 2 x n - 2 +  . . . + a , .  

S u b s t i t u t i n g  Q (x) i n  ( 1 . 1 4 ) ,  we g e t  n 

1 C" - d [ - n x " + ' - u , ( n - l ) x  + ... + x  x + u 1 x n - l +  ..j P O  
ax 

or 

n-1 . n n- 
- n ( n + l ) x n -  a,n(n-l)x +... + x x  + x t a l x  '+ ... = o .  

( I .  15) 

If Q (x) i s  a s o l u t i o n ,  then equat ion (1.15) should be  an i d e n t i t y .  This  i s  

p o s s i b l e  only i n  t h e  case where the  c o e f f i c i e n t s  a s soc ia t ed  with each power of  
x i n  (1.15) a r e  equal  t o  zero.  

n 

S p e c i f i c a l l y ,  i n  t h i s  case -n(n-1) + K = 0 .  Hence, it fol lows t h a t  

x = n ( n + l ) .  ( I .  16) 

For t h e s e  va lues  o f  K (here  n = 0, 1, 2 , . . )  w e  g e t  an i n f i n i t e  sequence of  
polynomials Q (x) which a r e  n o n t r i v i a l  s o l u t i o n s  o f  equat ion  (1 .14) .  I t  i s  

shown i n  t h e  theory o f  d i f f e r e n t i a l  equat ions [85-871 t h a t  Legendre poly-  
nomials P (x) are such polynomials o f  degree n which s a t i s f y  the  boundary n 
condi t ions  given above. They may be  determined from t h e  r e l a t i o n s h i p  
(Rodrigues ' formula) 

n 

P n W  = - - - ( X 2 - l ) n .  d" 
2"nl 

(1.17) /241 - 

Thus, t he  values  o f  K given i n  (1.16) are t h e  eigenvalues  of  t h e  problem 
under cons idera t ion  f o r  t h e  Laplace equat ion ( 1 . 2 )  with given boundary con- 
d i t i o n s ,  and t h e  Legendre polynomials are t h e  e igenfunct ions  ( f o r  t h e  s p e c i a l  

1 __ -- _ _ _  -_ . - - - - case x = O>. -- - 

Expressions f o r  Legendre polynomials a r e  given i n  Appendix 11. /240 
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These polynomials are known t o  have a number o f  unusual p r o p e r t i e s  [31, 
44, 45, 1, 23 t o  which w e  s h a l l  r e f e r  i n  t h e  fol lowing d iscuss ion  where neces- 
s a r y .  

Assuming now t h a t  x f 0 i n  equat ion ( I . l Z ) , w e  f i n d  t h a t  i n  t h i s  case 
( f o r  e igenvalues  (1.16)) t h e  e igenfunct ions  u f  t h e  problem are 

m 

(I .17 ' )  

The v a l i d i t y  of  t h i s  i s  confirmed by d i r e c t  s u b s t i t u t i o n  o f  (1.17) i n  (1.12).  
Polynomials P (x) are c a l l e d  a s soc ia t ed  Legendre func t ions .  nm 

I t  a l s o  fol lows from ( I .  17 ' )  t h a t  m < n (P i s  a polynomial o f  degree n ) .  

L e t  us make t h e  inve r se  t r a n s i t i o n  t o  the  v a r i a b l e  +, and we s h a l l  rep- 

n - 

r e sen t  t h e  Legendre polynomials from now on i n  t h e  form P (cos +). nm 

Returning t o  r e l a t i o n s h i p  (I .  l o ) ,  we note  t h a t  f o r  any f i x e d  eigenvalue 

s i n  mX)P (cos + ) .  The parameter  m i n  t h i s  case may assume t h e  va lue  

R ( i . e .  f o r  any f i x e d  va lue  of  t h e  number n) , we may w r i t e  Y = ( c  cos mh + 

+ dnm nm 
of any i n t e g e r  i n  the  i n t e r v a l  0 < m < n .  

nm nm 

- -  
The func t ions  cos mhPnm(cos +) and s i n  mhP (cos 4)  ( f o r  var ious  m) a r e  nm 

c a l l e d  b a s i c  o r  fundamental s p h e r i c a l  func t ions  o f  o r d e r  n .  

Expression (1 .17)  shows t h e  p a r t i c u l a r  p a r t  played by the  b a s i c  Legendre 
polynomials with r e spec t  t o  the  a s soc ia t ed  func t ions .  

The number of  fundamental func t ions  ( f o r  given n and a l l  values  of  m) i s  
equal t o  2n + 1, and they form a complete orthonormal system [86, 871. There- 
f o r e ,  any e ignefunct ion  Y ( + , A )  o f  equat ion (1.7) may be represented  i n  t h e  

form o f  a l i n e a r  combination o f  a l l  func t ions  Y 

t h i s  system. 

n 
( + , A )  which go t o  make up nm 

That i s ,  /242 

The func t ion  Y ( + , A )  i n  t u r n  forms a complete orthonormal system. This n 
gives  us t h e  oppor tuni ty  t o  apply t h e  expansion theorem o f  [ 8 6 ] ,  according t o  
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which any continuous func t ion  which satisfies t h e  boundary condi t ions  o f  a 
given problem and has piecewise-continuous f i rs t  and second d e r i v a t i v e s  may 
be  expanded i n  a ser ies  i n  e igenfunct ions .  

Before w r i t i n g  t h i s  expansion. l e t  us r e t u r n  t o  t h e  s o l u t i o n  o f  equation 
(1 .6) .  According t o  (I .9) , when K = n (n - 1) w e  g e t  two r o o t s :  a = n and 

ct2 = - (n  +1) , which correspond t o  two s p e c i a l  s o l u t i o n s :  

= r  

be used ( i t  corresponds t o  t h e  i n t e r n a l  D i r i c h l e t  problem). 

C 2  i s  determined i n  t h e  second s o l u t i o n  according t o  t h e  condi t ion  on t h e  

sphere 

1 
C = rn and C = 1 2 . The first o f  t hese  i s  no t  bounded as r -f OJ, and t h e r e f o r e  cannot 

I f  t h e  cons tan t  

- (n+ 1) 

then f o r  func t ion  R ( r )  w e  g e t  t h e  expression 

Thus, t h e  f i n a l  s e r i e s  expansion of  t he  p o t e n t i a l  V(r,$,X) i s  w r i t t e n  as 

This s e r i e s  may a l s o  be obta ined  by o t h e r  methods. The most widely used 
i s  expansion o f  t he  in tegrand  l/r i n  powers o f  a small q u a n t i t y .  
t h e  s i z e  of  t h e  g r a v i t a t i n g  body t o  t h e  d i s t a n c e  between this body and t h e  
p o i n t  be ing  a t t r a c t e d  i s  such a small q u a n t i t y .  
pansion obtained i n  t h i s  way a r e  Legendre polynomials.  
l a t e r  ( i n  Appendix 111) i n  so lv ing  another  problem. 

The r a t i o  of 

The c o e f f i c i e n t s  o f  t h e  ex- 
This  method is  used 

I I .  Spherical  Functions 

The p r i n c i p a l  s p h e r i c a l  func t ions  (Legendre’s polynomials) a r e  computed 
by Rodrigues ’ formu1,a 

3)” P&) - - fx2 - 1 Q” 
z”n1 dx” 
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The a s soc ia t ed  s p h e r i c a l  func t ions  are computed by t h e  formula 

m 

The s p h e r i c a l  func t ions  from Poo(x) t o  Pg0(x) have the  following form: 

/244 
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ps3 105 - (9%2-1)(1-X2) % ; P64 = 945 - (llX2-1)(14)2 ; 
2 2 

PSS= 10396X(l-X 2 ) #4. 9 PS4 = 945x(1-X2))" ; 

P,, = 945(i-9 ; P66 = 10395(1-~~)~ ; 

p70 = -(429x7 1 - 693%' + 3 1 5 ~ ~  - 35%); 
16 

P71 I &(429x6 - 495a4 + 1 3 5 ~ ~  - 5)Jl - X2 ; 

P72 I 63 ( 1 4 3 ~ ~  - 110%' + 15~)(1 - X 2 ) ;  

P73 = '2 (1.43~~ - 66x2 + 3x)(I - x2 )!' i 

P,, I 3465 -(13x3 - 3Q(1 - x ~ ) ~  ; 
2 

10395 2 % 
I ---(I39 - l)(l - x ) i 

2 

= 135135~(1-X~)~ i 

P77 = 135135(1 - X 2 ] / ' i  
? 

pso = L(64135~* - 12012~' + 6 9 3 0 ~ ~  - 1260X2 + 35); 
128 

'81 16 9 (715x7 - lQOlx5 + 385% - 3 5 % ) 1 / 3 ;  

p8z I 32(143g6 - 1 4 3 ~ ~  + 33X2 - l)(l - X 2  ); 

Ps3 = 39 (39~' - 2 6 ~  + 3~)(l - li ) ; 

16 
3 2 %  

P,, = =(65x4 - 26x2 + 1)(1 - x ~ ) ~  ; a 

5 5  =- 2 

135135 (15x2 - 1)(1 - x 2 ) 3  ; ' 8 6  =------ 2 

P,, = 2 0 2 7 0 2 5 ~ ( 1  - x 2 )  7L 
; 

/245 
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= 2027025(1 - X 2 )  4 ;  ' 8 8  

- (12155x9 1 - 25740x' + 1 8 0 1 8 ~ ~  - 4 6 2 0 ~ ~  +315X);  '90 = 128 

PI,, I: & ( 4 6 1 8 9 ~ "  - 1 0 9 3 9 5 ~ ~  + 9 0 0 9 0 ~ ~  - 

- 3 0 0 3 0 ~ ~  + 3 4 6 5 x 2  - 6 3 ) .  

Extensive t a b l e s  o f  t h e  a s soc ia t ed  Legendre's func t ions  are given i n  [88] .  

If the  p o t e n t i a l  func t ion  i s  w r i t t e n  i n  s p h e r i c a l  coord ina tes ,  then t h e  
argument x = cos 6 , where 8 i s  t h e  angle  between t h e  r ad ius  vec to r  o f  t he  
po in t  and the  a x i s  o f  r o t a t i o n  of t h e  Ea r th ,  o r  x = s i n  4 ,  where 4 i s  t h e  
angle between t h e  r ad ius  v e c t o r  o f  the  p o i n t  and the  p lane  of  t he  equator .  

I f  t h e  p o t e n t i a l  func t ion  i s  w r i t t e n  i n  the  geocen t r i c  i n e r t i a l  rec- 
t angu la r  coordinate  system ( t h e  z-axis  d i r e c t e d  along t h e  ax is  o f  r o t a t i o n  of  
t h e  Ear th  toward t h e  no r th ,  t he  x- and y-axes ly ing  i n  the  p lane  of t h e  
equator ,  x be ing  d i r e c t e d  toward t h e  p o i n t  of t h e  verna l  equinox, and y comp- 
l e t i n g  t h e  right-handed coord ina te  system) , then 

The func t ions  s i n  mh and cos mh which f i g u r e  i n  the  p o t e n t i a l  expansion are 
found i n  t h i s  case  from t h e  equat ions 

x = rcos  y cos(?L+s); 

y -  rcoscpsin(x+s);  
z = r s i n y .  

Here 4 and X are r e s p e c t i v e l y  t h e  l a t i t u d e  (reckoned from t h e  p lane  of  t h e  
equator)  and t h e  longi tude  (reckoned from Greenwich), whi le  s is  l o c a l  s i d -  
ereal t i m e .  

245 

I 



I l l .  EXPRESSING THE C O E F F I C I E N T S  I N  THE EXPANSION O F  THE EARTH'S  
G R A V I T A T I O N A L  P O T E N T I A L  I N  TERMS O F  MOMENTS O F  I N E R T I A  

Shown i n  Appendix I was conversion o f  i n t e g r a l  (2.4) - t o  i n f i n i t e  series 
(2 .6) .  I n  o rde r  t o  express  t h e  f i rs t  c o e f f i c i e n t s  o f  t h i s  expansion i n  terms 
of  moments of  i n e r t i a ,  w e  r e t u r n  again t o  express ion  (2 .4) ,  w r i t i n g  it i n  t h e  
form 

(2 .4 ' )  

here  (see F ig .  117) A i s  t h e  d i s t a n c e  between t h e  ins tan taneous  po in t  wi th  
element of mass dm and an e x t e r n a l  ma te r i a l  p o i n t  o f  u n i t  mass 

X Y 

F i g .  117 

r i s  t h e  d i s t ance  of t h e  e x t e r n a l  p o i n t  from t h e  coordinate  o r i g i n ;  r i s  the  

ins tan taneous  d i s t ance  of  t h e  element o f  mass dm from the  coordinate  o r i g i n ;  

y 

1 

i s  t h e  angle  % which may be  determined from t h e  s c a l a r  product  1 
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o r  i n  s p h e r i c a l  coord ina tes  ( r , $ , A )  

cosy = c o s c p P S c p 1  +sincpsincplcos(A -A1). 

Since r < r ,  the  func t ion  
1 

(111.1) 

(111.1')  

(I11 . Z )  

may be  expanded i n  a Taylor  s e r i e s  with r e spec t  t o  powers of  the  small q u a n t i t y  /247 
6 = r / r  ( the  s teady  convergence of  t h i s  series i s  proved, 

[31, 44 ,  451. 

f o r  i n s t a n c e ,  i n  1 

A s  a r e s u l t ,  w e  g e t  

(111.21) 

The c o e f f i c i e n t s  i n  t h i s  express ion  are Legendre polynomials1 [31, 4 4 ,  451. 

S u b s t i t u t i n g  (111.2l)  i n  ( 2 . 4 ' ) ,  we ge t  

(111.3) 

The func t ion  V ,  as always, depends on t h e  coordinates  ( i n  t h e  given case ,  
having i n  mind (111.1')  , t h e  s p h e r i c a l  coord ina tes  r, 4 ,  A )  o f  t h e  p o i n t  on 
which it acts.  

The func t ion  F(6)  i s  t h e r e f o r e  c a l l e d  a generat ing-  func t ion  o f  t h e  Legendre 
polynomials.  
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I t  has  a l r eady  been poin ted  ou t  i n  Appendix I t h a t  t h e  s p h e r i c a l  func- 
t i o n s  remain s p h e r i c a l  after r o t a t i o n  of t h e  coord ina te  axes (due t o  i n v a r i -  
ance  of t h e  Laplace equat ion  wi th  r e spec t  t o  or thogonal  t ransformat ions) .  

By u t i l i z i n g  t h i s  fact ,  w e  may express  any p r i n c i p a l  func t ion  i n  terms 
o f  t h e  sum of  t h e  f u l l  se t  ( f o r  given n) of a s soc ia t ed  func t ions .  

Actua l ly ,  l e t  t h e  s p h e r i c a l  coord ina tes  of  two p o i n t s  which are the  ends 
of two vec to r s  3 and 2 1 be  equal r e s p e c t i v e l y ,  t o  ( r , $ , A )  and ( r l ,  @l, x l ) .  

If t h e  re ference  axis f o r  angles  $ ( ax i s  oz) i s  turned  through the  angle  y i n  
such a way as t o  b r i n g  i t  i n t o  coincidence wi th  t h e  vec to r  ?, then t h e  b a s i c  
s p h e r i c a l  func t ion  P (cos y )  may be  represented  i n  the  form n 

(111.4) 

where 6m = 2 when m = 0 ,  and 6m = 1 when m # 0 .  

summation formula.  

This  express ion  i s  c a l l e d  a 

With regard t o  t h e  summation formula,  i n t e g r a l  (111.3) i s  changed t o  

where 

(111.5) /248 

(111.6) 

The i n t e g r a l s  

a r e  p ropor t iona l  (with an accuracy t o  cons tan t  mu l t ip l e s )  t o  t h e  expression 

. .  
M 
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where x ,  y ,  z are as soc ia t ed  wi th  t h e  s p h e r i c a l  coordinates  of  r e l a t i o n s h i p s  
( I . l I ) ,  whi le  a, 6, y are whole numbers, a + 6 + y be ing  equal  t o  n [32] .  

The q u a n t i t i e s  Y 

have a graphic  phys i ca l  meaning only when n L_ 2 ( the  coord ina tes  of  t h e  c e n t e r  
of i n e r t i a  and t h e  moments o f  i n e r t i a ) .  

a r e  t h e  moments o f  mass o f  t h e  Ear th ;  however, they 
a B Y  

L e t  us now express  c and dnm i n  terms o f  t he  moments o f  i n e r t i a  of  t h e '  nm 
Ear th .  I t  is s u f f i c i e n t  f o r  t h i s  purpose t o  cons ider  t h e  var ious  terms of  
expression (111.3), t ak ing  account o f  formula (111.4). In  t h i s  regard ,  
(111.3) w i l l  b e  i n t e g r a t e d  with r e s p e c t  t o  the  elements of mass M with i n s t a n t -  

. The o r d e r  of t h e  func t ion  P (cos y ) = P aneous coord ina tes  r 

( 4 ,  A )  does n o t  change a f t e r  i n t e g r a t i o n ,  and t h e  coe f f i c i en t s  a s soc ia t ed  
with t h e  elementary s p h e r i c a l  func t ions  w i l l  be  t h e  c o e f f i c i e n t s  c 
i n  which we are i n t e r e s t e d .  

1' $1, A1 nm nm 

and dnm 
nm 

When n = 0 ,  s i n c e  P (cos y ) = 1 (see  Appendix 111, 
0 

(111.8) 

Consequently, t he  c o e f f i c i e n t  a s soc ia t ed  wi th  the  s p h e r i c a l  harmonic of  o rde r  
zero w i l l  equal  t h e  mass of  t h e  Ear th .  

When n = 1, w e  have P1(cos y) = cos y (see Appendix 11 ) .  Therefore ,  i f  /249 

w e  convert  t o  r ec t angu la r  coord ina tes  f o r  s i m p l i c i t y ,  then with regard t o  
(111.1) , w e  g e t  

I = J r l  P1(cos y)dvi=Jrlcosydm= 
H H 

' L M  M M 1 =.- 1 J(xxl+yyl+zz,)dm== - xJxlda+yJyldm+zJzldlsl . 

The i n t e g r a l s  

(111.9) 

(111.10) 

determine t h e  p o s i t i o n  o f  t h e  c e n t e r  o f  i n e r t i a  f o r  the  m a s s  of  t h e  Earth 
(Xc, Yc, Z ) i n  t h e  s e l e c t e d  coord ina te  system. 

C 

If w e  use formulas (1 .1 ' )  t o  convert  t o  s p h e r i c a l  coord ina tes  i n  (111.8),  
w e  g e t  ( t ak ing  account o f  t he  form o f  t h e  s p h e r i c a l  func t ions  according t o  
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Appendix 11) 

Y =. J rl P, (COS y)dm = M[ 2, Plo +X,Pl COS A+Y, Pl sin AI. (111.11) 
M 

The t h i r d  term i n  expansion (111.3) conta ins  t h e  i n t e g r a l  

I f  t h e  moments o f  i n e r t i a  with r e spec t  t o  the p r i n c i p a l  axes are desig-  
na ted  by 

(111.12) 

while t h e  cen t r i fuga l  moments of  i n e r t i a  are given by 

I h Z l d m ;  E =  JX1Zl&; F =  J w l y l d m ,  (111.12 t )  

Y w Iy 

/250 then the expression for Y 2 is w r i t t e n  

t ~DYz+~Exz+~FxY 1 
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Converting again t o  s p h e r i c a l  coordinates  by formulas ( I . l ' ) ,  we g e t  

1 y2 = -+(A+ B -2 CXr 2~ y - $ r 2 ~ i n  'p > +(B -Ah 2~~ 'p (COS% - sin2 x ) + 

+3Dr2 siny cos 'p sinh+3Er2 sin 'p COS y cosh +3Fr2 sin2y sinhcos A]. 

Thus, t h e  first c o e f f i c i e n t s  of  e q a n s i o n  (2.6) w i th  regard  t o  expression 
(111.8),  ( I I I . 1 1 ) ,  (111.13) are w r i t t e n  i n  t h e  form 

A +B-24:. I 5 1 = -  E .  D .  B-A.  F 2 '  4 2 =  - *  2 '  4 1 = 7  5 2  =- c 2 0  = 
2Mri MrO "'0 4Mr0 2Mri 

I V .  PARAMETERS O F  THE G R A V I T A T I O N A L  F I E L D  O F  THE EARTH 

1. The values  o f  t h e  c o e f f i c i e n t s  i n  the  expansion f o r  t he  g r a v i t a t i o n a l  
p o t e n t i a l  o f  t he  Ear th  according t o  I .  D .  Zhongolovskiy [ 3 2 ]  a r e  as fo l lows:  
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2 .  The values  o f  t h e  constants  accepted a t  t h e  I n t e r n a t i o n a l  Ast ro-  /251 
nomical Union i n  1964 (Hamburg) are: 

ro  = 6 378 160m;  p=fM=398 603=10gm seF2; a= 1 :298,25. 

3. The values of  t h e  normalized c o e f f i c i e n t s  i n  t h e  expansion f o r  t h e  
g r a v i t a t i o n a l  p o t e n t i a l  determined from sa t e l l i t e  d a t a  by non-Soviet research 
workers Izhik and Kaula from analys is  o f  o p t i c a l l y  observed sa te l l i t es ,  
Guire 
i n  Table 39. 

from ana lys i s  of  r ad io  measurements o f  Doppler v e l o c i t i e s  are l i s t e d  

TABLE 39 5: 

Normal i zed 
Coeff ic ien t  

10' 

lzhik 
1964 
- 

1,17 
-0,!35 

0,81 
-0,26 
0,24 

-0,25 
- o s =  
O,Q3 

-0,18 
-0,25 
-0,ll 
0,23 
0,28 

-0,08 
-0.08 

0,28 

- 

- 

4.  The values  of the  c o e f f i c i e n t s  

Kaula 
1963 
-484,08 

._ . 

1,8850,28 l) 
-1,38+0,17 
0,97+0,0 1 
1,52r0,03 
0,14+0,16 

-0,02+_0,26 
0,42+0,06 
0,70+0,26 
0,76+-0,29 
0,67+0,02 

-0,33+0,0 1 
0,37+0,15 
0,012 0,02 
0,35+0,0iS 
0.17+0,02 
0,4 I?  0,03 

-0,o 1 k 0,os 
0 ,  I & 0,935 

Gu i re 
1964 

- 
2 3 6 0  

-0,99 - 

0,18 
O Y M  

-0,07 

1.01 

-0.80 
-0,49 
0,27 
I ,  19 
1,33 

13.05 
-0.37 
0,3 I 

i,oa 
- 

assoc ia ted  with the zonal harmonics i n  
the  expansion f o r  the  g r a v i t a t i o n a l  p o t e n t i a l  
mined by non-Soviet researchers  [95, 961 

( Je f f r eys  coe f f i c i en t s )  de t e r -  

7-- .- .~ - - -  ' Mean square e r ror .  
;kTr. Note: Commas ind ica t e  decimal po in ts .  
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where c is the normalized coefficient,  are  given i n  Table 40. nO 

- .  . . 

Coefficients 

I; 10' 
I ,  10' 
I,  lo" 
I ,  10" 
I ,  10" 
I,  a 10' 
I,  - l o6  
I, 10" 
I l0*  10" 
I lo6 
1 1 2 -  10' 
I 1,. 10' 
I , .  10' 

J; 
TABLE 40 

King-Hele Cook 
1964 

1082.70 

-1.40 

0,37 

0,07 

-0,50 

0.3 1 

... __ - . . . . - - 

- 
- 
- 
- 
- 
- 

k T r .  Note: Comas indicate decimal points. 

I 

- __ 
Koza i 

~ 1964 

1 0 8 2 , 6 5  

-1.62 
-0,2 1 
0,61 
-0,32 
- 0,24 
-0,10 
-0.10 
0.28 
-0,28 
-0.18 
0,1g 

' 2 1  53 
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A p p e n d  i ces t o  C h a p t e r  T w o  - 1253 

V. D E R I V A T I O N  OF EQUATIONS I N  OSCULATING ELEMENTS 
WITH RESPECT TO COMPONENTS q AND k OF THE LAPLACE VECTOR 

The d i f f e r e n t i a l  equat ions of  d i s tu rbed  motion wi th  r e spec t  t o  components 
q and k of  t h e  Laplace v e c t o r  may be der ived  i n  va r ious  ways. We s h a l l  f i n d  
them according t o  t h e  general  method used i n  celest ia l  mechanics d i r e c t l y  
from t h e  express ions  which r e l a t e  t h e  kinematic  c h a r a c t e r i s t i c s  of Keplerian 
motion t o  i ts  first i n t e g r a l s  w i t h o u t . r e s o r t i n g  a t  a l l  t o  t h e  concepts o f  
o r b i t a l  e c c e n t r i c i t y  e and angular  d i s t ance  o f  t h e  pe r igee  wl. In  t h i s  con- 
nec t ion ,  we s h a l l  use t h e  b a s i c  r u l e  [l, 21 according t o  which equat ions i n  
oscu la t ing  elements are der ived  by d i f f e r e n t i a t i o n  of the f irst  i n t e g r a l s  o f  
undis turbed motion wi th  r e s p e c t  t o  t ime. 
time t and t h e  coord ina tes  are t r e a t e d  as cons t an t s ,  and t h e  d e r i v a t i v e s  of 
t h e  v e l o c i t y  components are rep laced  by t h e  components o f  t h e  d i s t u r b i n g  
a c c e l e r a t i o n .  

In  t h i s  type of  d i f f e r e n t i a t i o n ,  

Thus equat ions ( 6 . 3 )  are t h e  i n i t i a l  r e l a t i o n s h i p s  i n  t h e  fol lowing 
d e r i v a t i o n .  

In  o r d e r  t o  d e r i v e  the  equat ion with r e spec t  t o  dq/dt ,  w e  s h a l l  express  
t h e  func t ions  s i n  u and cos u i n  t h e  f irst  o f  t h e  r e l a t i o n s h i p s  i n  (6.3) i n  
terms o f  t h e  i n e r t i a l  r ec t angu la r  coord ina tes  x, y,  z by means of  (6 .8 ’ ) .  
This  must be  done s i n c e  t h e  argument of l a t i t u d e  i n  t h e  case of  d i f f e r e n t i a -  
t i o n  wi th  r e s p e c t  t o  time i s  a d i s tu rbed  func t ion  and cannot be taken as 
cons tan t  (according t o  the  r u l e  c i t e d  above) l i k e  the  ord inary  coord ina tes .  

A f t e r  e l imina t ing  s i n  u and cos u ,  we g e t  

D i f f e r e n t i a t i n g  t h i s  e q u a l i t y  with r e spec t  t o  t ime, according t o  t h e  
given rule .  we g e t  

_- -- . .. ____I_ ~~ .__ _ _  -- 

1 A s  is  known [l,  2 ,  481 , e and w a r e  expressed i n .  terms o f  components f 

and f 
system. In  t h i s  case 

o f  t he  Laplace v e c t o r  i n  t h e  abso lu te  geocen t r i c  r ec t angu la r  coordinate  2 
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By reverse s u b s t i t u t i o n ,  w e  e l imina te  coordinates  x, y ,  z, and a f te r  
reducing similar terms, w e  g e t  

- - 
The func t ions  S and T h e r e  are t h e  same. as i n  ( 6 . 4 ' ) .  

We may e l imina te  t h e  d e r i v a t i v e s  dp/d t ,  d i / d t  and dR/ d t  from t h i s  equa- 
t i o n  by us ing  the  equat ions  o f  (6 .4) .  

The equat ion with r e spec t  t o  dk/dt  
second r e l a t i o n s h i p  i n  (6.3) s e rves  as 

V I .  DISTURBANCES OF THE ORB 
I N  THE F I E L D  O F  THE 

A c i r c u l a r  s a t e l l i t e  i s  def ined  as 
i n i t i a l  i n s t a n t  corresponds t o  c i r c u l a r  

i s  der ived  i n  t h e  same manner. The 
he i n i t i a l  expression i n  t h i s  case. 

T OF A CIRCULAR S A T E L L I T E  
SPHERO I DAL EARTH 

one whose v e l o c i t y  vec tor  a t  the  
Keplerian motion. 

Some a n a l y s i s  o f  t h e  d i s tu rbed  o r b i t s  of  c i r c u l a r  s a t e l l i t e s  c a r r i e d  out  
on t h e  b a s i s  of  numerical c a l c u l a t i o n s  i s  given i n  58. In  t h e  given appendix, 
t h i s  problem i s  s t u d i e d  i n  more d e t a i l  with the  a i d  of t he  approximate ana ly t -  
i c a l  s o l u t i o n s  der ived  i n  5 1 1 .  These s o l u t i o n s  desc r ibe  d is turbances  o f  
Keplerian o r b i t a l  elements i n  t h e  f i e l d  of  t h e  t e r res t r ia l  sphero id  ( t h e  
concept o f  a sphero id  i s  def ined  i n  56) wi th  an a c c u r x y  o f  second-order p o l a r  
ob la teness  of  t h e  Ea r th .  

In  o rde r  t o  s tudy  t h e  pe r tu rba t ions  of  t h e  elements o f  a c i r c u l a r  s a t e l -  
l i t e ,  w e  should s e t  q = k = 0 i n  t h e  s o l u t i o n s  found i n  5 1 1 .  The r e s u l t a n t  

r e l a t i o n s h i p s  show t h a t  d i s turbance  of  t h e  p lane  and of  t h e  foca l  parameter 
of  t h e  o r b i t s  o f  c i r c u l a r  sa te l l i t es  i s  i n  no way d i f f e r e n t  i n  p r i n c i p l e  from 
t h e  d is turbances  o f  t h e s e  same elements f o r  s a t e l l i t e s  wi th  an e l l i p t i c a l  

0 0  
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o r b i t .  
p o s i t i o n  o f  an oscu la t ing  o r b i t  which are descr ibed by t h e  r e l a t ionsh ips  q(u)  
and k(u) . 
and quas i secu la r  p a r t s .  The quas isecular  p a r t  is  l i n e a r l y  dependent on the  
argument of  l a t i t u d e  u,  changes extremely slowly ( i n  propor t ion  t o  c 2 )  and 
i s  introduced i n t o  equations (11.9) from t h e  second approximation (F and 

F,,,). 
approximation. 
ed by the  equat ions:  

I t  i s  the re fo re  most i n t e r e s t i n g  t o  examine the  changes i n  shape and 

= 0 , these  func t ions  contain p e r i o d i c  (short-period) 

- /255 

kg 
When qo = 

q2 
We s h a l l  l i m i t  ourselves  i n i t i a l l y  t o  s tudying  equations of t he  f irst  

I n  t h i s  case, q and k a r e  p e r i o d i c  func t ions  and are represent -  

7 * 2 .  
6 

Q ,  = b,  = -sin lo. (VI. 2 )  

In  the  paragraphs which follow, w e  s h a l l  i n v e s t i g a t e  t h e  e f f e c t  which the  

and Fk2 -- has on t h e  q u a l i t a t i v e  p i c t u r e  descr ibed by equations’ 
q u a s i l i n e a r  term--the most s i g n i f i c a n t  component of the second-approximation 
funct ions F 

q2 
(VI. 1) . 

Each of  t h e  func t ions  ( VI. l )  has s i x  complex or r e a l  zeros i n  t h e  i n t e r -  
v a l  0 < u < 2 ~ r ,  and the  arrangement o f  these  zeros determines the  p rope r t i e s  
of t h e o s c L l a t i n g  o r b i t ,  Let us examine t h i s  problem i n  more d e t a i l .  

One group of zeros depends only on the  value of  u s i n c e  it i s  found 0’ from t h e  condi t ions 

sinu = s i n U o  ; 
cos 11 = coslio. (VI. 3) 

A second group depends on the  two parameters i and u 0 0’ and comprises 

t h e  zeros of t h e  t r inomia ls  enclosed i n  bracke ts  i n  (VI . 1 ) .  

Functions (VI . l )  a r e  a two-parameter family which depends on t h e  i n i t i a l  
values o f  i and u 

0 ’  0 
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R 

L e t  us s e t  u = 0 (unless  otherwise s t a t e d ,  t h i s  is  assumed everywhere 0 
i n  t h e  fol lowing d iscuss ion)  and f i n d  the zeros  of  t h e  express ions  

II 

k = b ,  + b ,  sin2u.  1 (VI. 1') 

S e t t i n g  6 equal  t o  zero,  w e  s h a l l  s o l v e  t h e  r e s u l t a n t  equat ion wi th  / 2 5 6  
r e spec t  t o  cos u .  

We ge t  

( V I .  3 ' )  

Since cos u should assume only real  va lues ,  t he  condi t ion  

4--350, 41 
a 2  

should be f u l f i l l e d ,  and hence w e  g e t  (with regard t o  (VI.2)) 

o r  

io  2 io&  --arcsin 0,892 = 63O10'. 

Consequently, t h e  func t ion  6 can have zeros only when i > i If 
0 - 0,' 

i = i , w e  g e t  for cos u from (VI.3')  only the  s i n g l e  va lue  cos u = -1/2, 

i . e .  a t  t h i s  i n c l i n a t i o n  t h e  func t ion  ti has mul t ip l e  zeros .  I n  t h e  case 
i > i , t h e  func t ion  4(u)  (considered wi th  r e s p e c t  t o  argument u) has  f o u r  

O 01 

0 01 
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d i f f e r e n t  zeros .  For t h e s e  zeros  when i = n j 2 ,  we g e t  t h e  fol lowing values  

o f  t h e  argument 
0 

u1,2 = 180° i8Oo52'; 
u~~~ = 180° k33O55'. (VI. 311) 

As io decreases  i n  the  range [goo, 63°,101]  , zeros u u and u u 1' 3 2 '  4 
converge by p a i r s .  

I n v e s t i g a t i n g  t h e  second func t ion  i n  (VI .1 I ) ,  w e  f i n d  t h a t  t h e  n a t u r a l  

requirement s i n 2 u  
( ~ 1 . 1 1 )  and ( V I . 2 ) ) o n l y  a t  

< 1 i s  f u l f i l l e d  (with regard  t o  the  second express ion  i n  

i o  2 i 0 ,  - arcsin 0,658 =. 41"08'. 

Consequently, t h e  func t ion  <(u)  has zeros only when io > i 

S e t t i n g  t h i s  func t ion  equal  t o  zero,  w e  g e t  t h e  e q u a l i t y  

. 
- O2 

from which it  fol lows t h a t  when i 

zeros a t  t h e  p o i n t s  

= 7 1 / 2 ,  t h e  func t ion  E(u) has f o u r  d i f f e r e n t  
0 

= 90" i41OO8'; 
u 5,8 = 2 7 ~ ~  f 4i0 08'. (VI .3" ) 

u6 and u u converge, /257 5 ,  7' 8 As i i s  reduced i n  t h e  range [90", 41°081] ,  zeros u 

merging a t  t h e  end of  t h e  i n t e r v a l  (where i = i ) .  A t  t h i s  p o i n t ,  t h e  

func t ion  E(u) has  two mul t ip l e  zeros .  Let us f i n d  ou t  whether equat ions 
(VI. l ! )  have common zeros .  

0 

0 02 

F o r  t h i s  purpose,  w e  so lve  them simultaneously 

and f i n d  t h a t  when io = i = a r c s i n  7/8 = 70"03f , the  zeros  o f  func t ions  

q(u)  and E(u) coinc'ide. 

k 44" 24 I50". 
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Thus, t h e  arrangement o f  t h e  real  zeros  o f  func t ions  ( V I . l )  f o r  u = 0 0 
and var ious i n c l i n a t i o n s  o f  t h e  o r b i t  0 < i < -ir are i l l u s t r a t e d  by t h e  graph 

i n  Fig.  118. Three c h a r a c t e r i s t i c  i n c l i n a t i o n s  may be  poin ted  ou t  ( s ince  t h e  
0 

0 4' 1 

F i g .  11.8 

zeros are loca ted  i n  p lane  (i u) sym- 

metric t o  the  l i n e  io = n / 2 ,  w e  s h a l l  

cons ider  only t h e  f irst  quadrant  0 <i 

0 '  

< 
0 -  

< -ir/2). - 

I n  t h e  first of  them ( i  = a r c s i n  
Ok 

4 7/8 = 7 0 ° 0 3 ' ) ,  both equat ions i n  (VI . l )  
have common zeros .  This p o i n t  ( i  u) 

0'  
may be c a l l e d  the  c r i t i c a l  p o i n t  i n  view 
of c e r t a i n  p r o p e r t i e s  which w i l l  be  
c l e a r  from t h e  fol lowing d i scuss ion .  

A t  t h e  second c h a r a c t e r i s t i c  i n c l i -  
na t ion  ( i  = a r c s i n  0.892 = 63O10'), 

O 1  
mu l t ip l e  zeros appear i n  t h e  f i r s t  equa- 

t i o n  o f  ( V I  . 1 ) ,  and a t  t he  t h i r d  c h a r a c t e r i s t i c  i n c l i n a t i o n  ( i  = a r c s i n  

0.658 = 41°08 ' ) ,  mu l t ip l e  zeros appear i n  t h e  second equat ion .  
O3 

Trea t ing  the argument of l a t i t u d e  u i n  equat ion (VI . l )  as a parameter ,  
we ge t  a curve i n  p lane  (9,  k )  which i s  t h e  hodograph o f  t h e  normalized 
Laplace vec tor ' .  
u = 0 ,  t he  zero hodograph. The zero hodographs f o r  t he  t h r e e  c h a r a c t e r t i s t i c  

i n c l i n a t i o n s ,  as wel l  as  f o r  t he  values  i = go", io = 30" and i 0 0 
shown i n  F igs .  119-122; t he  s c a l e  f o r  argument u i s  given on t h e  curve.  
According t o  t h e  cons t ruc t ion ,  t he  modulus o f  t he  r ad ius  vec tor  f o r  any p o i n t  
on t h e  hodograph i s  equal  to t h e  e c c e n t r i c i t y  a t  t h e  given value o f  argument 
u ,  and the  angle  between t h e  r ad ius  vec to r  and axis i s  equal t o  t h e  angular  
d i s t ance  of  t h e  pe r igee  w.  

Let us c a l l  t h i s  hodograph, which corresponds t o  the  value 

0 
= 5" are 

A s  t hese  curves show, the  zero hodograph i s  always symmetric wi th  r e spec t  
t o  the  q-axis  and passes  through the  coord ina te  o r i g i n .  When io = n / 2 ,  the 

hodograph i s  an extremely complex curve wi th  s e v e r a l  nodes loca t ed  i n  a l l  
quadrants  of  p lane  (9,  k )  and looping the  coord ina te  o r i g i n  s e v e r a l  times. 

That i s ,  t h e  Laplace v e c t o r  d iv ided  by t h e  .cons tan t  = fM. /257  
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As the  i n c l i n a t i o n  i s  reduced, t h e  zero hodograph is  s h i f t e d  e n t i r e l y  i n t o  
l e f t  ha l f -p lane  and "s t ra ightens  out", tending t o  the  l i m i t  of  a c i r c l e  as 
i + 0 .  
0 

the  
/259 - 

F i g .  120 F i g .  119 

I F i g .  121 F i g .  122 

Analyzing the  arrangement of t he  zeros f o r  t he  funct ions 

(VI  .4)  

we f ind  c h a r a c t e r i s t i c  d i f fe rences  i n  the  oscula t ing  o r b i t s  of  c i r c u l a r  s a t e l -  
l i t e s  of th.e spheroidal  Earth.  

26Q 



I! 

Let us first determine t h e  form o f  t h e  oscu la t ing  o r b i t .  

The ins tan taneous  value o f  e c c e n t r i c i t y  is  given by t h e  equat ion . 

c = J&F. 

The e q u a l i t y  e = 0 corresponds t o  coincidence o f  t h e  zeros  o f  func t ions  (VI.4), 
i . e .  t o  t h e  common p o i n t s  of  t h e  curves shown i n  F ig .  118. 

According t o  (VI.3), one group o f  common zeros t akes  p l a c e  a t  u = 2nr 
(n = 0 ,  1, 2. ; .) and a t  any i n c l i n a t i o n s  i . Another group (when 2nn < u < 

< 2 (n.1) n )  i s  found as a r e s u l t  o f  examining the  system o f  equat ions 
0 

which is  obta ined  from the  expressions i n  (V1.J . )  enclosed i n  b r a c k e t s .  

The r e a l  s o l u t i o n s  a r e  

U*, = (Zn + I )%+ 44O1',5; 

ud* = (2n  + 1 ) ~ - 4 4 ~ 1 ' , 5 ,  n = 0, 1, 2, ... , 
i o k  = n 5 1 9 ~ 5 7 ' .  

which de f ine  c r i t i c a l  i n c l i n a t i o n  i and the  values  of  t h e  argument of  l a t i -  

tude u a t  which t h e  e c c e n t r i c i t y  wi th in  t h e  pe r iod  vanishes .  
0 

Hence, i t  fol lows t h a t  t he  o s c u l a t i n g  o r b i t  o f  a c i r c u l a r  s a t e l l i t e  o f  
t h e  sphero ida l  Ear th  i s  an e l l i p s e  with e c c e n t r i c i t y  which vanishes  a t  the  
p o i n t s  u = 2nr (n = 0 ,  1, 2) f o r  any i n i t i a l  o r b i t r a l  i n c l i n a t i o n s .  In  
add i t ion ,  when t h e  i n c l i n a t i o n  i s  equal  t o  the  c r i t i c a l  value ( i  = n/2  f 

rf: 19O57'), t h e  e c c e n t r i c i t y  a l s o  vanishes  a t  t h e  po in t s  u = (2n + 1) r ? 

+_ 44" 24 50'' . 

Ok 

This  proper ty  of t h e  o r b i t  of  a c i r c u l a r  s a t e l l i t e  i s  i l l u s t r a t e d  by - /260 
___ _. .- -_ __ __ - - - - . . _ _  

/259 General ly  s eaking,  according t o  ( V I . 3 )  common zeros are r e a l i z e d  a t  any - i n i t i a l  condi ions  1 u and va lues  of  t h e  argument u = u + 2nn. 0' 0 0 
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Figures  119 - 122, where vanishing of t h e  e c c e n t r i c i t y  corresponds t o  passage 
o f  t he  hodograph through t h e  coord ina te  o r i g i n .  

L e t  us examine t h e  behavior  of  e c c e n t r i c i t y  i n  t h e  neighborhood o f  
p o i n t s  where e = 0 .  
(VI.l) i n  a Taylor  series i n  t h e  neighborhood o f  t h e  p o i n t  u = u 

ourse lves  t o  terms o f  t h e  f i r s t  negat ive  o r d e r  of  magnitude with r e spec t  t o  
nu = u - u we g e t  

For t h i s  purpose,  w.e expand s i n  u and cos u i n  equat ions 
Limiting 

0 '  

0 '  

(VI. 5) 

Hence, t ak ing  i n t o  cons idera t ion  t h e  values  o f  t h e  c o e f f i c i e n t s  i n  
(VI .2) , we have when u = 0 

0 

(VI .6) O . ~ I E [ / A ~ ~ ,  

and when uo = u* = T + 44O1.5' o r  when u = u** = T - 44"l.S' 0 

(VI. 7) 

On t h e  b a s i s  o f  ( V I  .6) and ( V I .  7 ) ,  we conclude t h a t  i n  t h e  neighborhood 
of  p o i n t s  u = 2 n ~  as we l l  as u = u* and u = u"" ( a t  t he  c r i t i c a l  i n c l i n a t i o n ) ,  
t h e  e c c e n t r i c i t y  of  t h e  oscu la t ing  o r b i t  o f  a c i r c u l a r  s a t e l l i t e  i s  an i n -  
f i n i t e s i m a l  of  t h e  same o rde r  as the  increment i n  t h e  argument o f  l a t i t u d e .  

Keeping t h i s  s i t u a t i o n  i n  mind, l e t  us go on t o  determining t h e  p o s i t i o n  
o f  t h e  oscu la t ing  o r b i t .  Let us  f irst  examine the  change i n  t h e  angular  
d i s t ance  o f  t h e  pe r igee  i n  the  neighborhood of those  p o i n t s  where e c c e n t r i c i t y  
vanishes .  

Since t h e  hodograph of  t h e  Laplace vec to r  i s  a smooth curve,  t h e r e  should 
be a d i scon t inu i ty  i n  t h e  func t ion  w(u; when t h i s  curve i n t e r s e c t s  t he  
coord ina te  o r i g i n .  
w e  may w r i t e  i n  t h e  le f t -hand  neighborhood of t h e  p o i n t  u = u 

I f  it i s  assumed t h a t  nu < 02,then on the  b a s i s  o f  (VI.5) 
0 

(VI. 8) 
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If w e  now assume u = 2nn i n  (VI.5) and (VI.8) and d iv ide  t h e  l e f t -hand  0 
and r ight-hand members of t h e s e  e q u a l i t i e s  by (VI . 6 )  , then t ak ing  E as 
negat ive  w e  g e t  when u = 2 n ~ :  from t h e  r igh t - - cos  w = 0 ,  s i n  w = 1, i . e .  
w =  IT/^, and from t h e  l e f t - -  cos w = 0 ,  s i n  w = -1, i . e .  w = 31~/2 .  

If w e  now assume u = u* o r  u = u** (VI .5) and ( V I .  8) and we d iv ide  0 0 
t hese  e q u a l i t i e s  by (VI. 7 ) ,  w e  may perform a s i m i l a r  ana lys i s  f o r  t h e  c r i t i c a l  
p o i n t s  u* and u**. 

In  t h i s  way we f i n d  t h a t  t h e  angular  d i s t a n c e  o f  t h e  pe r igee  w i n  t h e  /261 
neighborhood o f  t h e  p o i n t s  u = 2nr ,  u*, u** has  a d i s c o n t i n u i t y  o f  t h e  f irst  
kind equal t o  TT. A t  t h e  p o i n t s  u = 2nr ,  w =  IT/^ from t h e  r i g h t  and 3 ~ / 2  from 
t h e  l e f t ,  a t  the  p o i n t s  u = u*, w = IT from t h e  r i g h t  and zero from t h e  l e f t ;  
a t  p o i n t s  u = u**, w = 0 from t h e  r i g h t  and IT from the  left.. 

Hence, i t  fol lows i n  p a r t i c u l a r ,  t h a t  t h e  pe r igee  comes a t  t he  p o i n t  
w = T T / ~  a t  a moment i n f i n i t e s i m a l l y  c lose  t o  t h e  i n i t i a l  time (u = + 0 ) l .  

From t h e  hodographs (see Fig.  119 - 1 2 2 )  it i s  obvious t h a t  t he  pe r igee  
i s  moving i n  t h e  forward d i r e c t i o n  a t  t he  i n i t i a l  i n s t a n t .  In  o rde r  t o  g ive  
an a n a l y t i c a l  demonstration o f  t h i s ,  we w r i t e  t h e  expansions o f  s i n  u and 
cos u ,  r e t a i n i n g  terms t o  ( A u ) ~  i n c l u s i v e .  Let  us s u b s t i t u t e  them i n  (VI . l )  
and d iv ide  both members of  t h e  equat ions by (VI . 6 ) .  I f  we then assume u = 0 ,  0 
then i n  the  neighborhood o f  t h i s  p o i n t  w e  ge t  

On t h e  i n t e r v a l  0 < i < n / 2 ,  t he  condi t ion  0 -  

a l - 3 a ,  < 0. 

i s  s a t i s f i e d .  This fol lows from the  obvious i n e q u a l i t i e s  

(VI .9)  

( V I .  10) 

Here and i n  t h e  fo l lowing  d iscuss ion  t h e  s i g n s  + and - w i l l  be  used t o  
denote t h e  r ight-hand and l e f t -hand  neighborhoods o f  a p o i n t ,  r e s p e c t i v e l y .  
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Therefore ,  i t  fo l lows  from ( V I . 9 )  t h a t  a t  an i n s t a n t  c lose  t o  the  i n i t i a l  
t i m e ,  s i n  w > 0 ,  cos w < 0 ,  i . e .  t h e  angular  d i s t a n c e  o f  t h e  pe r igee  changes 
i n  the  second quadrant ,  and s i n c e  w = lr/2 a t  t h e  i n i t i a l  i n s t a n t ,  t h e  pe r igee  
o f  t h e  o s c u l a t i n g  o r b i t  i s  moving i n  t h e  forward d i r e c t i o n  i n  t h e  r ight-hand 
neighborhood of  t h e  p o i n t  u = u 
creas ing .  

= +0, i n  o t h e r  words, t h e  angle  w i s  i n -  0 

Let us now determine t h e  n a t u r e  o f  motion of t h e  l i n e  of  aps ides .  

This  may be done simply by examining t h e  zeros of t h e  func t ions  q(u)  and 
k(u)  i n  Fig.  118. Let us wri te  t h e s e  func t ions  i n  t h e  form 

(VI 0 11) 

Then wi th  regard  t o  ( V I .  3") and ( V I .  3 " l ) ,  func t ion  q (u) w i l l  have zerus 

= 260"52', 1 - 1 ~ ~  = 360", whi le  func t ion  k(u) w i l l  have zeros 

- /262 = 0 " ,  u~~ = 48"52', u~~ = 131°8 ' ,  u~~ = 180", u~~ - 

when i = lr/2 a t  values  o f  t he  argument u = o" ,  u2q - - 99"8 ' ,  u3q = 146'5', 
0 1q 

u = 213"55', u 

f o r  t h e  same i a t  u 

= 228'52' and u~~ = 311"8'. 

4q 5q 
0 l k  

A s  may be  seen ,  t h e  zeros of  q(u)  and k(u)  a l t e r n a t e  i n  t h e  i n t e r v a l  
0 < u < 360°, which i n d i c a t e s  t h a t  t h e  l i n e  of  aps ides  r o t a t e s  a t  i n c l i n a t i o n  

i = ~ / 2 .  A s  was po in ted  out  above, t h i s  r o t a t i o n  t akes  p l a c e  i n  t h e  forward 

d i r e c t i o n  and corresponds i n  Fig.  119 t o  t h e  f a c t  t h a t  t he  o r i g i n  of  t he  
coord ina te  system (9,  k )  i s  loca t ed  wi th in  t h e  loops formed by the  hodogmph 
f o r  t he  Laplace vec to r .  

0 

The unequal d i s t ances  between the  zeros a long the  u-ax is  (see Fig.  118) 
i n d i c a t e s  nonuniform r o t a t i o n ,  while  t h e  number of  zeros shows t h a t  t h e  l i n e  
o f  aps ides  makes 2 .5  r evo lu t ions  i n  a s i n g l e  draconic  pe r iod  of  revolu t ion  of  
t h e  s a t e l l i t e .  Actua l ly ,  each o f  t h e  func t ions  q o r  k becomes zero twice f o r  
one r evo lu t ion  of  t h e  l i n e  o f a p s i d e s .  
zeros  ap iece ,  t h e  l i n e  of  aps ides  makes n o t  3 ,  b u t  2.5 r evo lu t ions  s i n c e  one 
of t h e  zeros  corresponds t o  t h e  i n i t i a l  p o s i t i o n  of t he  s a t e l l i t e .  

However, although q and k have s i x  

A s  t he  i n c l i n a t i o n  o f  t h e  o r b i t  decreases ,  t h e  zeros  of  q(u)  and k(u) 
converge by p a i r s ,  i .  e .  nonuniformity of  r o t a t i o n  i n c r e a s e s ,  and f i n a l l y ,  
when t h e  zeros merge a t  t h e  c r i t i c a l  i n c l i n a t i o n ,  r o t a t i w  of t h e  l i n e  o f  
aps ides  i s  rep laced  by o s c i l l a t i o n .  
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This ,  then ,  i s  t h e  p a r t  played by the  c r i t i c a l  i n c l i n a t i o n :  i t  d iv ides  
t h e  reg ion  o f  r o t a t i o n  o f  t h e  l i n e  of  aps ides  from the  reg ion  of  o s c i l l a t i o n ,  
and a l s o  t h e  e c c e n t r i c i t y  o f  t h e  oscu la t ing  o r b i t  vanishes  i n  mid-period a t  
t h i s  i n c l i n a t i o n .  

P a s t  t h e  c r i t i ca l  i n c l i n a t i o n ,  t h e  zeros no longer  a l t e r n a t e  ( see  Fig.  
118) ,  and over  t h e  e n t i r e  remaining range of i n c l i n a t i o n s  (0 < i < i ) t h e  

l i n e  o f  apsides  o s c i l l a t e s  only.  A f t e r  each o f  t h e  c h a r a c t e r i s t i c  i n c l i n a -  
t i o n s  (63O10' and 41'8') i s  passed ,  t h e  number of  real  zeros  f o r  t h e  func t ion  
q(u)  and then f o r  k(u)  a l s o ,  decreases  by two. In  each o f  t hese  cases, the  
o s c i l l a t i o n s  are l i m i t e d  first t o  180°, and then t o  90' (with r e s p e c t  t o  t h e  
motion r e s u l t i n g  from t h e  f a c t  t h a t  t h e  pe r igee  s tar ts  a t  w = ~ / 2  a t  t h e  
beginning of  a r evo lu t ion ,  and ends a t  w = 3n/2  a t  t h e  end of a r evo lu t ion ) .  
A l l  o f  t hese  phenomena are r e a d i l y  apparent  i n  F igs .  119 - 122. 

O Ocr 

L e t  us now change t h e  i n i t i a l  condi t ions ,  assuming uo # 0 .  F o r  conven- 

i e n c e ,  w e  wri te  equat ion (VI . l )  i n  t he  form 

( V I .  12) 

A t  each f i x e d  va lue  o f  t h e  i n i t i a l  condi t ions ,  t h e  func t ions  f (u  i ) = /263 1 0'  0 
= const  and f (u i ) = cons t .  Therefore ,  t h e  condi t ion  u # 0 r e s u l t s  i n  

p a r a l l e l  displacement o f  t h e  zero hodograph i n  p lane  (q,  k) and i n  a change i n  
t h e  scale  of  t h e  graph. The form of  t h e  hodograph i t s e l f  does not  change with 
a v a r i a t i o n  i n  t h e  i n i t i a l  va lue  o f  t h e  argument o f  l a t i t u d e .  

2 0 '  0 0 

If we use t h e  n o t a t i o n  

q = q ( u , i ,  ,O); k = k ( u , i , , O )  

then  accordlng t o  ( V I .  1 2 ) ,  displacement of  t h e  hodograph i n  p lane  (9, k )  
with a change i n  u is equal  t o  0 
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i . e .  i t  i s  descr ibed  by t h e  zero hodograph i n  which t h e  argument u i s  rep laced  
by UO'  

Thus, when t h e  i n i t i a l  va lue  of  t h e  argument u # 0 ,  each p o i n t  o f  t h e  
zero hodograph w i l l  move i n  i t s  own p lane  by t h e  q u a n t i t i e s  Aq and Ak equal  
r e spec t ive ly ,  t o  t h e  a b s c i s s a  and o r d i n a t e  o f  t h e  p o i n t  u = u o f  t he  zero 

hodograph taken a t  t h e  same va lue  o f  i n c l i n a t i o n  i 

0 

0 

0 '  

Consequently, i f  w e  know t h e  zero hodograph, w e  may cons t ruc t  t h e  hodo- 
and graph of t he  normalized Laplace v e c t o r  f o r  any va lue  o f  t h e  argument u 

$e may a l s o  f i n d  t h e  displacement o f  t he  hodograph wi th  a t r a n s i t i o n  from one 
value u # 0 t o  another .  The p r o p e r t i e s  of  t h e  o s c u l a t i n g  o r b i t  a r e  d e t e r -  0 
mined n o t  only by t h e  form of the  hodograph, b u t  by the  p o s i t i o n s  of  t h e  
p o i n t s  where i t  i n t e r s e c t s  t he  coordinate axes ( i . e .  t h e s e  p r o p e r t i e s  are 
determined by t h e  zeros  o f  func t ions  (VI. 1 ) ) .  Therefore ,  i n  view of the  non- 
l i n e a r i t y  o f  f l  and f2, we cannot say  beforehand how t h e  o r b i t  w i l l  behave a t  

var ious  va lues  u # 0 .  In  p a r t i c u l a r ,  i t  has  a l r eady  keen poin ted  out  above 

t h a t  t h e  e c c e n t r i c i t y  o f  an oscu la t ing  o r b i t  always vanishes  at t h e  p o i n t s  

u = u + 2nr.  
0 

In  o rde r  t o  exp la in  t h e  e f f e c t  o f  t h e  q u a s i s e c u l a r  p a r t ,  l e t  us wri te  

0 '  

0 

t h e  equat ions f o r  q and k with regard  t o  t h i s  term i n  the  form 

Here, K and Q des igna te  t h e  c o e f f i c i e n t s  a s soc ia t ed  wi th  quas i secu la r  terms, 

n i s  t h e  number o f  t h e  o r b i t  on which s a t e l l i t e  motion i s  be ing  considered,  
and u v a r i e s  over  t h e  range [0,  27~1.  

1 1 
/264 

As may b e  seen  .from (V1.13) t h e  presence o f  a q u a s i s e c u l a r  p a r t  i n  t h e  
equat ions has  a double effect .  
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In  t h e . f i r s t  p l ace ,  t he  effect  o f  t h e  q u a s i s e c u l a r  term, just as t h e  
effect  of  t h e  i n i t i a l  argument u 

i n  the  Tiven case .by  a q u a n t i t y  p ropor t iona l  t o  t h e  number of  preceding revo- 
l u t  ions  

# 0 ,  i s  t o  s h i f t  t h e  hodograph i n  t h e  p l ane ,  
0 

Thus, accounting f o r  t h i s  p a r t  o f  t h e  q u a s i s e c u l a r  func t ions  r e s u l t s  i n  
a s h i f t  o f  t he  zero hodograph wi th  r e s p e c t  t o  axes q and k, t h i s  s h i f t  be ing  
equal t o  

In  the  second p l a c e ,  t h e  e f f e c t  o f  t h e  q u a s i s e c u l a r  p a r t  shows up i n  t h e  
form of a l i n e a r  term with an extremely small c o e f f i c i e n t  and leads  as it were 
t o  continuous deformation of t h e  hodograph, ? . e .  t o  a c e r t a i n  change i n  t h e  
p r o p e r t i e s  of  the  o r b i t .  

Deformation o f  t h e  hodograph due t o  t h e  presence of the  quas i secu la r  
component i s  extremely s l i g h t .  F o r  i n s t a n c e ,  on t h e  first t h r e e  r evo lu t ions  
i n  the  case of  o r b i t s  with a r ad ius  of  7,400 km, only t h e  seventh decimal 
p l ace  changes. 
c reases  as t h e  i n c l i n a t i o n  inc reases .  

The e f f e c t  of  quas i secu la r  terms on t h e  zero hodograph de- 

One of  t h e  c h a r a c t e r i s t i c  s i n g u l a r i t i e s  of the  o s c u l a t i n g  o r b i t  o f  a 
c i r c u l a r  s a t e l l i t e  i s  t h a t  i t s  e c c e n t r i c i t y  may vanish a t  c e r t a i n  moments of  
motion. This s i n g u l a r i t y  i s  a l s o  inhe ren t  i n  t h e  o r b i t s  of s a t e l l i t e s  with a 
f a i r l y  small i n i t i a l  e c c e n t r i c i t y  unequal t o  zero.  

A necessary (but  no t  s u f f i c i e n t )  condi t ion  f o r  disappearance o f  eccen- 
t r i c i t y  i s  

(VI. 14) 

where 6e a r e  pe r tu rba t ions  o f  e c c e n t r i c i t y  and e i s  t h e  i n i t i a l  va lue  o f  

e c c e n t r i c i t y  . 
I n  s p i t e  of t h e  form of equat ions (VI.13) ,- t h e  func t ions  q a n d k  w i l l  no t  

i nc rease  without  bound as n + a. 
over  a l imi t ed  range o f  v a r i a t i o n  i n  t h e  argument. As n + a, t he  e f f e c t  o f  
long-period o s c i l l a t i o n s  i n  q and k should be  f e l t ,  and these o s c i l l a t i o n s  are 
not  r e f l e c t e d  i n  t h e  equat ions  s i n c e  t h e  corresponding harmonics are approxi- 
mated by a q u a s i s e c u l a r  term over  a small range o f  v a r i a t i o n  i n  u .  

0 

The Poincar6 method may be  appl ied  only 
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when 
l u t e  

Consequently, a s a t e l l i t e  may be  c a l l e d  n e a r l y  c i r c u l a r  ( o r  nea r -c i r cu la r )  
it has an i n i t i a l  e c c e n t r i c i t y  which is  no g r e a t e r  than t h e  maximum abso- 
values  of  p e r t u r b a t i o n s  i n  e c c e n t r i c i t y .  

If it i s  remembered t h a t  e()= Jm, a and 

w e  f i n d  t h a t  condi t ion  ( V I . 1 4 )  i s  s a t i s f i e d  ( i . e .  t h e  s a t e l l i t e  w i l l  be  nea r ly  
c i r c u l a r )  i f  t h e  i n i t i a l  values  o f  q and k l i e  w i t h i n  t h e  r ec t ang le  3 0 

( V I .  15) 

The asymmetry o f  t h i s  r ec t ang le  wi th  r e spec t  t o  t h e  axes ($, I?) is  explained 
by the-  asymmetry of  t h e  zero hodograph wi th  r e s p e c t  t o  these  axes (see Fig.  
119 - 122) .  

A s  may be seen  from (VI . lS) ,  t h e  q u a n t i t i e s  qo and ko f o r  a nea r ly  c i r -  

c u l a r  s a t e l l i t e  have t h e  o r d e r  o f  ob la t eness .  
and k(u)  a r e  w r i t t e n  i n  t h e  form 

Therefore  t h e  func t ions  q(u)  

( V I .  16) 

< < 
where C1 > 0 and C 2  > 0 are cons tan ts  approximately equal  t o  u n i t y .  

Thus, i n  t h e  case of  a nea r ly  c i r c u l a r  s a t e l l i t e ,  t h e  zero hodograph i s  
somewhat s h i f t e d  i n  i t s  own p lane ,  while  t h e  change i n  t h e  angular  d i s t a n c e  
of  t h e  pe r igee  and e c c e n t r i c i t y  o f  an o s c u l a t i n g  o r b i t  w i l l  b e  determined by 
t h e  zeros  o f  func t ions  ( V I . 1 6 ) .  

Let us  examine motion of the  l i n e  of  asp ides  of nea r ly  c i r c u l a r  s a t e l -  
l i t e s .  Since 'no more than two d i f f e r e n t  branches of  t h e  curve i n t e r s e c t  a t  
t h e  nodes of a zero hodograph (see F ig .  119- 122),  t h e  e c c e n t r i c i t y  o f  t h e  
oscu la t ing  o r b i t  o f  a nea r ly  c i r c u l a r  s a t e l l i t e  may become zero no more than  
twice (when the  o r i g i n  o f  t h e  coord ina te  system (9,  k )  coincides  with t h e  node 
of  t h e  hodograph). Rotary motion of  t h e  l i n e  o f  asp ides  i n  these  cases 
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a l t e . rna t e s  (during a s i n g l e  r evo lu t ion  o f  t h e  sa te l l i t e )  with o s c i l l a t o r y  
motion. 
case where some branch o f  t h e  hodograph passes  through t h e  coord ina te  o r i g i n  
(e .g .  i n  t h e  case where i 
responding t o  u = 30" ' coinc ides  with t h e  coord ina te  o r i g i n ) .  However, 

pure r o t a t i o n a l  motion of  t he  l i n e  of aspides  may be  observed. This  t akes  
p l a c e  when t h e  coord ina te  o r i g i n  co inc ides  with the  p o i n t  corresponding t o  
u = 180' a t  i n c l i n a t i o n s  71" < i 
n a t e  source is  loca ted  somewhere wi th in  t h e  c e n t r a l  loop of  t h e  hodograph a t  
41'08' < i < 90' .  

O s c i l l a t o r y  motion may be  superimposed on r o t a t i o n a l  motion i n  t h e  

= 90" and t h e  p o i n t  of  t h e  zero hodograph cor- 

0 

< 90' ( see  F ig .  119),  o r  when t h e  coordi-  0 -  

0 

Since- t h e  func t ions  q and k have no more than s i x  real  zeros ,  by r epea t -  /266 
i n g  t h e  procedure used above we conclude t h a t  i n  t h e  f irst  case t h e  l i n e  o f  
aps ides  makes 2 . 5  r evo lu t ions ,  and i n  t h e  second case an even 3 r evo lu t ions  
p e r  r evo lu t ion  of  t h e  s a t e l l i t e .  

Thus, w e  may make t h e  fol lowing f i n a l  conclusion: t h e  l i n e  o f  aps ides  o f  
a nea r ly  c i r c u l a r  s a t e l l i t e  may go through pure ly  r o t a t i o n a l  motions a t  a r a t e  
o f  only 2 .5  o r  only 3 r evo lu t ions  p e r  s a t e l l i t e  r evo lu t ion .  I n  t h e  f i rs t  
case t h e  i n i t i a l  i n c l i n a t i o n  o f  t h e  o r b i t  must l i e  w i th in  t h e  range 71' < i < 

0 
< go' ,  whi le  t h e  e c c e n t r i c i t y  o f  an oscu la t ing  o r b i t  becomes zero wi th in  the  
pe r iod  a t  u = 180". 0 

In  t h e  second case ,  t h e  i n i t i a l  i n c l i n a t i o n  must l i e  w i th in  the  range 
41'08' < i 0 -  
equal t o  zero.  

< 9 0 ° ,  while  t h e  e c c e n t r i c i t y  of  t h e  o s c u l a t i n g  o r b i t  i s  nowhere 

The l i n e  o f  asp ides  may a l s o  go through o t h e r  types o f  motion: o s c i l -  
l a t o r y  and r o t a t i o n a l  ( i n  t h e  course of  a s i n g l e  r evo lu t ion  of  t h e  s a t e l l i t e ) ,  
r o t a t i o n a l  motion with superimposed o s c i l l a t o r y  motion, and pu re ly  o s c i l l a t o r y  
motion. In  the  f irst  case t h e  e c c e n t r i c i t y  o f  t he  o s c u l a t i n g  o r b i t  vanishes  
twice i n  the  course o f  a s i n g l e  r evo lu t ion  o f  t h e  s a t e l l i t e ,  whi le  i n  t h e  
second case i t  vanishes  once. 

I n  a l l  cases  where t h e  e c c e n t r i c i t y  vanishes ,  t h e  l i n e  of aps ides  goes 
through a jump equal  t o  TT. 

I t  should be  s t a t e d  t h a t  the  f a c t s  ou t l i ned  i n  t h i s  appendix are n o t  an 
organic  s i n g u l a r i t y  o f  t h e  o r b i t s  of  s a t e l l i t e s  wi th  low and zero i n i t i a l  
e c c e n t r i c i t i e s .  
desc r ib ing  motion with t h e  a i d  o f  o s c u l a t i n g  parameters:  
angular  d i s t a n c e  of  t h e  pe r igee .  And they  w i l l  always arise when t h e  motion 
parameters inc lude  a q u a n t i t y  which is  i n  some way r e l a t e d  t o  t h e  p o s i t i o n  of 
t h e  l i n e  of  asp ides .  

They a r i se  only as a consequence of t h e  s p e c i f i c  method o f  
e c c e n t r i c i t y  and 

Various systems of  coord ina tes  o r  parameters may b e  s e l e c t e d  f o r  descr ib-  
i n g  t h e  motion o f  s a t e l l i t e s  wi thout  any s i n g u l a r i t i e s  throughout t h e  e n t i r e  
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range of  e c c e n t r i c i t i e s .  For i n s t a n c e ,  examples of such systems are t h e  
system o f  phase v a r i a b l e s  i n  t h e  r ec t angu la r  i n e r t i a l  geocen t r i c  coord ina te  
system o r  t h e  system o f  o s c u l a t i n g  elements i n  which t h e  angular  d i s t ance  of  
t h e  pe r igee  and e c c e n t r i c i t y  are rep laced  by two components o f  t h e  Laplace 
vec to r .  
more graphic  by s tudying  t h e  changes i n  angular  d i s t a n c e  of  t h e  pe r igee  and 
e c c e n t r i c i t y .  

However, t h e  motion o f  c i r c u l a r  sa te l l i t es  may b e  made geometr ica l ly  

V I I .  EXTREMUM P O S I T I O N S  O F  THE CIRCULAR O R B I T S  
O F  S A T E L L I T E S  I N  THE F I  ELD O F  THE SPHEROl DAL EARTH 

The p e r t u r b a t i o n s  due t o  e c c e n t r i c i t y  o f  t h e  E a r t h ' s  g r a v i t a t i o n a l  f i e l d  
cause only s l i g h t  changes i n  t h e  r e g u l a r i t i e s  of  Kepler ian motion. 
a s a t e l l i t e  wi th  i n i t i a l  parameters corresponding t o  an e l l i p t i c a l  o r b i t  w i l l  
be  a t  a minimum o r  maximum d i s t a n c e  from t h e  Ear th  no more than  once during a 
r evo lu t ion ,  namely a t  those  times when i t  passes  through t h e  p o i n t  o f  t h e  
apogee and pe r igee  of  t he  o s c u l a t i n g  t r a j e c t o r y .  
l i t e s  (as  a consequence of t h e  s i m i l a r i t y  between the  magnitude of t h e  d i s t u r -  
bances of  e c c e n t r i c i t y  and i t s  i n i t i a l  v a l u e ) ,  t h i s  r u l e  may be broken. A 
c i r c u l a r  s a t e l l i t e  i n  p a r t i c u l a r ,  due t o  r o t a t i o n  of  t h e  l i n e  of aps ides ,  w i l l  
go through t h e  p o s i t i o n  of  t he  oscu la t ing  pe r igee  s e v e r a l  t imes i n  a s i n g l e  
r evo lu t ion ,  and consequently w i l l  b e  a t  minimum d i s t ances  from t h e  Ear th  on 
seve ra l  occas ions ,  Thus, t h e  problem of  determining extremum p o s i t i o n s  f o r  
c i r c u l a r  and n e a r l y  c i r c u l a r  s a t e l l i t e s  i s  n o t  t r i v i a l .  

Therefore ,  

In  nea r ly  c i r c u l a r  s a t e l -  

Let us de f ine  t h i s  concept more s p e c i f i c a l l y .  The extremum p o s i t i o n s  of 
t h e  s a t e l l i t e  we s h a l l  c a l l  those  i n  which a l o c a l  minimum o r  maximum i s  
reached i n  t h e  f o c a l  r ad ius  r. In  t h i s  case ,  t h e  necessary  condi t ion  

r '  = 0 (VII.  1) 

i s  r e a l i z e d .  Condi t ion (VII.1) corresponds t o  t h e  s a t e l l i t e  p o s i t i o n s  during 
c ross ing  o f  t h e  pe r igee ,  t h e  apogee o f  an o s c u l a t i n g  o r b i t ,  and t h e  p o i n t  
where t h e  o s c u l a t i n g  e c c e n t r i c i t y  vanishes .  We s h a l l  c a l l  t h e  apogee the  
f u r t h e s t  removed p o s i t i o n  from the  Ea r th ,  and t h e  pe r igee  t h e  least  removed 
d i s t ance  from t h e  Ea r th ,  r ega rd le s s  of t h e  t r u e  p o s i t i o n  o f  t h e  s a t e l l i t e  wi th  
r e spec t  t o  the  l i n e  of  aps ides  and t h e  magnitude o f  t h e  oscu la t ing  e c c e n t r i -  
c i t y  a t  t h i s  moment. I n  t h i s  connection, it should be  borne i n  mind t h a t  due 
t o  d is turbances  o f  t h e  f o c a l  parameter ( apa r t  from dis turbances  of  t h e  
e c c e n t r i c i t y  and t h e  angular  d i s t a n c e  of  t h e  p e r i g e e ) ,  t h e  passage o f  t h e  
apogee by a c i r c u l a r  s a t e l l i t e  i n  oscu la t ing  motion does n o t  always correspond 
t o  t h e  apogee p o s i t i o n  ( t h e  same app l i e s  t o  t h e  oscu la t ing  p e r i g e e  and the  
pe r igee  p o s i t i o n ) .  'Therefore ,  a s a t e l l i t e  loca ted  a t  t h e  f u r t h e s t  removed 
d i s t ance  ( i . e .  i n  t h e  apogee p o s i t i o n )  w i l l  a l s o  be  a t  t h e  pe r igee  of t h e  
oscu la t ing  o r b i t .  

/267 
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There are two p o s s i b l e  approaches t o  the  problem as formulated: d i r e c t  
i n v e s t i g a t i o n  of  func t ion  ( V I I .  0) and i n v e s t i g a t i o n  of  o s c u l a t i n g  motion. /268 
We s h a l l  g ive  both  o f  t h e s e  approaches,  beginning wi th  t h e  l a t t e r .  

And so ,  l e t  us  determine. t h e  extremum p o s i t i o n s  o f  a s a t e l l i t e ,  t ak ing  
as an example t h e  i n i t i a l  va lue  u 

i n  terms o f  t h e  elements o f  t h e  o s c u l a t i n g  e l l i p s e  e and w by means o f  t h e  
r e l a t i o n s h i p s  

= 0 and express ing  t h e  parameters q and k 
0 

The apogee and pe r igee  p o s i t i o n s  are determined by t h e  condi t ions  w = u ( t h e  
s a t e l l i t e  loca ted  a t  t h e  o s c u l a t i n g  per igee)  and w + T = u ( t h e  s a t e l l i t e  
l oca t ed  a t  t h e  o s c u l a t i n g  apogee),  s i n c e  the  e q u a l i t i e s  

a r e  t r u e  f o r  t he  vec to r  which i s  a n t i c o l l i n e a r  t o  t h e  Laplace vec to r .  For t he  
f irst  of t hese  condi t ions ,  equat ions (VI . l )  o f  Appendix V I  w i l l  t ake  t h e  form 
bo = 0) 

(VII.  2) 

Here, account i s  taken o f  t h e  f a c t  t h a t  b = a according t o  (VI.2) ,  E < 0 ,  

and t h e  no ta t ion  y = e / ] € /  i s  used. 
2 2 

In  t h e  case o f  t he  second of  t h e  condi t ions  w r i t t e n  above, equat ions 
(VI . l )  are w r i t t e n  i n  t h e  for111 

a2 cos - (a - y > COS u + Q - a 
Q 2 s i n 3 U  - (1 + yJs inU = 0. 

= 0; 
(VI1 . 3 )  

From t h e  second equat ion of  (VII .2) ,  w e  may immediately f i n d  the  one r o o t  

u r 7 C .  (VII.4) 
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The second va lue  of t h e  r o o t  u = 0 corresponds t o  t h e  i n i t i a l  p o i n t  where 
e = 0 ,  and i s  taken up s e p a r a t e l y  below. 

The remaining two r o o t s  of t h e  second equat ion  i n  (VII.2) are determined 
from 

1 y = 5 - a2+a2cos2u .  
(VII.5) 

'Solving t h e  f irst  equat ion  i n  ( VII.2) and (VII.5) simultaneously,  w e  g e t  f o r  
t h e  remaining two r o o t s  o f  system (VII.2) t h e  express ion  

which cannot be s e d  s i n c e  the  modulus of  t h i s  f r a c t i o n  i s  g r e a t e r  than 
a t  any va lues  of io. 

in i ty  /269 

Thus, t he  only extremum p o s i t i o n  i n  t h i s  case is  determined by condi t ion 
(VII.4). After s u b s t i t u t i o n  of  (VII.4) i n  t h e  first equat ion of  (VII.2), we 
g e t  t h e  expression 

(VII.6) 

which may be  used f o r  determining the  e c c e n t r i c i t y  o f  an oscu la t ing  o r b i t  a t  
L e  ' n t  u = T .  

I 'his e c c e n t r i c i t y  i s  a monotonic func t ion ,  assuming a t  t h e  ends o f  t h e  
i n t e r v a l  0 - -  < i < n / 2  t h e  values  e = I E ~  and e = 1 / 2 ) ~ l ,  r e s p e c t i v e l y .  Con- 
sequent ly ,  t h e  e c c e n t r i c i t y  of  an oscu la t ing  o r b i t  i n  t h i s  range never  
vanishes .  

Let us  cons ider  equat ion  (VII.3) assuming condi t ion  u = 0,  and w e  0 
immediately f i n d  one roo t  of t h e  second equat ion  i n  (VII.3) 

u=Tr 

( t h e  r o o t  u = 0 ,  as was poin ted  ou t  above, i s  considered s e p a r a t e l y ) ;  however, 
t h i s  r o o t  should be thrown out  s i n c e  the  q u a n t i t y  y must t ake  on only nega t ive  
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values  a t ' u  = IT according t o  the  f irst  equat ion o f  (V11.3). 
p o s i t i o n s  i n  t h i s  case are determined only by t h e  formula 

The two extremum 

a1 - a 2  u = AXCOS 
a,-a, + - 1 '  

2 
(VI1 .7) 

which i s  obta ined  from t h e  f irst  equat ion i n  (VII .3)  a f t e r  e l imina t ing  t h e  
func t ion  y by means o f  t h e  e q u a l i t y  

1 y = a ,  -a2cos2u- - 2 '  

obtained i n  t u r n  from the  second equat ion i n  (VII .3) .  .This  same e q u a l i t y  i n  
the  form 

(VII.  8) 

determines the  magnitude o f  t h e  e c c e n t r i c i t y  o f  an oscu la t ing  o r b i t  i n  t h e  
apogee p o s i t i o n s .  

An i n v e s t i g a t i o n  of formula (VII.8) assuming t h e  condi t ions I s in  uI < 1, - 
e > 0 ,  
inC1 i n  a t  i ons 

shows t h a t  extremum p o s i t i o n s  a r e  p o s s i b l e  only i n  t h e  range o f  

60" < io < 120O.  (VI1 .9)  

L e t  us now examine t h e  p o s i t i o n s  o f  a s a t e l l i t e  corresponding t o  t h e  
values  u = 2nwl , i . e .  t o  t h e  zero e c c e n t r i c i t i e s  of an oscu la t ing  o r b i t  o f  a 
c i r c u l a r  s a t e l l i t e .  Above (see Appendix VI) it was shown t h a t  a t  t h e  p o i n t  
u =   IT w e  have from t h e  l e f t  ( i n  t h e  neighborhood of - 2 ~ )  w = 3-r/2, and from 
the  r i g h t  ( i n  t h e  neighborhood o f  + 2 r )  w = m/2. To t h e  l e f t  o f  t h i s  p o i n t ,  
t h e  s a t e l l i t e  moves as i f  away from the  pe r igee  of  t he  oscu la t ing  o r b i t ,  i . e .  
r '  > 0,  while  t o  t h e  r i g h t  i t  moves as i f  toward t h e  pe r igee ,  and r '  < 0 .  
Consequently, a l o c a l  m a x i m u m  i s  reached a t  t h e  p o i n t s  2n-r, and t h e  apogee 
p o s i t i o n  i s  passed .  

/270 

According t o  (VII.4) and (V11.7), t h r e e  more extremum p o s i t i o n s  w i l l  b e  
reached i n  range (VII.9) on 0 < u < 2-r. Since t h e s e  extrema must a l t e r n a t e ,  - -  

I I n  a l l  cases  he re  n = 0 ,  1, 2 ,  ... 
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w e  conclude t h a t  t h e  apogee p o s i t i o n  i s  passed a t  t h e  p o i n t  u = n ( j u s t  as a t  
p o i n t s  2nn),  and t h e  p e r i g e e  p o s i t i o n  is  passed a t  p o i n t s  (VII .7) .  

Apart from t h e  p o i n t s  u = 2nn , t he  e c c e n t r i c i t y  of t h e  o r b i t  i s  equal  
t o  zero a t  t h e  c r i t i c a l  i n c l i n a t i o n  io = 90" 2 19"57' ,  as w e l l  as a t  t h e  p o i n t s  
u = (2n + l ) n  k 45°35'10". I t  would seem i n  t h i s  regard  t h a t  two more addi- 
t i o n a l  extremum p o i n t s  should b e  passed ,  however, t h i s  i s  no t  s o  i n  r e a l i t y .  
The p o s i t i o n  of  t h e  pe r igee  p o i n t s  (VII.7) depends on t h e  magnitude of  t h e  
i n i t i a l  i n c l i n a t i o n  ( i n  terms o f  t h e  c o e f f i c i e n t s  al and a 2 ) ,  t he  per igee  
p o i n t s  (VII.7) converging as i decreases ,  and moving toward the  apogee p o i n t  

u = n. A t  t h e  c r i t i c a l  i n c l i n a t i o n ,  they are r i g h t  on t h e  value of  t he  argu- 
ment u = (2n + l ) n  t 45"35'10", which may be  checked out  by computation from 
formula (VII. 7) . Thus, t h e  number of  extremum p o i n t s  i n  range (VII.9) remains 
unchanged1. Fu r the r  convergence ( a t  i n c l i n a t i o n s  less than c r i t i c a l )  i s  
accompanied by smoothing o f  t h e  extrema determined by e q u a l i t i e s  (VII.4) and 
(VII.7) ( i . e .  t h e  l o c a l  maximum a t  u = n becomes less pronounced). When 
i < 40°33' ,  t h e  extremum p o i n t s  d i sappear ,  and t h e  s a t e l l i t e  goes through 

only t h r e e  extremum p o s i t i o n s  on t h e  i n t e r v a l  0 < u < 2 ~ r ,  t h e  apogee po in t  a t  
u = n being  rep laced  by t h e  pe r igee  p o i n t .  
p o s i t i o n s  of a c i r c u l a r  s a t e l l i t e  on the  i n t e r v a l  0 < u < 2 ~ r  a t  u 

t o  3 o r  5 ,  depending on t h e  i n i t i a l  i n c l i n a t i o n .  

0 

0 

Thus: t h e  number o f  extremum 
= 0 i s  equal 

0 - -  

The given a n a l y s i s  i s  i l l u s t r a t e d  by graphs i n  F ig .  123 produced by /271 
d i g i t a l  computer c a l c u l a t i o n s .  

L e t  us now examine t h e  second approach t o  i n v e s t i g a t i o n  of  extremum 
p o s i t i o n s ,  based on examination of t h e  necessary  condi t ions  f = 0.  

This ana lys i s  i s  done f o r  s a t e l l i t e s  c lose  t o  c i r c u l a r  (e - O(E)) ;  t h e  0 concept of  c i r c u l a r  s a t e l l i t e s  stems from t h i s  condi t ion  as a s p e c i a l  case.  
..<I ;Y wri.te t h e  formula f o r  t he  f o c a l  r ad ius  (see 9 1 2 ,  formula(.l2.80)), d i s -  
,,.!arbi;ig t h e  e f f e c t  o f  asymmetry of  t h e  Ear th  r e l a t i v e  t o  e q u a t o r i a l  dens i ty ,  

+ Uo-l()+- 7 S h 2  io  COS( m+3 11 0 -U)+ sin2 i ( V I I .  10) 

r - p o  --eopocm( G + w ~ - ~ ) - -  
2 

COS 2 U  - 12 6 

-sin2 io  cos2uo + Lsin2 uosin2 isin( a - 2 

- - . - -. _-.__ ~ . .  .. . - . ... . . . . . .. .~ . 

The s ta tements  r e l a t ive  t o  t h e  number of  extremum p o i n t s  given i n  [92] are /270 
inaccura t e .  This w a s  po in t ed  ou t  t o  t h e  au thor  by Yu. G .  Yevtushenko. 
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The f irst  component i n  t h e  r ight-hand member of  (VII.10) appears as a 
consequence of  o r b i t a l  e l l i p t i c i t y .  The remaining terms i n  (VII.10) are due 
t o  t h e  effect  o f  asymmetry o f  t h e  g r a v i t a t i o n a l  f i e l d  of t h e  Ear th .  
mine t h e  values  o f  t h e  argument o f  l a t i t u d e  corresponding t o  t h e  extremum 
p o s i t i o n s ,  l e t  us d i f f e r e n t i a t e  (VII.10) with r e s p e c t  t o  u, and after s e t t i n g  
t h e  r e s u l t a n t  expression equal  t o  zero we g e t  

To d e t e r -  

(VII.  11) 

2 , m  
6661 1 

A s  may be seen from t h i s  express ion ,  
t h e  na tu re  of t he  v a r i a t i o n  i n  t h e  
f o c a l  r ad ius  and t h e  extremum p o s i t i o n s  
of  t h e  s a t e l l i t e  depend on the  i n i t i a l  
value of t he  argument of  l a t i t u d e ,  t he  
angles  io> wo, w, t h e  i n c l i n a t i o n  of  - 

t h e  o r b i t ,  t h e  f o c a l  parameter and t h e  
6660 1 /. Since i n i t i a l  t h i s  e c c e n t r i c i t y  r e l a t i o n s h i p  of  i n  t h e  t h e  o r b i t .  general  

I case  i s  complex, we s h a l l  l i m i t  OUT- 
s e l v e s  as i n  the  preceding ana lys i s  t o  
cons idera t ion  of some s p e c i a l  cases .  

I 

I 
I 

6655 t 

I 

We s h a l l  d i s r ega rd  the  change i n  / 2 7 2  
angle  W. Since W(t) i s  a s lowly 
changing func t ion ,  t h i s  simp li fi c a t  ion  

V a l .  
L0-45' i s  permiss ib le  over  a s h o r t  t i m e  i n t e r -  

U 

20 40 60 do 100 120 140 160 ld(l = uo = 0; then ,  
0 L e t  us assume o 

L- 
6651 i ~ . I -~ . ~ . ~ -  

F i g .  123 so lv ing  (VII.11),  we f i n d  t h e  f o u r  
r o o t s  

2 s s i n 2  i o  - 3 E - 6eo 
1~~ = 0; u2 - 7 ~ ;  u ~ , ~  =Arccos - 

2~ sin 2 .  a. ( V I 1  .12) 

The last two r o o t s  t ake  p l a c e  i f  the i n e q u a l i t i e s  

2 75 



2 .  2 e s i n  1 0 - 6 C O - 3 ~  
1, .___- -1 < 

2 .  2 E s in  lo 

p o s i t i o n s  a r e  added t o  u = 126" and u = 234'. / 2 7 3  

i =gon A v a r i a t i o n  i n  t h e  i n i t i a l  p o s i t i o n  of  thc l i n e  

are s imultaneously f u l f i l l e d .  These i n e q u a l i t i e s  are equ iva len t  t o  

(VII. 13) 

In  t h e  s p e c i a l  case o f  c i r c u l a r  s a t e l l i t e s ,  w e  g e t  formulas (VII.7) and (VII.9) 
from (VII.12) and (V11.13). If t h e  e c c e n t r i c i t y  and o r b i t a l  p o s i t i o n  are such 
t h a t  condi t ions  ( V I I .  13) are n o t  s a t i s f i e d ,  then t h r e e  extremum p o s i t i o n s  
e x i s t :  t h e  pe r igee  p o s i t i o n  a t  u = 0 ,  2 ~ ,  and the  apogee p o s i t i o n  a t  u = T. 
I f  condi t ions (VII.13) are s a t i s f i e d ,  then two more extremum p o s i t i o n s  u and 3 
u4 appear .  
reached a t  these  p o i n t s .  Thus, the  s a t e l l i t e  has  pe r igee  p o s i t i o n s  he re .  

I t  may be shown t h a t  a l o c a l  minimum o f  t h e  f o c a l  r ad ius  i s  

The reg ion  o f  p o s s i b l e  i n c l i n a t i o n s  where t h e  f o c a l  r ad ius  has  foul- 
extremum p o s i t i o n s  depends on t h e  value o f  t h e  i n i t i a l  e c c e n t r i c i t y .  
reg ion  i s  a minimum when e = 0 :  

This 

0 

A s  t h e  e c c e n t r i c i t y  i n c r e a s e s ,  t h i s  reg ion  expands. When t h e  i n i t i a l  e c c e n t r i -  
c i t y  i s  c lose  t o  - ~ / 2 ,  f i v e  extremum p o s i t i o n s  w i l l  t ake  p l a c e  a t  any i n c l i -  
na t ions  not  equal  t o  zero.  
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2 E s i n 2 i 0  -6e0 - 3 E 

2 s  sin' i o  
u = Arcsin -- 

(VI I .  14) 

And t h e  values  of t h e  argument of  l a t i t u d e  corresponding t o  t h e  extremum 
p o s i t i o n s  are r e a l i z e d  only i f  

2 E s i n  2 .  lo -6eg-3 E 

-I < < 1 .  
2 .  2 ~ s i n  1, 

The given a n a l y s i s  shows t h a t  i n  t h e  case o f  t h e  o r b i t s  o f  s a t e l l i t e s  
which a r e  c lose  t o  c i r c u l a r ,  just as i n  the  case o f  c i r c u l a r  o r b i t s ,  t h e r e  
a r e  regions i n  which f i v e  extremum p o s i t i o n s  are passed.  In  both cases ,  t h e  
number o f  extremum p o s i t i o n s  on the  orb i t s ,  and t h e  values  o f  t he  argument of /274 
l a t i t u d e  corresponding t o  them depend on the  i n i t i a l  o r b i t a l  parameters .  

V I I I .  A N A L Y S I S  O F  THE PERTURBATIONS OF O R B I T A L  ELEMENTS 
OVER A LONG T I M E  INTERVAL 

Let us undertake a q u a l i t a t i v e  ana lys i s  o f  d i s tu rbed  s a t e l l i t e  motion. 
We s h a l l  use t h e  approximate s o l u t i o n  der ived  i n  § 1 2 .  
w i l l  be  devoted t o  s tudying  t h e  s i n g u l a r i t i e s  of  t h e  evolu t ion  o f  Keplerian 
motion over  a long time i n t e r v a l ,  and t o  an i n v e s t i g a t i o n  of the  e f f e c t  o f  
e q u a t o r i a l  ob la teness  of  t h e  Ea r th .  

Our p r i n c i p a l  a t t e n t i o n  

L e t  us in t roduce  the  dimensionless q u a n t i t i e s :  h = Pop,'- - - the  
& 

foca l  parameter ,  = t fi p,% 

= (IL&$ 6'2 - - the  mean angular  v e l o c i t y .  

t h e  t ime of motion, and R = 

We s h a l l  conduct our  i n v e s t i g a t i o n  over  the  long time i n t e r v a l ? : - X - l E - l  

(where IC = - E ) ,  where t h e  s a t e l l i t e  makes-Kc1fi-l 

Ea r th ,  i . e .  f o r  nea r ly  c i r c u l a r  o r b i t s  of t he  o rde r  o f  100 r evo lu t ions  c lose  
t o  the  Ea r th ,  and f o r  24-hour o r b i t s  of t h e  o rde r  o f  3,000 r evo lu t ions .  

r evo lu t ions  about t he  

L e t  us write t h e  approximate formulas f o r  c a l c u l a t i n g  motion of t h e  
s a t e l l i t e  

T X  - - .  
Q = Q o  - -tio 2 cosi,,  1 = 2 0s F =  1; 

(VII I .  1) 
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The zero s u b s c r i p t  i n d i c a t e s  the i n i t i a l  va lues  o f  t h e  func t ions .  

The angle  L i s  r e l a t e d  t o  the  argument o f  l a t i t u d e  and the  t r u e  anomaly 
M by t h e  expressions 

(VII I .  3) 

So lu t ion  ( V I I I . l )  approximates t h e  exac t  s o l u t i o n  of  t h e  problem of  
s a t e l l i t e  motion wi th  e r r o r  O(t&- ' ) .  
c a l l  (VIII . 1)  a f i r s t -approximat ion  s o l u t i o n .  The approximate s o l u t i o n  
descr ibes  t h e  average e f f e c t  o f  d i s turbances  f o r  a l a r g e  number of  s a t e l l i t e  
r evo lu t ions .  The more exac t  s o l u t i o n ,  which r e f l e c t s  t h e  s i n g u l a r i t i e s  of 
d i s turbances  over  t he  ex ten t  of  each r evo lu t ion  taken i n d i v i d u a l l y ,  gives  a /275  
second-approximation s o l u t i o n .  

I n  t h e  fol lowing d i scuss ion ,  we s h a l l  

I t  fol lows from ( V I I I . l )  t h a t  i n  t h e  f irst  approximation ( i . e .  with 
e r r o r  0 (K')) t h e  o r b i t a l  e c c e n t r i c i t y  , f o c a l  parameter  and i n c l i n a t i o n  remain 
cons t an t .  F l a t t e n i n g  o f  t he  Earth causes r o t a t i o n  of  t h e  l i n e  o f  aspides  i n  
t h e  p lane  of  t h e  o r b i t  wi th  a constant  angular  v e l o c i t y  8 .  
equal  t o  i = i* = 63.4",  t he  l i n e  o f  aps ides  does not  change i t s  angular  

p o s i t i o n  with r e spec t  t o  t h e  l i n e  o f  nodes.  
less than i E y  then 8 > 0 and the  angular  d i s t a n c e  of  t he  pe r igee  from t h e  

l i n e  of  nodes i n c r e a s e s .  A t  i n c l i n a t i o n s  g r e a t e r  than i* the  angular  d i s -  
t ance  w decreases .  

A t  i n c l i n a t i o n  

If t h e  o r b i t a l  i n c l i n a t i o n  i s  
0 

O J  

For n e a r - c i r c u l a r  s a t e l l i t e s  whose i n i t i a l  e c c e n t r i c i t y  has the  o rde r  of 
ob la t eness ,  t h e  components q ,  k o f  the  Laplace v e c t o r ,  according t o  ( V I I I .  1) 
w i l l  remain q u a n t i t i e s  of t h e  f irst  nega t ive  o r d e r  of  magnitude throughout 
t h e  e n t i r e  i n t e r v a l  o f  motion, and t h e r e f o r e ,  they may be considered cons tan t  
i n  t h e  f irst  approximation. 
t h e  l i n e  of aps ides  on t h e  b a s i s  o f  formulas ( V I I I . l )  ,. 
v a r i a t i o n  i n  t h e  angular  p o s i t i o n  o f  t h e  pe r igee  may be s tud ied  only wi th  
t h e  a i d  of second-approximation formulas which accouv+ f o r  sho r t -pe r iod  d i s -  
turbances i n  t h e  o r b i t a l  elements.  

In  t h i s  case, w e  cannot d i scuss  the  behavior  of 
The na tu re  o f  t h e  

I t  i s  apparent  from t h e  f irst  equat ion o f  ( V I I I . l )  t h a t  t h e  l i n e  o f  
aps ides  r o t a t e s  under the  e f f e c t  o f  f l a t t e n i n g  o f  t h e  Earth a t  cons tan t  
angular  v e l o c i t y  wi th  r e spec t  t o  t h e  p o l a r  a x i s  o f  t h e  Ear th .  The speed o f  
r o t a t i o n  of t he  l i n e  of  nodes i s  considerably dependent on o r b i t a l  i n c l i n a -  
t i o n  (we  have a l ready  poin ted  t h i s  ou t  i n  S8). For e q u a t o r i a l  o r b i t s  (i = 0) , 
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t h e  l i n e  o f  nodes r o t a t e s  a t  a maximum angular  v e l o c i t y  equal  t o  ~ n o / 2 ,  
whi le  f o r  p o l a r  sa te l l i t es ,  the  l i n e  o f  nodes is  s t a t i o n a r y .  

The angular  r o t a t i o n a l  v e l o c i t y  of t he  mean anomaly i n  d i s tu rbed  motion 

decreases  o r  i nc reases  as a func t ion  of t h e  s i g n  o f  t h e  d i f f e r e n c e  1 - 3 

s i n 2  u sin2 io. 
0 

F o r  sa te l l i t es  c l o s e  t o  t h e  Earth (with o r b i t a l  r a d i i  o f  6,500 - 7,000 
km), t h e  ra te  of  change i n  t h e  q u a n t i t i e s  0 ,  w, M may reach 5 O  p e r  day as 
a consequence of  f l a t t e n i n g .  
reduct ion  i n  t h e  d i s t u r b i n g  effects.  

An inc rease  i n  t h e  o r b i t a l  r ad ius  causes a 

L e t  us f i n d  an express ion  f o r  the  draconic  (nodal) pe r iod .  
assume t h a t  t h e  s a t e l l i t e  i s  dm t h e  l i n e  of  nodes (u = 0)  a t  some t i m e  T O .  

I f  T i s  the  draconic  pe r iod ,  then  t h e  s a t e l l i t e  again i n t e r s e c t s  t h e  l i n e  

of  nodes a t  T~ + T (u = 360 ' ) .  From t h e  l a s t  formula of  ( V I I I . l ) ,  w e  f i n d  

t h e  expression f o r  t he  change i n  t h e  angle  L i n  time T 

Let us  

1 

1 
* 

1' 

(VII I .4)  /276  

Let us  t ransform (VIII .2)  t o  t h e  form 

(VII I .5)  L = 2 arctg E tg 9 - e - J G s i n ( U - w )  +w. i + e  C O B  (u-O) 

According t o  ( V I I I . l ) ,  t he  change i n  angle  w over  pe r iod  T w i l l  be  a small 

q u a n t i t y  of  o rde r  K . Therefore ,  expanding (VII I .5)  i n  a s e r i e s  wi th  r e s p e c t  
t o  K we ge t  

1 

D i f f e r e n t i a t i n g  (VIII .5)  wi th  r e spec t  t o  w, we f i n d  

(VII I .6)  

( V I I I .  7) 
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Let us s u b s t i t u t e  (VIII.7) i n  (VIII.6). Then equat ing  t h e  r ight-hand 
members o f  (VIII.4) and (VIII.6), we g e t  an express ion  fo r  the  draconic  
pe r iod  

Ro(1-3sin 3 2 .u0 sin2 id (1-e 2 %  ) (5 cos' i o  

- +  2(1+ cocos 6.1) 2 Ti: gk-;[ no 1'- e ,  (VIII.8) 

For o r b i t s  with low e c c e n t r i c i t y ,  e - O ( K )  w e  g e t  from (Y111.8) a formula 
which was found p rev ious ly  i n  [ 8 9 ] :  

T, = To{ 1 - $[1+5cas2 i o  - 6 ~ i n ~ ~ ~ - s i n ~ i ~ ]  , 1 (VIII.9) 

where T = 2n/ii0 i s  t h e  p e r i o d  o f  Keplerian motion. 
0 

The length  o f  t h e  draconic  pe r iod  depends on o r b i t a l  i n c l i n a t i o n ,  t he  
i n i t i a l  va lue  of u and t h e  p o s i t i o n  of the  l i n e  of  aps ides .  The i n i t i a l  

value o f  t he  argument of  l a t i t u d e  has  a cons iderable  e f f e c t  on the  length  of 
t h e  draconic  pe r iod ,  p a r t i c u l a r l y  a t  l a rge  o r b i t a l  i n c l i n a t i o n s ,  

0 

Shown i n  F i g .  125 i s  t h e  d i f f e rence  between t h e  i n i t i a l  (undisturbed) 
pe r iod  o f  o r b i t a l  motion and t h e  d i s tu rbed  draconic  pe r iod  f o r  a c i r c u l a r  

s a t e l l i t e  wi th  a r ad ius  equal t o  the  
equa to r i a l  r a d i u s  of t h e  Earth as a func- 
t i o n  o f  i 0 '  

For p o l a r  o r b i t s ,  t he  draconic  pe r iod  
may change by 25 seconds,  depending on 
u An examination of  F ig ,  125 shows t h a t  

a combination o f  values  i o ,  uo e x i s t s  

such t h a t  f o r  t h i s  combination the  pe r iod  
T i s  equal  t o  t h e  d i s tu rbed  draconic  

pe r iod  T.  For n e a r - c i r c u l a r  s a t e l l i t e s ,  
t h i s  takes  p l a c e  when 

0 '  L 
I 

/ 2 7 7  

0 

Fig. 125 

sin2uo a -- 5 1 
6 +ST' 

0 
(VIII . l o )  
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I" 

Equal i ty  (VIII . l o )  becomes s i g n i f i c a n t  when 

6 sin2 io  2 . (VII I .  11) 

1 The regions of  values  o f  io as a func t ion  o f  u 

is  less than ,  equal  t o  or g r e a t e r  than t h e  undis turbed pe r iod  T f o r  near-  

c i r c u l a r  o r b i t s  are shown i n  F ig .  126. 

where t h e  draconic  pe r iod  T 
0 

0 

I t  fo l lows  from formula (VIII .8)  
t h a t  i f  the  s a t e l l i t e  was on t h e  l i n e  o f  
nodes a t  t h e  i n i t i a l  i n s t a n t ,  then  t h e  
undis turbed pe r iod  i s  g r e a t e r  than t h e  
draconic  pe r iod  when 

3 2 R, (l+e cos a> 
- > 1-5cos2iO. 
(1 - e o  2 ) % (VII I .  12) 

F o r  i n c l i n a t i o n s  sma l l e r  than i* = 
a I- i. $* !$ -GO* &* u, 0 

= 63.4', t h e  r igh t -hand member of  

F i g .  126 
(VI 11.12) i s  nega t ive ,  and t h e r e f o r e  , 
t he  i n e q u a l i t y  takes  p l a c e  a t  any 
e c c e n t r i c i t i e s .  Thus, i f  u = 0 and 0 
i < i* then the  draconic  pe r iod  i s  

0 0 '  
l e s s  than the  Keplerian pe r iod .  However, f o r  o r b i t s  c lose  t o  p o l a r ,  t h e  
draconic  per iod  may be g r e a t e r  than t h e  Keplerian pe r iod .  
the  s e c u l a r  change i n  w i s  d is regarded  (which i s  a pe rmis s ib l e  s i m p l i f i c a t i o n  
over  long time p e r i o d s ) ,  and it i s  assumed t h a t  w = w o  = T ,  then w e  f i n d  from 
(VIII .8)  t h a t  t he  draconic  pe r iod  i s  g r e a t e r  than t h e  Keplerian per iod  f o r  
p o l a r  o r b i t s  when 

In p a r t i c u l a r ,  i f  

Let us  so lve  (VII I .13) .  Assuming t h a t  Ro = 1 - e w e  g e t  0' 

(VII I .  13) 

e > 0,242. 

I 

( V I I I .  14) 
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In  t h e  course of  t i ' m e ,  t h e  l i n e  of aps ides  changes i t s  p o s i t i o n ,  which l eads  
t o  a change i n  cond i t ion  (VII I .14) .  I n  p a r t i c u l a r ,  f o r  t h e  case w - T ,  

w = 0,  i = 90°,  t h e  d racon ic  p e r i o d  i s  g r e a t e r  than  t h e  Kepler ian i f  e > 0 .6 .  0- 

Thus, over  a long i n t e r v a l  o f  motion, it may t u r n  o u t  t h a t  t h e  Kepler ian 
pe r iod  o f  motion was o r i g i n a l l y  less than t h e  draconic ,  and then due t o  
evolu t ion  o f  t h e  o r b i t ,  t h e  draconic  pe r iod  becomes g r e a t e r  than t h e  i n i t i a l  
undis turbed pe r iod .  If the  pe r iod  o f  motion of  t h e  s a t e l l i t e  i s  equal  t o  o r  
c lose  t o  1 2  o r  24 hours ,  then  resonance e f f e c t s  appear due t o  the  e l l i p t i c i t y  
of  t h e  equator .  I n  t h e  first approximation, t he  resonance effects show up i n  
a change of s o l u t i o n  L(T) .  

- /278 

Let us examine t h e  motion of a s a t e l l i t e  around t h e  Earth with a pe r iod  
c lose  t o  24 hours i n  an o r b i t  o f  low e c c e n t r i c i t y  e3 - O ( 1 c 3 .  

Let us use  t h e  symbol a t o  denote t h e  angle  between the  mean longi tude  
of  t he  s a t e l l i t e ,  equal  t o  L + R ,  and the  longi tude  o f  t h e  semiminor ax i s  o f  
t h e  e q u a t o r i a l  e l l i p s e :  

where w3 i s  t h e  dimensionless  angular  r o t a t i o n a l  v e l o c i t y  of  the  Earth around 

the  p o l a r  a x i s ,  r e l a t e d  t o  t h e  dimensional angular  v e l o c i t y  by t h e  formula 

The angle a s a t s i f i e s  t h e  equat ion (see 512) 

Equation (12.28) desc r ibes  apprec iab ly  nonl inear  o s c i l l a t i o n s  o r  r o t a t i o n s  of  
t he  mean longi tude  of  t h e  s a t e l l i t e  r e l a t i v e  t o  t h e  semiminor ax i s  of t h e  
e q u a t o r i a l  e l l i p s e .  Low-amplitude resonance o s c i l l a t i o n s  were s tud ied  i n  [go] 
and [91] f o r  t h e  case o f  n e a r - c i r c u l a r  o r b i t s  wi th  low i n c l i n a t i o n .  Oscil- 
l a t i o n s  of an e q u a t o r i a l  s a t e l l i t e  were s t u d i e d  i n  t h e  nonl inear  formulat ion 
by Perkins  [92]. The equat ions obtained i n  t h e s e  works f o r  t h e  longi tude ' o f  
t h e  s a t e l l  t e  are s p e c i a l  cases o f  equat ion (VII I . l l ) .  
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T 

2 For o r b i t s  o f  low e c c e n t r i c i t y ,  when e ’- O ( K )  , equat ion (12.28) i s  
s imp 1 i f i e d : 

(VII I .  16) 

Let us use  t h e  symbol W F  t o  denote t h e  complete energy o f  t h e  s a t e l l i t e :  

where 

1, 

2xP I ii -Ed’ +2x(U-Uo), 

Here,A i s  the  longi tude  of  t h e  s a t e l l i t e  reckoned from the  major ax i s  o f  t he  
e q u a t o r i a l  e l l i p s e .  In  t h e  nonresonance case (when t h e  pe r iod  o f  o r b i t a l  
motion i s  not  equal  t o  1 2  o r  24 hour s ) ,  s a t e l l i t e  motion t akes  p l a c e  wi th  
cons tan t  t o t a l  energy with an accuracy t o  q u a n t i t i e s  o f  order-K.  In  t h e  
resonance case , F satisfies the  equat ion 

S e t t i n g  the  r ight-hand members o f  (VIII .16)  equal  t o  zero ( f o r  t h e  case of 
n e a r - c i r c u l a r  o r b i t s  e - K ) ,  we f i n d  t h a t  motion wi th  cons tan t  energy ( s t a -  
t i o n a r y  resonance condi t ions)  takes  p l ace  only when a = 0,  r / 2 ,  r ,  3r /2 ,  i . e .  
only i n  t h e  case where t h e  mean longi tude  of  t h e  s a t e l l i t e  co inc ides  wi th  t h e  
longi tude  of  t he  semiminor o r  semimajor axes of t he  e q u a t o r i a l  e l l i p s e .  I t  
fol lows from (VIII. 15) t h a t  f o r  l a r g e  e c c e n t r i c i t i e s  ( e 3  - O ( K ) )  , s t a t i o n a r y  
condi t ions  e x i s t  only f o r  o r b i t s  wi th  an i n c l i n a t i o n  c lose  t o  63.4” ( s ince  
only i n  t h i s  case  i s  t h e r e  no s e c u l a r  v a r i a t i o n  i n  t h e  angle  w ,  and t h e  
equat ion (VIII .15) has  zero s o l u t i o n s ) .  

/279 

Let us i n v e s t i g a t e  t h e  s t a b i l i t y  of  s t a t i o n a r y  resonance condi t ions .  
We s h a l l  use t h e  n o t a t i o n  a, t o  denote any o f  t h e  values  o f  a which correspond 
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t o  s t a t i o n a r y  
(VIII.15) and 

resonance condi t ions .  
(VIII .  16) ,  w e  g e t  

S e t t i n g  up an equat ion  i n  v a r i a t i o n s  f o r  

The c h a r a c t e r i s t i c  equat ions  f o r  (VIII.15) and (VIII.16) w i l l  b e  

/280 If equat ions (V111,17), (VIII.18) have real  r o o t s ,  then condi t ions  CY., are - 
uns tab le ;  i f  the  r o o t s  o f  (VIII.17) and (VIII.18) are imaginary,  then  t h e  
s t a t i o n a r y  condition: w i l l  be  s t a b l e .  
t h e  phase p lane  (a, a) are s i n g u l a r  p o i n t s  o f  t h e  focus type,  uns t ab le  sadd le  
p o i n t s .  In  t h e  case o f  uns t ab le  condi t ions ,  t he  r o o t s  of  (VIII.17) and 
(VIII.18) are real  and d i f f e r e n t ,  and t h e r e f o r e  t h e  angle  a c lose  t o  t h e  sad- 
d l e  p o i n t  i nc reases  exponent ia l ly  wi th  a growth index p ropor t iona l  t o  y. 
t h e  s t a b l e  case, t h e  angle  a o s c i l l a t e s  with r e spec t  t o  a = 0 ,  IT wi th  a low 
frequency p ropor t iona l  t o  K . 

Corresponding t o  s t a b l e  condi t ions  on 

I n  

Thus, t he  s a t e l l i t e  moves with a cons tan t  mean longi tude  r e l a t i v e  t o  
t h e  r o t a t i n g  Ear th  only i n  t h e  case of s t a t i o n a r y  resonance o r b i t s  when i t s  
mean longi tude  co inc ides  with t h e  d i r e c t i o n s  o f  t h e  e q u a t o r i a l  axes .  Orb i t s  
i n  which t h e  mean longi tude  coincides  with t h a t  f o r  t he  minor ax i s  a r e  s t a b l e ,  
while  i f  t he  mean longi tude  co inc ides  with t h a t  o f  t he  major e q u a t o r i a l  a x i s ,  
then t h e s e  o r b i t s  are uns t ab le .  

From the  condi t ion  = 0 (see  12.35) ,  we f i n d  the  va lue  of  t he  i n i t i a l  
mean angular  v e l o c i t y  o f  motion o f  t h e  s a t e l l i t e  fi 

t i o n s  are p o s s i b l e  

where s t a t i o n a r y  condi- 
0 

Let us f i n d  t h e  a n a l y t i c a l  s o l u t i o n  f o r  equat ion (VIII .12) .  Mult iply-  
i n g  both  members o f  ( V I I I . 1 2 )  .by da/dT and i n t e g r a t i n g ,  w e  g e t  
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(VII I .  19) 

Let io des igna te  t h e  i n i t i a l  angular  v e l o c i t y  of  t h e  angle  a a t  t h e  i n s t a n t  
when t h e  s a t e l l i t e  i s  on t h e  minor axis of t h e  e q u a t o r i a l  e l l i p s e .  Assuming 

2 tr, 2 

h 2  3n2 b (i+ COS io)  2 ’  

w e  r e w r i t e  (VIII.19) i n  t h e  fol lowing form: 

(VIII.20) 

(VIII.21) 

Three type? of  motion a r e  p o s s i b l e  depending on t h e  q u a n t i t y  E: 
k > 1 a n d k  = 1. 

E < 1, 

/281 - 
1. k < 1. In  t h i s  case,  we s e t  

i; = s i n  a1 . (VIII.22) 

I t  fol lows from (VIII.21) t h a t  a t  the  i n s t a n t  when ct reaches a l ,  t he  angular  

v e l o c i t y  ct becomes zero,  and t h e  d i r e c t i o n  of motion of t h e  angle  ct r eve r ses .  
The angle  a w i l l  o s c i l l a t e  between a and -a I n t e g r a t i n g  (V111.21), we 

f i n d  
1 1’ 

(VIII.23) 

I n t e g r a l  (VI I I .23 )  i s  a complete e l l i p t i c a l  i n t e g r a l  of t h e  f irst  kind.  By 
means o f  t h e  t ransformat ion  s i n  a s i n  4 = s i n  a, we reduce i n t e g r a l  

(VIII.23) t o  t h e  normal form: 
1 
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Invers ion  of th is  r e l a c i o n s h i p  by means o f  t h e  Jacobian e l l i p t i c  func t ion  
sn( i , -c)  gives  f irst  

from which i t .  then  fol lows t h a t  

(VIII. 25) 

The pe r iod  o f  o s c i l l a t i o n s  o f  the  angle  a is  determined by the  e q u a l i t y  

(VIII.26) 

where K ( i )  i s  a complete e l l i p t i c  i n t e g r a l  o f  t h e  f i rs t  kind.  If t h e  i n i t i a l  
angular  v e l o c i t y  io is  small , then according t o  (VII I .20) ,  t he  modulus of t h e  
e l l i p t i c  i n t e g r a l  i s  small. I n  t h i s  case ,  t h e  s a t e l l i t e  makes small o s c i l -  
l a t i o n s  ( l i b r a t i o n s )  r e l a t i v e  t o  t h e  minor a x i s  of  t h e  e q u a t o r i a l  e l l i p s e .  
Let us use  t h e  known expansion of t h e  complete e l l i p t i c  i n t e g r a l  with r e s p e c t  
t o  the  modulus. Then , from (VIII.26) we g e t  t h e  fo l lowing  formula f o r  t h e  
pe r iod  of  o s c i l l a t i o n s  wi th  low amplitude: 

(VIII.27) 

The pe r iod  of  t h e  l i b r a t i o n s  of angle  CI i s  i n v e r s e l y  p ropor t iona l  t o  x, and 
t h e r e f o r e ,  i s  a l a r g e  q u a n t i t y .  Consequently, t h e  e l l i p t i c i t y  of  t h e  equator  
r e s u l t s  i n  a long-period o s c i l l a t i o n  of t h e  mean longi tude  of  t h e  s a t e l l i t e  
r e l a t i v e  t o  the  minor e q u a t o r i a l  a x i s .  
w e  g e t  from (VIII.26) t h e  fol lowing formula f o r  t h e  pe r iod  of t he  o s c i l l a t i o n s  
with r e spec t  t o  t h e  v a r i a b l e  t :  

/282 
Returning t o  dimensional q u a n t i t i e s ,  
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We compute t h e  pe r iod  o f  s m a l l  o s c i l l a t i o n s  from the  formula 
I ,  

(VIII.28) 

If w e  assume 6 Jm2 = 10-5, 

per iod  i s  equal  t o  855 days,  o r  2 . 3  yea r s .  The pe r iod  inc reases  wi th  i n c l i -  
na t ion ,  and i s  twice as long f o r  a p o l a r  o r b i t  as f o r  an e q u a t o r i a l  o r b i t .  
Shown i n  F ig .  127 i s  t h e  r e l a t i o n s h i p  between T and t h e  m a x i m u m  amplitude of  

o s c i l l a t i o n s  i n  c1 for e q u a t o r l a l  and p o l a r  1 

then it fol lows from (VIII.28) t h a t  t h e  

'I 
s a t e l l i t e s .  The pe r iod  o f  the l i b r a t i o n s  
tends t o  m as a1 approaches ~ / 2 .  

I - 
2 .  k > 1. In  this case, s e t t i n g  

3 x 2  b ( l +  COB io)2 k: I __ 
n r .2  ? 

(VIII.29) 

aO 

do. - M. w' d r  we rep resen t  equat ion ( V I I I  .21) i n  t h e  form 

F i g .  127 
(VIII.30) 

The q u a n t i t y  k i s  l e s s  than un i ty ,  and consequently,  t h e  angular  
v e l o c i t y  6 i s  nowhere equal  t o  zero.  Therefore ,  i n s t e a d  o f  o s c i l l a t i n g ,  t h e  
angle  c1 w i l l  r o t a t e  i n  one and the  same d i r e c t i o n .  

1 

I n t e g r a t i n g  (VIII . 30 ) ,  we g e t  

Inve r t ing  i n t e g r a l  (VII I .  31) ,  w e  f i n d  

ci = am tL07. 

( V I I I .  31) 

(VIII.32) /283 

The pe r iod  o f  r o t a t i o n  i s  determined by t h e  e q u a l i t y  
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For l a r g e  va lues  o f  
t o  kl .  

Dropping terms 

(VIII .33) 

ao, (VIII.33) may be expanded i n  a series with r e s p e c t  

4 of  o r d e r  k l ,  w e  g e t  

a (VII I .  34) 

If io > 0 ,  then t h e  angle  a i nc reases  monotonically,  and the  s a t e l i i t e  move-s 
i n  t h e  westward d i r e c t i o n  r e l a t i v e  t o  t h e  e q u a t o r i a l  e l l i p s e .  
then motion i s  cons tan t  with r e s p e c t  t o  d i r e c t i o n .  
t he  s a t e l l i t e ' s  o r b i t  is  i n v e r s e l y  p ropor t iona l  t o  i t s  angular  v e l o c i t y ,  and 
t h e r e f o r e ,  corresponding t o  t h e  case 60 > 0 are o r b i t s  with a s h o r t e r  f o c a l  
r ad ius  than  i n  t h e  case GO < 0 .  

I f  a0 < 0 ,  
The semimajor &is o f  

I 

3. k = 1. Equation (VIII .21)  i n  t h i s  case assumes t h e  form / 2  84 

I n t e g r a t i n g  (VIII .34 ' )  , w e  g e t  

(VII I .34 ' )  

(VIII.35) 

This  formula shows t h a t  as T i nc reases  from 0 t o  m, t he  angle  a w i l l  i nc rease  
monotonically from 0 t o  IT. 

conicided with t h a t  o f  t h e  semiminor a x i s  of t he  e q u a t o r i a l  e l l i p s e  a t  the  
i n i t i a l  i n s t a n t  of  motion, then the  r eve r se  d i r e c t i o n  of t h e  semiminor a x i s  
w i l l  b e  t h e  l i m i t i n g  p o s i t i o n  of  a. 

Thus, i f  the  mean longi tude  o f  t h e  s a t e l l i t e  

Shown i n  F ig .  128 i s  p a r t  o f  t he  phase p lane  f o r  an e q u a t o r i a l  sa te l -  
l i t e .  The angle  c1 and angular  v e l o c i t y  are taken as t h e  axes.  The phase 
t r a j e c t o r i e s  a ( t ) ,  6(t) a r e  p e r i o d i c  with r e s p e c t  t o  a with  pe r iod  n / 2 .  
arrow i n d i c a t e s  t h e  d i r e c t i o n  of  motion. The broken l i n e  i s  used as a 
s e p a r a t r i x ,  
t o  t h e  f i rs t  c a s e - - o s c i l l a t i o n s  about t he  s t a b l e  p o s i t i o n  a = 0.  
j e c t o r i e s  l y ing  above t h e  s e p a r a t r i x  are t h e  second case - - ro t a t iona l  motions. 

The 

The phase t r a j e c t o r i e s  l y i n g  beneath the  sep , a ra t r ix  correspond 
The t ra -  
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The s e p a r a t r i x  corresponds t o  the  t h i r d  case of ape r iod ic  motions. 

Fig. 128 

The s o l u t i o n s  o f  
hand member o f  ( 
i n  t h e  resonance 

The law of  v a r i a t i o n  i n  t h e  t o t a l  

In p a r t i c u l a r  f o r  near -  
energy o f  t he  s a t e l l i t e  may be  found 
from (12.14) . 
c i r c u l a r  o r b i t s  w e  g e t  

(1+co.s i0)(l+2c0s i o )  - 

(VIII.25) and (VIII.32) should b e  s u b s t i t u t e d  i n  t h e  r i g h t -  
VIii.36). I t  fol lows from (VIII.36) t h a t  t he  t o t a l  energy 
case  i s  a slowly varying p e r i o d i c  func t ion  of t i m e .  
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Appendices to Chapter T h r e e  - /285 

I X .  EQUATIONS OF M O T I O N  OF A C O N T R O L L E D  SPACE V E H I C L E  I N  
THE F I E L D  OF THE S P H E R O I D A L  EARTH 

In  s tudying  t h e  motion of  a con t ro l l ed  space v e h i c l e  c lose  t o  t h e  Ear th ,  
t h e  r equ i r ed  degree of  p r e c i s i o n  w i l l  be achieved when t h e  g r a v i t a t i o n a l  
p o t e n t i a l  i s  w r i t t e n  i n  t h e  form o f  Model 6. The equat ions  o f  motion i n  
o s c u l a t i n g  elements wi th  r e s p e c t  t o  t h e  argument t i n  t h i s  case t ake  t h e  form 

Here R = 1 9 q cos u $. k s i n  u; 

where a 

a c c e l e r a t i o n  on t h e  f o c a l  r a d i u s ,  the t r a n s v e r s a l  and the p o s l t l v e  normal t o  
t h e  p lane  of  motion. System C I X . 1 )  may be  used f o r  d e s c r l b h g  the motion of  
an a r t i f i c i a l  Ea r th  s a t e l l i t e  wi th  regard  t o  o t h e r  p e r t u r b i n g  effects than 

a and a .  are the p r o j e c t i o n s  o f  the c o n t r o l l i n g  o r  c o r r e c t b g  r’ T n 
/286 
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t h e  f i r s t - o r d e r  p o l a r  ob la t eness  o f  t h e  Ear th .  
corresponding effects are wr i t t en  as S*, T* and W*. 

Then, t h e  components of  t h e  

This  same system of  equat ions  may be w r i t t e n  with r e s p e c t  t o  t h e  argu- 
ment of  l a t i t u d e  u: 

( I X . 2 )  

X .  ON THE METHOD O F  AVERAGING SYSTEMS W I T H  A R A P I D L Y  R O T A T I N G  PHASE 

The asymptotic methods of t h e  theory of  d i f f e r e n t i a l  equat ions  (methods 
of  averaging) a r e  an e f f e c t i v e  t o o l  f o r  so lv ing  a number o f  problems i n  non- 
l i n e a r  mechanics. The method o f  averaging c o n s i s t s  of  us ing  s p e c i a l  sub- 
s t i t u t i o n  o f  v a r i a b l e s  t o  reduce complex systems o f  d i f f e r e n t i a l  equat ions t o  
s impler  averaged systems. 
l a t e d  and s u b s t a n t i a t e d  by N .  M .  Krylov and N .  N .  Bogolyubov. The method has 
been f u r t h e r  developed and genera l ized  i n  works by Yu. A. Mi t ropol ' sk iy ,  
V. M.  Volosov and a number of  o t h e r  authors  [64 - 671. 

The method of  averaging has been s t r i c t l y  formu- 

L e t  us b r i e f l y  o u t l i n e  V.  M.  Volosov's method of  averaging,  which i s  a /287 
gene ra l i za t ion  of t h e  procedure given by N .  N .  Bogolyubov and D .  N .  Zubarev 
[65] f o r  averaging systems with a r ap id ly  r o t a t i n g  phase.  

Let t h e r e  be a system o f  the  form 

I 



wL.re E i s  a small parameter  (E << 1); x, X1, X 2 , . . .  are m-dimensional vec to r  

y ,  Y1, Y 2 , .  . . are k-dimensional vec to r  func t ions .  

t i o n s ,  w e  s h a l l  s e t  k = 2 .  

cons tan t .  I n  [ 6 7 ] ,  t h e  more genera l  case is  considered where n depends on x,  
y ,  t .  

pe r iods  2 ~ .  The r ight-hand members o f  t h e  equat ions o f  system (X.l) are 
p ropor t iona l  t o  t h e  small parameter  E ,  and t h e r e f o r e ,  v a r i a b l e s  x a r e  slowly 
$hanging func t ions .  The v a r i a b l e s  change comparatively more r a p i d l y  s i n c e  
y -  n > > E .  

func t ions  x = {x 1,", X m L  x1 = { X l 1 Y * . . ,  Xlm" '2 = { x 2 1 y - Y  X 2 m l  ... ; 
To s i m p l i f y  t h e  computa- 

We s h a l l  assume t h a t  t h e  vec to r  n = {nl ,  n,} i s  

The func t ions  X1, X 2 ,  Y1, Y 2 , . . .  are p e r i o d i c  wi th  r e spec t  t o  y with 

We s h a l l  a t tempt  with t h e  a i d  of  s p e c i a l  s u b s t i t u t i o n  o f  v a r i a b l e s  t o  
reduce system (X.l)  , (X.2) t o  a s impler  system i n  which t h e  r ap id ly  and 
slowly changing v a r i a b l e s  would be sepa ra t ed .  
o f  v a r i a b l e s  i n  t h e  form 

We s h a l l  seek t h e  s u b s t i t u t i o n  

where u 1' U2" * * are m-dimensional and v v are k-dimensional as y e t  
1' 2 '" '  

undefined v e c t o r  func t ions .  

p e r i o d i c  wi th  r e s p e c t  t o  y with per iods  2ff.  
ab le s  (X.3) t h e  system i s  reduced t o  t h e  averaged form 

We s h a l l  cons ider  func t ions  u l ,  u2,  v l ,  v2 , . - .  

After the  s u b s t i t u t i o n  o f  v a r i -  

The func t ions  A1, A 2 ,  B1, B2 w i l l  b e  def ined  below. 

ab ly  s impler  than t h e  i n i t i a l  system (X . l ) ,  (X.2)' s i n c e  t h e  equat ions f o r  
r ap id ly  changing v a r i a b l e s  x and slowly changing v a r i a b l e s  are separa ted  
i n  (X.4). 
independently of  t h e  last  equat ions i n  t h i s  system. A f t e r  t h i s ,  f i nd ing  the  
s o l u t i o n  of  y ( t )  reduces t o  computing a quadra ture .  S u b s t i t u t i o n  (X.3) may 
be i n t e r p r e t e d  as expansion of  the  real  s o l u t i o n  of system (X. 1) , (X.2) i n t o  

System (X.4) i s  consider-  

Therefore ,  t h e  equat ions with r e spec t  t o  x may be i n t e g r a t e d  

/ 2 8 8  

lThis  must be a misp r in t  and should read:  " ... v a r i a b l e s  y change...". 
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- -  
t h e  averaged s o l u t i o n  x ,  y and the  sho r t -pe r iod  s o l u t i o n  descr ibed  by u (y) ,  

u2 (y ) ,  v1 (y) , . . . 
1 

D i f f e r e n t i a t i n g  (X.3) on t h e  s t r e n g t h  o f  (X.4)’ w e  g e t  

= E A ~ ( I ) + E ~ ~ I + E ~ ~ ~ B ,  + s a A A l  + e2 ’*A2 +... . 
aji aY aT a x  

Here a/ax denotes  t h e  d i f f e r e n t i a l  ope ra to r :  

du 
+A1 d X  

Therefore  express ion  when w r i t t e n  ou t  i n  more d e t a i l  has t h e  form 

The remaining expressions i n  ( X . 5 )  may be s i m i l a r l y  expanded. Let us sub- 
s t i t u t e  (X.5) i n  (X . l ) ,  ( X . 2 )  and expand t h e  func t ions  X,(X, 9 ,  X2(X, 5, 
Y1 (X, 2, .  . . i n  a s e r i e s  i n  powers o f  E .  

assoc ia t ed  wi th  i d e n t i c a l  powers of  
equat ions 

Then equat ing  t h e  c o e f f i c i e n t s  

E ,  w e  ge t  t h e  i n f i n i t e  system of 

. . .  e . . . . . . . . . . . . . . . . . . .  

Solving system (X .6) w e  s e q u e n t i a l l y  determine t h e  func t ions  A 1’ B1’ U1’ 

V1’ U 2 ’ . . . ’  a f ter  which t h e  problem o f  i n t e g r a t i n g  system (X.l) ,  ( X . 2 )  

reduces t o  i n t e g r a t i o n  o f  (X.4), Finding t h e  s o l u t i o n  of  (X.4), w e  g e t  an 
approximate s o l u t i o n  o f  the i n i t i a l  problem from (X. 3 ) .  
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1' 
As w i l l  b e  shown below, determination o f  t h e  sequence o f  func t ions  A 

Bl,  u l ,  v l , . .  . presen t s  no d i f f i c u l t i e s  i n  p r i n c i p l e ,  b u t  i n  view of t h e  
rap id  complication of  equat ions ( X . 6 ) ,  it  i s  usua l ly  p o s s i b l e  only t o  con- 
s t ruc t  t h e  first f e w  func t ions  A1, B1, u l ,  vl, ... Therefore,  t h e  problem 
of convergence of  series ( X . 3 )  when t h e  number of  terms increases  without 
bound i s  no t  considered i n  t h e  method of  asymptotic i n t e g r a t i o n .  However, 
t he  approximate s o l u t i o n  cons i s t ing  of  2 terms of  series ( X . 3 )  has an 
asymptotic proper ty :  f o r  s u f f i c i e n t l y  small  E, it  approximates t h e  exact  

so lu t ion  of  system (X . l ) ,  (X.2) with  error-^"^ on t h e  t i m e  i n t e r v a l  t - E  
-1 

Let us go on t o  so lu t ion  of  t he  system (X.6). We expand the  func t ions  
X (K, 9 , Y1 (K, j7) , . . . and the  unknown funct ions-  u (F, 3 , v1 (F, 3,.  . . i n  

double Four ie r  ser ies .  Writing them out  i n  complex form, we ge t  
1 1 

Here 

f o r  the  func t ions  X1, Y1, u 1' v 1' i n  p a r t i c u l a r ,  

X':'), Y, (k,s) , Y 1  (k,s) , V I  (k.s) . a re  c o e f f i c i e n t s  of t he  Fourier  series 

The complex exponent ia l  form of the Four ie r  series (X.7) i s  equivalent  t o  the 
ordinary expansion i n  s i n e s  and cosines .  
i n  t h e  f i rs t  and second equations of  system (X.6). Equating the  coe f f i c i en t s  
assoc ia ted  with i d e n t i c a l  harmonics, we ge t  

Let us s u b s t i t u t e  expansion (X.7) 
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( X .  9) 

( X .  10) 

( X .  11) 

Formulas ( X .  8) and ( X . 9 )  determine t h e  func t ions  A1 (? I ,  B1 (2). 
n and n are noncommensurate, i . e .  i f  

I f  f requencies  

1 2 

H I k + n , s  4 0 
(X. 12) 

f o r  a l l  i n t e g e r s  m ,  n are un iden t i ca l  t o  zero s imultaneously,  then t h e  
Four ie r  c o e f f i c i e n t s  o f  t h e  func t ions  u v may be found from (X.10) and 

( X . l l ) .  The func t ions  u v are determined with accuracy t o  an a r b i t r a r y  

cons tan t .  

1' 1 
1' 1 

In o r d e r  t o  e l imina te  t h i s  ambiguity,  add i t iona l  requirements must b e  
imposed on the  func t ions  u l ,  v l ,  e . g .  t he  requirement t h a t  u 

equal  zero a t  t h e  i n i t i a l  i n s t a n t  of  motion, o r  requirement of  absence of  t h e  
first harmonic with r e spec t  t o  r. 
d i t i o n  has no e f f e c t  on t h e  accuracy o f  t h e  approximate s o l u t i o n .  

and v must 1 1 

The given s e l e c t i o n  of an a d d i t i o n a l  con- 

Let us r e q u i r e  the  func t ions  u (Y, 3 ,  v (X, 9 t o  conta in  no zeroth 1 1 
harmonic with r e spec t  t o  7, i n  o t h e r  words, we s h a l l  de f ine  these  func t ions  
s o  t h a t  t he  e q u a l i t i e s  

are s a t i s f i e d .  

(X. 13) 

/290 

Let us  expand func t ions  X Y i n  Four i e r  s e r i e s  and s u b s t i t u t e  t he  

s e r i e s  i n  t h e  second and t h i r d  equat ions of  system (X.7). We s h a l l  use  
s o l u t i o n s  (X. 8) - (X. 11) . Equating t h e  c o e f f i c i e n t s  a s soc ia t ed  wi th  i d e n t i c a l  
harmonics, we f i n d  

2 '  2 
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Continuing t h e  process  of success ive  determinat ion of t h e  func t ions  w e  need, 
w e  may cons t ruc t  a s o l u t i o n  o f  system (X.6) i n  any approximation under 
condi t ion  (X.12). We cal l  t h e  approximate s o l u t i o n  x ( t ) ,  y ( t )  a f irst-  
approximation s o l u t i o n  i f  t h e  r e s u l t a n t  e r r o r  has  an o r d e r  o f " €  on time 
i n t e r v a l  t - E - ~ .  TO cons t ruc t  a f i r s t -approximat ion  system, i t  i s  s u f -  

f i c i e n t  t o  i n t e g r a t e  t h e  averaged system 

with i n i t i a l  d a t a  

(X. 14 ' )  

- - 
and t o  s e t  x = x, y = y .  

The second-approximation s o l u t i o n  approaches the  exac t  s o l u t i o n  o f  
system (X. 1) 
To ge t  t h e  second approximation, it i s  necessary t o  f i n d  t h e  func t ions  u 

-1 (X.2) wi th  an e r r o r  o f  t he  o r d e r  of  on t h e  i n t e r v a l  t - E . 
1' 

BlY A2 '  B and t o  s o l v e  t h e  system vl' 2 

(X. 14") 

I f  requirement (X.13) i s  imposed on func t ions  u l ,  v l ,  then  t h e  i n i t i a l  con- 

d i t i o n s  f o r  (X.14) w i l l  t ake  t h e  form 

The s o l u t i o n  of  system (X.14") may be  s i m p l i f i e d  i f  we seek t h e  s o l u t i o n  i n  
t h e  form 
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In 

(X. 15) 

where 5 5 ,  are t h e  s o l u t i o n s  o f  system (X.14) f o r  x and 7, r e s p e c t i v e l y .  1' 

L e t  us  s u b s t i t u t e  (X.15) i n  (X.14") and expand t h e  l e f t -hand  and r i g h t -  
hand members i n  a s e r i e s  with r e s p e c t  t o  E .  Dropping terms of  o rde r  and 
h ighe r ,  w e  ge t  a system f o r  rl  1' ri2:  

(X. 16) 

Thus, f i nd ing  t h e  unknown funct ions  ri and I-I reduces t o  s o l v i n g  a l i n e a r  

nonhomogeneous system o f  d i f f e r e n t i a l  equat ions 
1 2 

, then rl and n 2  are found wi th  t h e  a i d  o f  If a A , / a L  dB,/af=~,  1 

quadra tures  : 

Returning t o  the  o r i g i n a l  v a r i a b l e s ,  w e  g e t  a f i n a l  s o l u t i o n  f o r  t he  problem 
i n  t h e  second approximation: 

We s h a l l  say  t h a t  resonance t a k e s  p l a c e  i f  f requencies  n 

s u r a t e .  In  t h i s  case ,  t h e r e  a l s o  e x i s t  i n t e g r a l  mutually simple numbers k 
and s such t h a t  t h e  d i f f e r e n c e  

and n 1 2 are commen- 

/292 
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kn, - s a 2  -o(a3). 

In t h e  resonance case, condi t ion  (X.13) is  v i o l a t e d .  

no t  be  determined from system (X.6). 

Functions ul ,  v1 may 

For  c a l c u l a t i n g  resonance cond i t ions ,  l e t  us in t roduce  the  new v a r i a b l e  
z--phase s h i f t :  

(X.17) 

El iminat ing t h e  r a p i d l y  changing v a r i a b l e  y from system (X.  1 ) ,  (X.2) by 

formula (X.17) , w e  g e t  t h e  system 
1 

System (X.18) aga in  has  t h e  s tandard  form. I n  t h i s  system, x and z a r e  
slowly changing v a r i a b l e s  while  y i s  a r a p i d l y  changing v a r i a b l e .  I f  t h e  

func t ions  X 1, Y1, . . .  depend on t i m e  (nonautonomous system),  then by i n t r o -  

ducing t h e  new v a r i a b l e  W which s a t i s f i e s  t h e  equat ion W = 1, and s u b s t i t u t -  
i n g  W f o r  time T i n  t h e  func t ions  X 1, Y1 ,.. . , we aga in  reduce t h e  system t o  

s tandard  form (X.  1)  , (X. 2) . 

2 

Applying now t h e  system o f  computation o u t l i n e d  above, we so lve  t h e  
problem of  asymptotic i n t e g r a t i o n  of  system (X.l) , (X.2). 

A more d e t a i l e d  expos i t i on  of  t h e  averaging method and a s t r i c t  va l ida -  
t i o n  may be found i n  [64 - 671. 
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